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PREFACE TO THE FIRST EDITION 


The book is an outcome of a course of lectures delivered by me 
abont fifteen years ago to the studenta of the department of Pure 
Mathematics, Calcutta University, in accordance with the changed 
syllabus which was introduced then. In making the changes in the 
course of study, previous training of the students had naturally to be 
taken into account, and the lectures were prepared in collaboration 
with Professor F. W. Levi who was then the head of the department. 
As a matter of fact, notes on lectures, taken down by one of his 
studenta, which Prof. Levi had delivered previously at the University 
of Leipzig were in my hands and I made use of them. Among the 
published works on the subject which I have consulted, Graustein's 
“Introduction to Higher Geometry” is to be specially mentioned. 

The book is built around Klein's classification of geometries and 
is divided into two parta, the plane and the space. In the former, 
development proceeds from the metric to the projective while in the 
latter, a somewhat opposite course is taken just to indicate that the 
subject can be developed either way. Although synthetic method 
has been used occasionally for fixing up certain concepta in mind, 
the book is malnly an analytic geometry. As such it requires certain 
indispensable algebraic tools, and these bave been provided for at 
the outset under Basic Algebra. Here again, the first chapter of 
Levi's Algebra, Vol. I, has been freely consulted. The defects and 
limitations of the book aro certainly not due to him, but whatever 
success it may attain would be due to his efforts in initiating a 
coordinated scheme. 

I wish to express my best thanks to my colleagues Mr. B. C. 
Chatterjee and Mr. M. C. Chaki who havo supplied the examples 
given at the end of the book and prepared the index. I wish also to 
record my «appreciation to the Superintendent Mr, 8. N. Kanjilal and 
his staff of the Calcutta University Press for the care and pains they have 
taken in the making of the book. 





PREFACE TO THE SECOND EDITION 


The tirat edition of the book was exhausted within a fow years and 
the book remained out of print for quite sometime, As the demand for 
the book was growing in the meantime, a second edition had to be under- 
taken with some little changes here and there, 

I express my hearty thanks to Dr. M. O. Chaki who went through the 
proofs. I also thank the Superintendent and the staff of tho Calcutta 
University Press for their care and efforts in bringing out this edition. 


R. N. Sex 


PREFACE TO THE THIRD EDITION 


The second edition of the book went out of print within a short time ; 
and, as the demand for the book remained insistent, a third edition had 
to be brought out. In this edition the changes are few except that 
Appendix I has been taken out as having little connection with the genera! 
trend of the book. The purpose and outlook of the book has been briefly 
stated in the preface to the first edition. The book covers a wide range 
of fundamental topics of geometry including the basic concept of 
Klein's Erlanger Progromm.—all dealt with in a connected manner. The 
treatment is simple but rigorous, and it is hoped that the book will 
be found useful to the students of Mathematice of different Universitice. 

As before, I thank the Superintendent and the staff of the Calcutta 
University Press for their care and efforts in bringing out this edition. 


R. N. EN 
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CHAPTER 0 
BASIC ALGEBRA 


Those topics of algebra, a knowledge of which has been assumed in the 
analytical method generally used in the book, are the theories of deter- 
minants and systems of linear equations. Although the former had its 
origin in the latter, both of them are now usefully made to depend on the 
theory of matrices which, in turn, is intimately connected with the theory 
of vectors. It is intended to give here a brief account of those features 


of these and other theories which constitute what may be called the 
‘basic algebra’ of this book. 


l. Vector space. An ordered set of n numbers, where n is a positive 
integer, is called an n-vector and is written 
en ee oe (1) 
The n-vector a is uniquely defined by the ordered numbers a,,...., as, not 
necessarily all distinct, which are called its successive coordinates. 
If ¢ is any number, the product of ¢ and a ia defined as the n-vector 
Cx = (ea,,...., Caa) 
Further, if § = (b,,...., 5,) is an n-vector, the sum of x and 8 is defined 
as the n-veotor 
a +B = (a, +6,,...-, @q+Oq) 
Obviously « = $ if and only if a, = 6,.....,a, = 6, and then «+f = 2. 
We have the following special n-vectors : 
0 = (0,...,.., 0), 


(2) 
F = (l, 0, — 0), fa = (0, ji, —— - 0). serene t an = (0, sssssė ; 0, 1) 
They are called the zero vector and the successive n unit veclors. 
Now let «,,......, m be given m n-vectors, m being a positive integer. 
Form with them a linear combination 
CAEL y where C,,...... „êm are numbers. 


* Ar ela the above definitions that this linear ‘combination is an 


fa 
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all zero. And «,,......,%_ are said to be a set of dependent vectors if 
there exist ¢,,...... » Cm, not all zero, such that E c;a; = 0 holds. Suppose 
Ba versees tm Are dependent vectors and c, Æ 0. Then we can express «, 88 
q = > diay. In this case æ, is said to depend on aps.» „Ča In 
=? 

general, if 8 = Se, a,, then § depends on the given a's whatever values 
— »¢, may have. Different sets of values of the c's give generally 
different f’s. 


It follows from these definitions that a single vector, other than 0, is 
independent and the vector 0 is always a dependent vector, depending on 
any set of vectors. 

The set of all n-vectors which depend on a given set of n-vectors is 
said toform a vector space generated by the given set of vectors, <A set 
of independent n-vectors which generate a vector space V is called a basis 
of V and the number of vectors in a basis is called the rank of V. The 
vector space generated by @ (and therefore consisting of O only) has no 
basis, but it may be said to be of rank zero. Finally, let V and V” be 
two vector spaces ; if every vector of F’ belongs to V, then V’ is called 
a subspace of F., 


THEOREM 1. Every vector space, whose rank is not zero, has a basis, A 
basis of a vector space is not unique but its rank is. 

Proof: Let a vector space V be generated by a,,...,a%., not all 0. 
If these generating vectors do not form a basis, at least one of them, say 
«,,, is dependent on the others. So V can be generated by «a,, .. -s G%m-—,- 
Proceeding in this way we can, after a finite number of steps, so reduce 
the number of generating vectors that the remaining vectors just form an 
independent set, i.e., a basis of F, 


Again, let a,,...,a, bea basis of V and B= Sei ay where c, # 0. 


Then a,,...,,-,,8 are independent vectors of V. For, let 
d.a, + ...... +d._.,_,+d4,B=0 

Then (d, +d, c), +...... +(d,_,+d,c,_,)a,., +d,c,4,=0 
Since the a's are independent, so d, = ...... =d, = 0 and hence 
Kiss... Ory, B are independent. Now let V” be the vector space 
generated by a,,......, Zp- E Then V’ is a subspaceof F. On the 
other hand, V is a subspace of P’. Therefore V=V’. Hence 
ayes r-o Ê is a basis of V which shows that V can have more than 
one basis, | 

Finally, let f,,..., 8, be a set of independent vectors belonging to F, 





BASIC ALGEBRA xv 


a basis of V. If possible, suppose ft >r. We can, as before, replace one 
Of the a's, say a,, by A, and get P, ap... a, ane basis of F. As B, 
belongs to V, it must be possible to expross Ë, as 
B, = 0,8, +¢,4,4+..+¢,2, 

And as $, f, are independent, at least one of the numbers 
Car ++. --» Cp is different from zero, say c, #0. Therefore By. By. ys... &, 
form another basis of F. Proceeding in this way we can have, after a 
finite number of steps, a new basis of V consisting of r A's, say = PN! «Be 
It follows that F is a subspace of V° whereas V” is not a subspace of V. 
This means that §,,...... , Ê: cannot all belong to V which is contrary to 
hypothesis. Hencet +r. This shows that the maximum number of 
independent vectors of F isr. Accordingly, the rank of V is constant and 
is equal to r. 

THEOREM 2, Let V’ be a subspace of a vector apace V of n-weclora and 
let their ranka be r’ and r respectively. Then r Srann. 

Proof : From tho proof of the last theorem it is easily sceon that a 
basis of V can be obtained which will include a basis of V’. Therefore 
Fr. 

Again, let the n unit n-vectors ¢,,...,¢, defined by (2) generate the vector 
space W. As these vectors are independent, the rank of Wis n. Moreover 
W contains every n-vector. For, if « = (a,,...,a,) is any n-vector, a 
can be expressed ss a = ajs; Therefore V is a subspace of W. Hence 
r<— n. 

— 3. Let U be a set of n-vectors with the properties that (i) the 
sum of twovectorsof U belongs to U and (ii) the product of a number and a 
vector of U belongs to U. Then U is a veetor space. 

Proof: Let the maximum number of independent vectors of U ber. 
a F , *, is a set of independent vectors of U, then, by virtue of the 


properties (i) and (ii), the vector > c, a; belongs to U. Hence U is the 


vector space generated by <,,......, Ars 


2. Matrices. A rectangular scheme or array composed of mn 
numbers which are arranged in m rows and m columns is called an m xn 


matriz, and is generally written as 


(3) 








xvi GEOMETRY 


The numbers aj; (¢ = 1,......, m3 9 = Lecce n), which are not necessarily 
all distinct, are called the constituents of the matrix A. Any matrix is 
uniquely defined by its ordered constituents arranged in rows and volumns, 
If every constituent of a matrix is zero, it is called a zero matrix and if 
m = n, it is called a square matrix. 


The successive rows of A can be regarded as an ordered set of m 
n-voctors and its successive columns as an ordered set of » m-vectors. 


Let the row-vectors of A be denoted by a,,......, Xm and its column-vectors 
NU Mas ocak su- SO 
t= hun mm 
Zi = (ay, eens : a,,), 7 =- (ik Seb Seu " yu) 
ke=l,..." 


Also, let the vector space generated by the row-vectors of the matrix A 
by denoted by A( A) and that generated by its column-vectors be denoted 
by C(A), 

Consider the three types of operations denoted by ¢,, @,, 9, (say), 
which can be applied on one or more of the row-vectors — , Zm ard 
ealled row-multiplication, row-addition, row-omigsion. They are defined as 
follows : 


@, is an operation of multiplication of «; by a number b #0 
¢, is an operation of addition of cx; to x; (4) 
a is an operation of omission of a; if a; = 0 
These operations (4) constitute a class of transformations, applied o 
the row-vectors of a matrix, called sweep-out transformations. 

THEOREM 4. The ranks of R(A) and O(A) remain unaltered by the 
app'tcation of a sweep-out trasformation. 

Proof: From what has been said in £1 it Allows that the vector space 
genersted by two vectors, say « and ĝ, is the same as that generated by 
ba (6 # 0) and $ or that generated by x+cß and £ or by only $ if a = 0. 
Therefore R( A) remains unchanged by a sweep-out — and 
hence is rank remains unaltered. 

Acain, as O(4) is generated by «,,......, Xn any vector A of O(A) 
i> givin by 


Wire Sda = (Zdi tti D di ami) 


“here: we the é th coordinate of A is changed by the applications of the 
oporati ns p, and ø, into b © d; dp and = d, fa;, +c) respectively and 
by $, t^e ith coordinate is altogether omitted if x; is 0. Suppose then 






LA 


si — these operations any row-veotor of A’ is transformed into 0, strike it 
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that A is transformed into AX’ by any sweep-out transformation (4). It follows 
that if, for a given sot of values of d,,...... , da the vector A = 0 (or = 0), 
then alao A’ = 0 (or Æ 0) for tho same set of the d's, This shows that if 
the column-vectors wero originally independent (dependent), then, after the 
application of a sweep-out transformation, their transforms would also 
remain independent (dependent). Now suppose that the rank of C(A) 
isr and, without loss of generality, suppose that the first r colamn-vectors 
are independent, Then, after the application of a sweep-out transforma- 
tion, the first r of the transformed vectors would remain independent and 
the others would depend on them. Hence the rank of O(A) remains 
unaltered. 


It is to be noticed that not only the rank of R( A) but R(A) itself 
remains unaltered, This is however not true of C(A), as the m-vectors 


EA may be changed into p-vectors, where p < m, in view of the operation 


Ps: 


TseorReM 5. Sy applications of sweep-oul transformations any mx nh 
matrix, other than a zero matrix, can be transformed into the matrix 


1O..,0° Eir 


> Cy =F 


D E U E T 
E = (5) 


EJE R a ED E Beanies Re gp 


or into a matriz which can be obtained from E by permutation of columna, 
where E isanrxn matrix, r < m, and egare numbers which would depend 
on the constituents of the given matrix. 

Proof: Take the matrix A given by (3) whose row-veotors are, as 
before, denoted by «,....,%,,- In view of the operation ¢,, we may, without 
loss of generality, suppose that none of these row-vectorsis 0. Leta,, bea 
coordinate of x, which is not 0. Replace a, by «,/a,, by the application of 
the operation ¢,. Then by operation ġ,, replace a, by «,—(a,,/a,,)x,,4, by 
Oy — (Bar| aia) Sm DY Amm (amiar) If by these operations any 
row-vector of A is transformed into 0, strike it out by application of ¢,. 
Denote the matrix into which A is now transformed by A’ and its row- 


vectors by =’; = (js. Ojah j = 1, 2,... Itis easily seen that the sth 


column-vector of A’ is equal to the Ist column-vector of E. As before, 
ee —— of a’, which is not 0. Replace a’, by a',/a' and 
then replace ay by a,m ha" Alt aa 3* a, by a", = (a w/a — If 








oe 


o—2100B 
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out by the application of ¢,. Denote the matrix into which A’ is now 
transformed by A”. It is easily seen that sth and tth column-vectors 
of A” are equal to the Ist and 2nd column-vectors of Æ. Proceeding in this 
manner we can, after a finite number of steps, transform the matrix A 
into a matrix of the form stated in the theorem. 

Denote the desired matrix of the theorem into which A is transformed 
(ie. either Æ or one obtained from it by permutation of columns only) by 
S. Then A is said to be swept-owt into S. 

Tusorem 6. Rank of R( A) = rank of C(A), for every matrix A. 

Proof: We first show thatthe rank of R(#) = the rank of C(#) = 
the number of rows of E which is supposed to be r. Let the row-vectors 


of E be denoted by Bsn.. ,8,- Then any vector u of R(E) can be 

expressed as 

fa = 2 Ci Bi = (c,, — —“ Coy fy Cir +... +c. Eri Peveees , Cê; n-p t.s +O, e; =p) 
we 


Therefore p = 0 if and only if c =... =c, =0. Hence the row-vectors 
of E are independent and accordingly the rank of R(E) =r. Again, it 
can be easily seen that the first r column-vectors of E are independent and 
the others depend on them. Therefore the rank of C(E) = r. 

Now if A is a zero matrix, both R(A) and O(A) are of rank 0, 
If not, let A be swept-out into S. By theorem 4, the ranks of R(A) and 
C(A) are not thereby altered. As any permutation of the columns of 
E does not alter the rank of C(#), the rank of unii the rank of 
(8). Therefore the rank of R( A) = the rank of C(A) = 


Definition. The rank of R{ A) (or of C(.A)) of a matrix A is called the 
rank of the matrix A, 
3. Systems of linear equations. (I) Homogeneous systems. 
Let an arbitarily given system of linear and homogeneous equations 
in the unknowns x,,...,z, be 
24%, taa +... +0,,7%, = 0 
Ert, + Ags, +... tantn = 0 
a iets ees ale eS IRO, 
hmt tamat. tOna = O 


The known numbers a;; are called the coefficients of the equation’ of the — 
system and the matrix ——— 






the system. A set of values x, —— ———— 
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every equation of the system (6) is a solution of the system. A solution 
may therefore be regarded as an n-yector « = (a,,...,@,). In particular, 0 
is a solution of every homogeneous system. 

THEOREM 7. The solution of a homogeneous system form a vector 
apace. 

Proof: Let the homogeneous system be given by (6) and let a and 
Ê be two solutions of the system. Then obviously ca and «+ 8 are also 
solutions of the system. ‘Therefore, by theorem 3, the set of all solutions 
form a vector space. 
Denote the vector space of the solutions of the system (6) by X(A). 

Two systems of equations are said to be equivalent when every solution 
of cither system is a solution of the other. 


THEOREM 8. If the matrix A is sweept-out into the matrix S, then the 
system (6) is equivalent to the system whose coefficients form the matrix &. 
Proof: Let the successive equations of the system (6) be denoted by 
f, =0, fa = 9,..., fm = 0 and iot x be a solution of the system. Then æ 
is also a solution of the equations bf; = O (b 4 0) and fi+ df; = 0. 
Further, the trivial equation whose coefficients are all zero can always be 
remoyed from any system without affecting the solutions of the system. 
Therefore the solutions of the system (6) will not be affected if f; = 0 is 
replaced by bfi = 0 or by f;+ df, = 0 or if fi = 0 is altogether omitted when 
its cocfficients are all zero. Now the operations of replacing fi by bfi, fe + df; 
and of removing f; if its coefficients are all zero are operations of sweep-out 
transfomations by which A is transformed into S. It therefore follows that 
every solution of the system (6) isa solution of the system whose coefficients 
-form the matrix S. Conversely, every solution of the latter system is a 
solution of (6). For, it is possible to retrace the steps by which A is 
traasformed into S and thereby get back the system (6) without affecting 
the solutions. 
Trrornem 9. The rank of R(A)+the rank of X(A) = n. 
Proof: Let the rank of R(A) ber. Then the matrix § into which 
A is swept out has r rows. Since we are concerned with ranks only, we 
may, without loss of generality and for the sake of definiteness, suppose 
that S= E as given by (5). Then, by the last theorem, the system (6) 
is equivalent to the system 
Zi HO Fey t. Or ng Ha = 9 
atlary t- Hep np Tn = O X 


. . = — = 5 7 = : 


Mp + Oy ep t terner Tn = O 





A given by (3). Alro, introducing n new unknown — 
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Now, for solution of this system, we may choose the values of 
Trep ča Orbitrarily and when they are once chosen, the values of 
%,,....% are uniquely determined by them. Therefore, for each set of 
values of (trsta) arbitrarily chosen, we obtain a solution (2,,..., Zr, 
Krage-ses Me). Further (%,,,,...,%.) is an (m-—r)-vector and, by theorem 2, 
the maximum number of such vectors which are independent is n—r, 
Therefore the maximum number of independent solutions isn—r, d.e., the 
rank of X(A) =n-—r. Hence, the rank of R(A)+the rank of X(A) = n. 


In practice, the n—r independent (n—r)-vectors (Zra... Za) and 
the corresponding n—r independent solutions, say 6,,..., 6,.,, of the 
system (6) are chosen as follows : 





| 
Independent (n —r)-vectors Independent solutions 





(z+. poi oe Ta) (z,, ee t Tyro Prr’ eee Bn) 
ae Sys a, 'O} (m6 osu See Oe Oa 
WARE ce es le oe a eg (0) (—€,,5,-+5 êr 0, 1,.., 0) = B, 
ian. fe Ma. SRY (=f 4s M@ OP ney, 8) :0;-05 me Be 





All solutions of the given system (6) are then given by 


cB, t... tOir Bus » Where Cures +» Opie AFO arbitrary numbers. 


It may be seen that 0 is included in these solutions, 


(II) + Nonhomogeneous systems, Let an arbitrarily given system of 
linear and nonhomogencous equations in the unknowns z,,..., Z, be 


Oj% Oat oss +O tän = O 


Og 2, HOgy +... Elgan +G,, = O 


S 
J J . . ` . (7) 
ve 







| Omi, + Oma t +--+ + Onnan tOn = 0 Pe 
where the numbers a,,,..., Gm, are not all zero, Ang OSs Oe ee 7 
system consider the homogeneous system (6) with the oo | natrix 


‘ >." =» 


ese.” J 
9 
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the following homogencous system in n+l unknowns together with the 
cerresponding matrix A, 


a, =, + trese + 2, 5%, tiota = 0 a, = © Ayn By, 
s . . n : a . . J J A, =: “ . : > (8) 


Gy, 2, t.e tOn t Om, Z, = 0 Bans -s Onn Omo 


As bofore, a solution of the system (7) is an n-vector (z,,...,2,) and 
a solution of the system (8) is an (n+1)-vector (S Zarza). As the 
systems (6) and (8) are homogencous systems, so, by theorem 7, their solu- 
tions form vector spaces denoted respectively by X(A) and X(A,). Also, 
as before, the rank of R(A,) = the rank of C(A,) = the rank of A,- 

THEOREM 10. The system (7) has solution if and only if the rank of 
A = the rank of A,- 

Proof: Consider the vectors of X(A,). Let us divide these 
(n+1)-vectors into two classes. Those vectors whose last coordinates are 
zero are taken to form class 1, and the remaining vectors form class 2. 
The vectors of class 2 are independent of the vectors of class 1, because no 
vector of class 2 can be made to depend on any set of vectors of class 1. 
Now ciass 1 existe. For, if (a,,...,a,) is a veotor of X(A), then | 
(a,,..-+,@»,0) is a vector of class 1 ; and as X(A) exists, so class 1 exists. 
Moreover, because of this existence of a one-to-one correspondence 
between the vectors of X(A) and those of class 1, namely 
(a,,.... an) ——> (a, .,, Gn, 0), the vectors of class I form a vector space 
whose rank is equal to the rank of X( A). 


Further, if class 2 exists, then a solution of the system (7) exists. 
For, if (6,,--, Öm bs), 6, # 0, is a vector of class 2, then (6, /6,,.-, 6,/6,) 
is a solution of the system (7). Conversely, if a solution of the system (7) 
oxists, class 2 exists. For, if (c,,..,¢,) is a solution of the system (7), then 
(Cs -+-+ Cw 1) is a vector of class 2. 


Now let the rank of A be r. Then the rank of A, is either ror r+1, 
becauso A, is obtained from A by introducing ono more (the last) column 
and this column may or may not be dependent on the other columns. 
Therefore, by theorem 9, the rank of X(A,) iseither n+1—r or n—r. But 
the vectors of the classes 1 and 2 taken together constitute X(A,) of which 

ji class 1 is of rank n—r and is independent of class 2. Therefore, as the 
system (7) has solution if and only if class 2 exists, it follows that the 
* systom (7) has solution if and only if the rank of X(A,) isn+1—r, ùe., if 
and only if the rank of A, = r = the rank of A. 
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Taeonem 11. Jf « ts a solution of system (7), then all solutions of 
system (7) are obtained by adding to a all solutions of system (6). 

Proof: If =" is an arbitrary solution of (7), then a*—a = isa 
solution of (6), It follows that if 8 is an arbitrary solution of (6), 
x =a+f is a solution of (7). 


In practice, to find all solutions of (7) when it has a solution, we 
proceed as follows : 


We first find all solutions of (6) asin (I) above. Let these solutions 
be those given there, namely the n-vectors 


cB, + AS sb im + Ente Boer 


We then look for a solution of (7). In order to do so, we sweep-out the 
matrix A, and obtain the system which is equivalent to (8) as we have 
done in (I). Let this system be 


B+ OC, S426 HE ue Ty 4 0, y-5 44%, =O 
E+ Oy egy t --- HOyy > Bq t Cen 41% =O 
Then the (n +1)-vector £= (—2 nerti =s» ruere O,+---, 0, 1) isa 


solution of (8) in which the last coordinate is not zero. It follows that 
the n-vector 


EA al O ENTE E TET Urs eb UD 
is a solution of (7). Therefore all solutions of system (7) are given by 
x +c, P aasa Og ge l TS 


CoroLLARY. Let m = n ; then the system (6) has the only solution 0 
and the system (7) has exactly one solution if and only if the rank of A is n. 


Proof: The first part follows from theorem 9. Regarding the second 
part, it follows from theorems 10, 11 that if the rank of A isn, the system 
(7) has exactly one solution and if the system (7) has exactly one solution, 
the rank of A, = the rank of A = n, 


4. Determinants. Take a square matrix of » rows and columns 
MR S 
k A= on sus = (ay) (9) 
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mitrix is a special kind of atrangement of some numbers but is iteelf 


not a number. We shall now consider a Junction of the square matrix A, 
ie, a function of the nv? numbers a, or of the m n-vectors ,,...... 1 Ras 


which shall be a number. This particular function which is defined below 


is called the determinant and is denottd by any one of the following 
notations : 


a,j > + Oys 


det A = det (a;;) = det (z,,..., «,) = = | a] (10) 


Riv ssw 
The determinant of A is defined by the followlng three properties : 
(a) Ifa,is multiplied by a number c, det A is multiplied by c, ie, 
dot (a,,.., Cag- -s Xa) = cdet (a,,..,a,), loicn 
(6) Ifa, is replaced by a+; i Æj, det A remains unaltered, ie., 
det («,,.-, &+a;,--, &,) = det (s -rh lottjaon 


(c) If «a, =€- es Sn = en, Where the e/s are defined by (2), det A 
has the value unity, f.e., 


det (eses -=s 6s) = I 
THkorem 12. If x; is replaced by a+ cx, i 4 j, det A is not altered. 
If z; and x, are interchanged, i # j, det A is changed into ils negative 
Proof: The first part follows directly from properties (a), (b). For, 
ifo Æ Oand i<j 


det A = 1 det (ay)... dp -= 5 CZy = > Md 


a dot (x,,- -> Ag+ Oy, » > s CBs, ~~» Sn) = det (ays o -p ay tomy, ~~~ An) 
c 


Regarding the second part, suppose, without loss of generality, that ¢ = 1, 
det A = det («,,... %j,--» Xn) = det (a,,.-, ty +a, or a) by (0) 
= det (a, —aj—%,, ~~» My +y -+ An), by the first part 
= det (—ay, ~~, % +2) i On) 


= det (—«,, sep a +a, — sy. *+* a), by (b) m 
aes = dot (=j; : =, Hyp +) Au) = — et (a), ~~, Rye -- > Me) by (a). 
O COROLLARY. Ifa = Oarif x= an tA# j, then det A= 0 
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Proof: The first part follows from property (a), tecause 0 = Ox, 
where æ is an arbitrary vector. And the second part follows from tho fact 
that as det A =—det A, so det A = 0. 


THroremM 13. Ifa,- 2n ts a set of dependent vectors, det A = 0. 


Proof: Ifa,,.., «, are dependent, we must have So,%, = 0, where 
the c's are not all zero. So, without loss of generality, let ce, # 0. Then 


x, = Sd, ay. Therefore, by the last theorem, 
j-2 


det A = dot (a,,.., «,) = det (x, —d,a,, Xar- -y Xn) 
= det (a, —d,«, —d,a,,%,,. ss Za) = ... = det (x, — È dja, ay ++ n) 
idee (0.835...) = 0 


THronem 14. Let B,,.., B, be the matrix obtained from A by 


replacing x; by the n-vectors, B,,.., P: respectively and let aj = ¢,B, +- +OBr 
Then 


det A = c, det B, + .. +c, det B, 


Proof: Let us first consider the particular case when a, = $, + $a 
Suppose, without loss of generality, that i = 1. So we havo to show 


det (8, + Ba, Xar > -+ Xa) = dot (f,, Zas >- s 2u) dot (Bir a, .. , En) 


Two cases arise: (1) §,,a,,..,%, are depondent. 
In this case det (8,, «,,..,«.) = 0, by theorem 13. So we have to show 


det (B, + Ba» Agra Xa) = det (8,, Bay s+» Om) 
There are two possibilities : (i) 8, is not dependent on «,,.., ,. 


Then «,,...,«, must be dependent. So, let ay = > diate. Therefore 


det (8, +B,, Za- -> a) =O= det (p ap --, ta) 
and the theorem is proved. 


(ši) B, is dependent on a,,.,a@,. So, let B, = > dya,. Therefore 


dot (B, + By, Aas- -s Xn) = det (B, +f, — E dyay, ay, ++» Zn) 
= det (B,, a: -» Zn), and the theorem is proved. 


(2) Bu Keyes, Xa ATO independent. Here Ba must tid dependent. on 


z ‘4 re ari at à 
Bis Zar- -s Zn, because, by theorem 2, there cannot exist more than n — 
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independent n-veotora. So let B, = dB, + ŞS dyž- Therefore 
12 


det (B, + B,,%,..., Ua) = det (B, +d,B, + Sdyay, ay, - « -. Op) 
= det ($; +d Bis a -r %) = (L+d,) dot (f,, a... .-, %) 
= det (Pi; a... .., «,) + det (d, Bir Hy « «oy Xm) 
= det (Bi Zir- <- %)+det (d B, + Sdyag, Aps > - -» Me) 
= det (Bi, a, ..., %) +det (Bi, a5, =- Anh 
and the theorem is proved. 
We now come to the general case, For the sake of definiteness, let 
i=1. Then, by repeated application of the particular case proved above, 
det A = det (¢,8, + ... +68, tys- -rs En) 
= det (Bjs Xar- er te) +... +det (Gis a, -e +» ta) 
=c, det B+... +c, det B, 


Taeorem 15. Let A; be the determinants obtained from det A by 
replacing a, by the unit vector ey, where «, is defined by (2), k = 1,.., N. 
Then 


24a Ad =det A and > a4a.Apn =O, ifs <j (iL) 
A 


Proof: The first formula follows from the last theorem together with 
the fact that x; = SMe ee For the second formula, suppose i<j. Since 


2 GyAy, = Get (a... Ry s+; ee = det A, 

a0 S Ga Aj, = det (a,, -iRise Re + +s On) =O 

Def. Thadeterminants Ay are called the cofactors of aq, in det A. 

Note: From the first formula of this theorem it follows that a 
determinant can be expressed as a sum of products of the constituents of 
any row and their cofactors. As the cofactors Aa do not contain any 
constituent of the ith row, it follows that a determinant can be expressed as 
a linear function of the constituents of any one of ite rows, the coefficients 
being the cofactors of these constituents. 

THEOREM 16, det A = a + LETA hog, + t+ One» (12) 
where the sum has to be taken for the indices i,,..., i, euch that shall 


denote a permutation of 12...n, The+ sign dc ba takin Aico a lars if 
i -i îs an even permutation of 1..." and—sign ifan odd permutation of 


Lines 
(For properties of permutations, see later § 7) 


ell a 
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Proof : From tho first formula of the last theorem we get successively 


dot A = 2 det (ei, Xar- +> Sn) 


= >a IÉ Aat, dot (ey, Ej» ay we os Kaa) =. 
6, aS 
— Gai, ...G,; deb (e;,, Cj .+ 4 El) 


Here in the summation each of the indices #,,.., fa takes values from 
L ton. But from property (c), theorem 12 and its corollary it follows that 
det —L —1 or 0 according as $... fs if an even permutation, 
an odd permutation of 1..." or not all distinct. Hence the theorem. 

Note: It would follow from this theorem that the function det A 
satisfying the properties (a), (b), (c) exists. 

Tueorem 17. If in det A, the successive row-vectors are replaced by 
the successive column-vectors, det A remains unaltered. 

Proof: Let the matrix A be changed into the matrix A when the 
successive column-vectors of A are written as the successive row-vectors. 
Then, by the last theorem, 


det A = = + Gj, Big ++ Gins 
whore + or—sign is taken according as f... f. is an even oran odd permuta- 
tion of 1...”. Now, since i,..%, is a permutation of 1...n, the factors in 
every term a,,...a,,, can be so arranged that their first indices ¢,,.., fa 
take the natural order 1...n, the order of the second indices being then 


changed into k, ...%,, say, which is the permutation inverse to f, ...%,. So 


det A = > +G,y, Oak, + «+ Guk 
But as two inverse permutations are both even or both odd, so 
det A = det A. 

Note: It follows from this theorem that every theorem which holds 
for determinants with respect to ita row-vectors also holds with respect 
to its colamn-vectors. Thus, in the properties (a), (b), (c) and in all 
subsequent theorems 12—16, we may replace the row-vectora a,,..., a, by 
the column-vectors «,...., @, respectively. 

Turonem 18. Jf in det A, both the row and the column in which ag 


ocoura are omitted, we obtain a determinant of n—1 rowa and columna which 


ia equal to ( — —I)f** Ay. 
— Proof: The equality of the two determinanta may be seen to hold 
W. if both of them are developed by moans of the formula (12). 
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Note: Since a cofactor Ay in det A ofn rows and columns is a 
determinant (with proper sign) of »—1 rows and columns, a cofactor in 
Aj again is n determinant (with proper sign) of n—2 rows and columns. 
If every cofactor is thus reduced gradually, theorem 16 would follow from 
the first of the formulae (11). 


Def. Let B be a mxn matrix and r be a positive integer which 
is less than or equal to the lesser of the two numbera m and n. If in B 
we omit (or strike out) m-—r rows and n—r columns, we obtain an rxr 
matrix. Tho determinant of this matrix (with a+or—sign) is called a 
minor of B of order r. 


From the above definition the following properties are easily seen to 
follow : 

(1) If m= n, then (i) the minor of B of order n is + det B, 
(ii) every cofactor in det B is a minor of order »—1 and (iii) ifevery 
minor of order = n—1! is zero, every minor of higher order is also zero. 

(2) Ifm<—n and if there exists a minor of B of order m which is 
not zero, then the rank of B is m. 

Tarore 19. Ifa matriz B has at least one minor of order y which 
is not equal to zero but every minor of higher order (if any) is equal to zero, 


then the rank of B is r. 
(This theorem is often taken as the definition of the rank of a matrix.) 
Proof: Let 
Oy, s+ Bye fis 
B = ayy a, Oye 


Bry, + - + Bmp + Omes 


and let the row-vectors of B be denoted by <,,....2,,....%0,..- As the rank 
of a matrix is not altered by any permutation of rows or of columns, we 
suppose, without loss of generality. that the deteminant formed out of the 
first r rows and columns is the minor M of order r. which is different from 
zero. Therefore the rank of the matrix formed by the first r rows of B is r 
and so the row-vectors «,, ..,2, are independent. Let D be the determinant 
of r+l rows formed by the first r rows and the mth row and the first r 


a . 


columns and tho sth column of B. If A,,..., Ap Aw are respectively the 
 eofactors Of 4,4)...4ray Ams În D, then 
s D = 6, Ay , Omen 
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Now D is a minor of B of order r+1 anid so, by hypothesis, D = 0, 
Further, A,, = +M #0, by hypothesis. Therefore 


yA, + sac +a, P t mem = U, Am = 0 


This result holds if for we write 1..... r, because the left-hand side then 
gives determinants with identical columns which necessarily vanish. 
This result also holds if for a we write r+1, r+#2..... because this 


means that the sth column of B has deen replaced by the (r-+-1)th, 
(r+2)th,... columns for the formation of D and s0 the left-hand 
side gives minors of B of order r+1 which vanish by hypothesis. 
Therefore the above equations can be written as one equation in vectors as 


aA, t+..--+2,4,+a,A,, = 0, where An # 0 


As A,,....A,, Aw sre numbers, this equation shows that a, is dependent 
on a@,,....,a,. This remains truc form = r+1,r+2.... Therefore «,,..,«, 
form a basis of R(B). Hence the rank of Bis r. 


COROLLARY. Jf A is a square matrix and det A #0, then the rank of 
A=n. If det A = 0, rank of A <n. 

As an application of a non-vanishing minor of the highest order, we 
give below the solution of a system of n independent linear equations in 
n unknowns in a form which is very often used. We take the case of 
n = 3, the method being perfectly gencral. Let the system be 


a, + at, + ar, = a, a, tly Gy 
bz, + hor, + bz, = Da D = b, h, b, 3 0 
CiTy + Cot, + 0,%, = Cy o, Ci Cs 


Multiply the equations respectively by the cofactors of a,, b,c, in D and 
add. Similarly multiply the equations by the cofactors of a,, b,, c, in D 
and add and by the cofactors of a., b. c, in D and add. Then, by theorem 
15 and note to theorem 17, we get the following solution ; 


5 <a a De, (13) 


(Ga G3 as a, Ga. Ms Aa Ag My 


rg wes Dalk 3; 6s | De a |B ee ES De le BR aT 





— Pe Cg Cs: be Cy Gg Say Cy Oy Gy 
— a, = 6, = C, = 0, the solution is 2 =r mx, = 0. These rosulta 
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agree with what is stated in the corollary of theorem 11. The rule by 
which the solution (13) is obtained ia known as Cramer’« rule. l 


5. Products of matrices and of determinants. 


In order to define the product of two matrices, it will be avantagecus 
to define initially what is known as the scalar product of two n-veetors 


x = (a,,...,a,), B= (Oirr ba) 
The scalar product of « and B is a number defined ax 
2.8 = a,b, +... +a,b, (14) 


Now let A be an mxn matrix and B an wx p matrix, Let the 
row-veotors of A be denoted by «,,..., Am and the column-veetors of B 


by Bp- By. Evidently the a's and the 8's are all n-vectors. Form the 
mp scalar products 


3 mp =o 1... P 
Then the product AB of the matrices A and B is defined as the mx p 
matrix 
*-B, ++, Bp 
B —— xaf 
yy: Pe APs ap (15) 
ay By eee in -Bp 


It is at once seen that for this definition, the product AB is not generally 
equal tothe product BA. This is expressed by saying that the multiplica- 
tion of matrices does not obey the commutative law. 

In particular, let A = (ay) and B = (bx), If AB = (fa) it follows 
from (3) and (15) that 


Su =. Zines 


Let now C= (cn) be a pxq matrix. If the mxq matrix (ABC = (gu) 
then we get 


Yu = > fu Cu = > iy by ey: 
-_— 


om} fm] 
be 


i amie! aw. be directly verified that if A(BC) = (hy); then gy = ha and 


h i+, 





(ABC = A(BC) 
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This is expressed by saying that the matrix multiplication obeya the associa- 
live law. 


Def. <A diagonal matrix is n square matrix whose constituents not 
situated on the main diagonal are all zero. Thus, if (d4) isa diagonal 
matrix, then dj, = 0 for i # j. 

An elementary matrix, denoted by (say) Fala), 5 # t, is a square 
matrix, which is defined thus : Let Ela) = (e,). Then 


=i, (@ =1,2,...), 0e =a, ey = Ofori Æ jand (č, j) s (4, b). 


d, 0 0 i 0 0) 
Thus Dafo d, 0 and Æla) =f O i a 
0 i) d, 0 u I 


are diagonal and elementary matrices respectively. 

Let A be an nxn matrix whose row- and column-vectors are denoted, 
as before by «x; and «; respectively, i= },...,”. Also, let D and Enla) be 
diagonal and elementary matrices which have the same number of rows as 


A, where the successive diagonal constituents of D are d,,....d,. Then the 
following results can be casily seen : 


(W) DA (or AD) ia the matrix obtained by multiplication of the 
rows (or columns) of A by d... d, respectively. 

(it) £E,(a)A (or AE, (a)) gives a row-addition (or column-addition) 
in A by which x, (or «,) of A is replaced by «, + ax, (or x, + ax,). 


(i) det DA = det AD = det D det A = d,...d, det A, 
det Esla A = det A Eala) = det A. 


THEOREM 20. A square matrix A can be transformed into a diagonal 
matrix by row-additions and column-additione. 


Proof: If the matrix A = (a,,) is a zero-matrix, it is already a 
diagonal matrix. If not, we can suppose a,, # 0. (For, ifa,, = 0. we can, 
by row- and column-additions, so arrange that the constituent in the first 
row and column becomes different from zero.) By suitable row-additions 
the constituents in the first column, other than a,,, can be made zero and 
then by snitable column-additions, the non-zero constituents of the first 
row can be made zero without altering the first column. If the resulting 
matrix is not s diagonal matrix by now, we can treat the second row and 
column in the same way as before. This procedure can be repeated until 
A becomes a diagonal matrix. 
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As ovory row-addition (or column-addition) means a multiplication 
by an elomentary matrix from the left (or right), it follows from the above 


theorem that 

(tv) A= P DP, 
where P, and P, are products of elementary matrices and D is a diagonal 
matix. 


THEOREM 21. Jf A and Bare square matrices with the same number 
of rows, then 


det AB = det A det B. (16) 
Proof: By (iv) and (iii), 
det A = det P, DP, = det P,D = det DP, = det D = d,....d,. 
Therefore applying the results (i) to (iv) given above, we get 
det AB = det P,DP,B = det DP,B 
= d,....d, det P,B =d,....d, det B = dot A det B. 


Note: Itis to be noticed that since a determinant is a number, the 
order of factors is immaterial in a determinant product. As a matter of 
fact, the distinction between row-vectors and column-vectora of a 
determinant becomes immaterial in view of theorem 17. 

Def. If the successive rows and) columns ofan mxn matrix A are 
interchanged, an nxm matrix is obtained which is called the transposed 
of A and is denoted by AT. Thus the ith row-vector of A is the ith 
column-vector of AT, and vico versa, It can be easily verified from (15) 
that (A B)" = BTA™. If A is a square matrix and A = AT, then A is 
oalled a symmetric matrix. The spacial diagonal matrix 


| LN | ary 0 

UN Te. 0 
I = 

AAN PREE I 


is oall a unit matrix. A square matrix A is called an orthogonal matrix 
if AAT =I. Thorefore if A = (ay) i» an orthogonal matrix, we get from 
(15) and (16) that 

eT es ‘and (det A)? = 1 

= = ' 6 =a — 

ome — — cone 


ie is * Givon a square matrix <A, if there exists n matrix A auch that AB = J. 
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and therefore also BA = f, then B is called the inverse of A. It 
therefore follows that the transposed of an orthogonal matrix is ita inverse. 
The inverse of a matrix when it exists ia obtained in the next articl. 


6 Linear transformations. The equations 


V = 4,0 +... -+0,.7, —— Be 
i A= wisn a (17) 
Fa = Anfi t. >ot Antu A NA 


define a linear transformation transforming the n-vectors £ = (T ---¥x) 
into the n-vectors » = (y,,....¥.). To every vector there corresponds 
uniquely a (transformed) vector y. This correspondence may be denoted 
by £ —> y- In particolar, referring to (2). 

i) — » Ü, — (Ng gc ccs Bug dene sd ha —> (iln jeeer Bom) 
Now let é, —> n, and č, —>», by the linear transformation (17). Then 


fr és => i, +7, and c, —>cy,, where c is a number, 


It therefore follows from theorem 3 that if the ¢-vectors form a vector space, 
then the »-vectors also form a vector space. That is, a linear transforma 
tion transforms a vector space into a vector space. 


Suppose we have a second linear transformation transforming the 
vectors y into the vectors t = (z,, .., =,) defined by 


S, = Oy ts + Oe ee reer ar 


xs = be — Fc oe c +h, age°- 5* 
Applying the second transformation after the first we get a linear transfor- 
mation transforming the vectors Ê into the vectors i. The equations of 
the resultant transformation is obtained as follows : 


We have p = Zay Fj, Sy = PATEL 
Therefore ty = Shas ay ty, 
or "a = FP; ty, where Py = Zhi ay 











BASIC ALGEBRA xxxiii 


Tho matrix of the resultant transformation is therefore given, from (15), by 


Prose « Pye Eh; Big eee > fF Ben 
P = | e >+ * — . * bA a = BA 
Pays +s ‘Pax Sh. ITEE ——— ay. 


Accordingly, if a Iinear transformation 7, is followed by a lincar 
transformition T, and thy resultant is a linear transformation T., it is 
usl to write 7,7 = 7, The reason behind the rule of matrix 
mult plication as given in (15), which might have appeared arbitrary then, 
becomes now apparent. 


[t is o ten convenient to oxpress an n-vector £ = (Zj; ..... Z.) in the 
form of a matrix as 


z, Oen 0 
(x) = 
Ai | Peet | 


In view of rule (15), the above two component linear transformations can 
then be written as 


(y) = A(z) and (z) = Aly) 
Combining the two we get 
(2) = BA(x) 


Tais formula agross with the equations of the resultant transformation as 
wiven above, 

We hive seen that the linear transformatien (17) establishes a 
gorrssponionse which may bo denoted hy £ —> y- Under what condition 
dova the inverse correspondence 7, —> £ exist, so that there may be a 
on*-to-one correspondence, denoted by £ —— > v, between the vectors € anri 
the vectors » ! 

Multiply the successive equations (17) respectievly by the cofactors 
Aw.» Aa of the constituents @,4,.... Gen of the kth column in detA and 
add. Then. by (11) and note to theorem 17, we get 

x, det A = A wa, +. * Anda k = l EE S (18) 
w ‘mation (17) 
It therefore follows that the inverse of tho linear transforma n 
eee cna fe given by (18) if and oaly if det A @ 0, ie., the rank of 4 is =. 
ee E | 
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That ia to say, the one.to-one correspondence aa proposed exista if and 


only if det A #0. Whon it exists, the matrix of the linear transformation 


(18), denoted by A~. is given by 


Ay, a aay 
dot A det A 
i= | (19) 
A... Aau 


det A de 4 
it may bë verified by rule (15° that 
AA n daam (20) 
It therefore follows that the inverse of A is A> and this relation iw a 
reciprocal one. As the matrix of the resultant of the transformations 
(17) followed by its inverse (18) iè « unit matrix. the resultant leaves 
every vector unaltered. 


When det A # 0, the transformation (17) and ita inverse (18) ean be 
written in the matrix form as 


(y) = A(x) and (z) = An~"(y) (21) 


The significance of the rank of A is given by the following theorem : 

THEOREM 22, By the linear transformation (17), a vector apace of rank 
« is lranaformed into n vector space of rank equal lo the rank of the matrix A 
af the transformation. 

Proof: Let the vectors £ = (£... Xa) form the vector space W and 
the vectors » = (y,...... Y.) form the vector space F. As W is supposed 
to be of rank n, s9 ¥,,...., 2, take independently all values. A basis 
of W is therefore given by the vectors <,.....,«, defined by (2). 
Accordingly £ = Ers er- 

Now if the columnn-vestors of A are denoted by aji- z,, then a => a 
by (17). So č —> Erix}. Therefore the »-vectors are given by y = Era. 
As «,....,% take all values independently, the vector space V is 
generated by 2,.....,%,. But the number of independent column-vectors 
is the rank of A. Hence the rank of F is equal to the rank of A. | 

Regarding the rank of the product of matrices arising ont of the 
resultant trinsformĘstion we have the following theorem : 

Tuzorex 23. Let A and B te two mxn matrices of rank rande 
respectively and lef the rank of AB be p. Then p can exceed neither r 
nore: and if r (or *)iacqualte n, thea p ia equal ta alors) — i 
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Proof; Let the row-vectors of B be denoted by #,,..... 8, and the 
row-vectors of AB be denoted by y,,...-,y.. Also, let ¢,,.....¢, bea 
busin of R(B) and Yir- -Vp be a basis of R(AB). It then follows 


from tho theory of vector apaces and the definition of matrix multipheation 
that every y is a linear combination of the y'a and every y, i# a linear 
combination of the A's and every 8, is a linear combination of the p'r. 
Therefore every y; is Gnearly depentent on the o's. That is, the rank of 
K(AB) cannot exceed the rank of RiB). In a rimilar maener it can be 
soon that the rank of C(4 B) cannot exceed the rank of C(A). But as the 
rank of R(M) = the rank of C(M) = the rank of Mf for cevry matrix Ji, 
so p is less than or equal to the minimum of y and a. 

Again, if the rank of A is n, A°* exists. Therefore, a B = AAB, 
so S< P- But p=. Hence p= +~. Similarly if «=n, then p =r. 
Hence the theorem, 


7. Groups. The word ‘group’ is used in a specialised abstract sense, 
We shall do no more here than give n formal definition of this concept 
and illustrate it by a few examples. 


Let G be set of elements of any kind. The word ‘element’ is used 
in the broad sense to denote an entity whateoover. The elements belonging 
to F may be finite or infinite in number. Let us assume that there existe 

| an operation by means of which every pair of elements of G can be composed 
| to form an element of G. That is to say, if any pair of elements of G are 
denoted by a, 6, and the operation by *=', then a » ò is an clement of O. 
In this composition, the elements a and ò are not necessarily distinet, nor 
are the eloments acl and bea of O necessarily the same Then given 
the operation, the set G is said to form a group if it satisfies the following 
four conditions : 


(1) Every ordered pair of elements of G can be composed to form 
a unique element of G. That is, asb is unique for every ordered pair 
ia, b). This is expressed by saying that @ ix closed for the operation. 


(2) The operation is associtaive That is, for very triad a, b, c, 













(acbpece = as (bec) 
(3) There exists in G a unique clement, say e, called the unt element 
having the property ; 


E a 
@ * 


gegia @, 


T 35 


$ > Ki m 
>. 
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(4) Corresponding to every clement o of G. there exists in Ga unique 

element, say a’, called the inverse of a. having the property 
Gea = a’ ea = ¢. 

When the group G has the property that a-6b = b6<a for every pair 
of clements a, b, then the group is called commutative or Abelian. If § ig 
a subset of a group G and if the above four conditions are satisfied for 8 
with respect to the same operation as defined in G, then S is calkd n 
mbgroup of G. Obviously, the unit ecloment of a group forms by iteclf 
a subgroup ; this subgroup is rather trivial. As a simple illustration, 
consider the set of all integers : 


0, +1, +2, 43.. 


When the operation is taken as addition, this set forms a commutative 
group and the set of even integers ie a subgroup of this group : the vnit 
element isthe number 0 and tLe inverse of an integer a is —a. But if 
the operation is chosen as multiplication, the set does not form a group. 
On the other hand, the set of all non-zero rational numbers ferm a 
multiplicative, but not an additive, group - the unit element is 1 and the 


inverse of a rational number a of the set is a-', 

Next take either the set of all rational numbers or the set of all real 
numbers or the set of all complex numbers, and consider all» xm matrices 
formed with the numbers of this set. We then have the following theorem ; 


THEOREM 24. The set of all nxn matrices whose determinanta are 
not zero form a group, the operation being the matrix multiplication, 

Proof: That the conditions (1) and (2) ofa group are satisfied by 
these matrices can be seen from (15) and its sequel. And conditions (3) 
and (4) are satisfied by virtue of (20). 

As another illustration of a group, consider the set of all permutations 
of nm objects. A permutation can be regarded as a transformation by 
which the objects are interchanged among themselves ‘That is to eray, 
if the objecta are denoted by the digits 1,......n, then a permutation 

. a, of 1... m can be expressed by the notation 
(Leknan k. a i 
| ) =| | (22) 

My + + AEy, « By | @ + 
where the n objects are ordered in the second row in such a mannor that 
below every k in the first row is written a, in the second row into which 
k is transformed. It therefore follows that the permutation P romains 
—— unaltered by interchange of columns. It is obvious that the notation an 
i does not denote any matrix. ie 


q eg le 

‘ if — ip) 
- 5 ™ - f R ~ a” 
Pi r r Ehe * E - e 


ee 


Pæ! 
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Lot now b, ...b, be another permutation Q of 1....». Aa k, ay, by 
can take all objects 1,., ..n, Q can be denoted by 


k p ay 
Q =| = 
: by ba 
If P is applied first and then Q, & is transformed into 46,,. The resultant 


permutation thus obtained is called the product of P and Q and is denoted 
by 


QP = ( i | (23) 


f 


Evidently the product is associative but not commutative, Given P, 
if Q is such that the product is the identical permutation or the identity 


SANE > k 
J= [ ) > ( ) 
oor Bf, 
then Q is called the inverse of P and is denoted by P~', and with reference 
to (22), it can be written as 


Thus, for every permutation P, we get 
PJ =JP=P, PP '*= P'PeJ (24) 


Suppose that in a permutation we find that an object a,. chosen 
arbitrarily, is transformed into a, a, into a,.....,a,-, INTO a,, and 
a,, into ap m= n. Then the sequence Gyn- -e Om if a cyclic sequence or 
a cycle consisting of m objects. It is evident that every permutation Las 
at least one cycle. A permutation which has just one cycle of m > I 
objects is called a cyclic permutation and is denoted by 


—— aan 
— Serer a 
Gye Gy Omir a 

In particular, if m = 2, a cyclio permutation is ealled a transposition. 


niquely expressed as a 
Lemma l. Every permutation P can be uniquely exp 


product of a finite number of cyclic permutations and (or) cyc'es of one object 


* auch that no two cycles have a common object. 








XXXVI GEOMETRY 


Proof: Let an object a, determine the cycle a,,...., a. Then, if 
possible, let an object b,, not contained in this cycle, determine the cycle 


by se 6. Proceeding in this manner P can, after a finite number 
of steps, be expressed as 


Pe Age. | + <p We MO gs. « = sv Ga) 5 = Abie + «thn, 


A cycle is said to be even or odd according as number of objects 
belonging to it is even or odd. Let a permutation P be expressed as a 
product of cylic permutations as in lemma l. Then P is said to be 
even or odd according as the number of even cycles composing it is even 
or odd. Every permutation is therefore either even or odd. Thus/ is an 
even permutation and a transposition is an odd permutation. P and P-' 
are both even or both odd We state, without proof, the following lemma, 


Lemma 2. The product of two even permutations and of two odd 
permutations are- even permutations. The product of an even and an odd 
permutation ia an odd permutation. 


In view of formulae (23), (24) and lemma 2, we arrive at the following 
theorem : 


THEOREM 25. The set of ali permutations of n objects forma group 
of which the subset of even permutations form a subgroup. 


These two groups are called the symmetric group and the alternating 
group respectively. 

A group consisting of a tinite number of elements is called a finite 
group, and the number of elements of a finite group is called its order. 
Thus the symmetric and alternating groups are finite and their orders are 
respectively »! and n!/2. The group of matrices of theorem 24 whose 
constituents are rational, real or complex numbers is not a finite group, 

Let the operation in a group G be called multiplication. If every 
element of a subgroup S of @ is multiplied from the left by an element a 
of G we get what is called a left coset aS whieh is not necessariy « 
subgroup. Similaily for a right coset Sb. It can however be proved that 
aSa-' is a subgroup called a conjugate of S. If the subgroup is such that 
aSa- = S for overy clement a of G, then § is called a normal subgroup 
of G As an example we may state, without proof, that the alternating: 
group is a normal subgroup of the symmetric group. 


, 


— — — 





PLANE GEOMETRY 
CHAPTER | 


VECTORS AND ANGLES 


1. Points and vectors on a straight line. Let a straight line g be 
taken. If on g we take an arbitrary but fixed point O, all points ofg 
situated on the same side of O constitute a Aalf-ray emanating from O. 
The point O therefore divides g into two half-rays, 9’, g”, say. We measure 
distances slong the two half-rays with the help of an arbitrary but 
fixed unit segment u. If Ais a point of g, we measure the distance 
| OA | = |x| by the ratio of the segments OA and u, where |z| =— 0 if A 
coincides with O and is a positive number in every other case. To 
every real positive number there corresponds, on the other hand, one point 
of 9g’ and one point of g”. 


In order to establish a one-to-one correspondence between the points 
of g and real numbers. we further introduce positive and negative 
directions along g and choose one of the half-rays, say g’, as giving the 
positive direction while the other the negative direction. We assign 


æ= |x| =0, if A coincides with O 
i= |x | =>0,if Ais a point of g’ — — 
z=— |x| <0, if A is a point of g”. A 


The real number x is then suid to be the coordinate of the point A. 


The one-to-one correspondence thus established depends on three 
arbitrarily chosen items : the point O (that is, the point whose coordinate is 
zero), the unit segment u and one of the half-rays giving either the positive 
or the negative direction. And when these items are fixed, the one-to-one 
correspondence is uniquely determined. The distance between two 
points A,, A, of g, whose coordinates are x,, z,, is then given by 

| A,A, | = |2%,-2, | 

Let A, be an arbitrary point of g distinct from O and z, its 
coordinate, Then A, defines two half-rays, g,‘, 9,", where g,’ is composed 
of points with coordinates £ > x, and g,” of points z<2,. Whatever 
be the position of A,, the half-rays g’ and g,” as also 9” and g,” have 
common points; but cither g” has no point in common with g,” or g° has 
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no point in common with g,”. In either case, the half-rays g’ and g,’ as 
also g” and g,” are said to have the same directions. 

Any two points A, B of g determine a segment ABor BA. The 
points A, B are the extremities of the segment, the points lying botween 
A and B are points within the segment and the length ofthe segment is the 
distance | AB |. A segment becomes a directed segment when we 
consider one of the extremities as the starting point and tho other aa the 
end point, and consider a direction from the starting point to the end 
point. The directed segment whose extremities are A, B and 
whose direction is from A to B shall be denoted by the notation AB. 
The directed segments AB and BA have the same two extremities, the 
same longth but opposite directions. 

Lot A,, A, be two points of g whose coordinates are z,, x, respectively. 
Then the number x,—z, is said to be the coordinate of A, A, and therofore 
x,—x, the coordinate of A,A,. Accordingly, if the coordinate of a directed 
segment and that of one extremity are given, the coordinate of the other 
extremity becomes known. Directed segments of g having the same coordi- 
nate represent the same vector. A vector is therefore the class of all directed 
segments of g having the same coordinate and this coordinate is also used 
as the coordinate of the vector. There is no harm to denote a vector by 
any one of the notations that are used to denote the directed segments 
representing it. Thus, if A,, A, are two other points of g with coordinates 
z,, x, respectively, we shall write, as vectors, 

A,A, = Ado ifz,—z, = 2,- T, 

A vector therefore possesses a length and a direction, the length being 
that of any ono of the directed segments representing it. A vector is 
accordingly uniquely determined by ita coordinate. We may speak of 
fizinga vector A,A, at a point B, of g; this means, constructing the 
directed segment B,B, such that B, B,=A,A,. 

Let A, B, C be three points of g. Then, as distances, either 
| AC| =| AB| + | BOjor| AC| =| AB| — | BC | 
But, as vectors, we shall always have 
AC = AB * BC 
Tt follows that the coordinate of the sum of two vectors is the sum of 
the coordinates of the summands, From this property again follows 
the commutative law of addition of vectors : 


AB+ BC=BO0+ AB 
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If v are the coordinates of Aj_,A;, fori=1,2,..... ,n, the coordinate of 
A,A, iB V +0,+.... + uv and | A,A, | = |0,+0,+.... #0]. 

Let a be an arbitrary but fixed real number and g be transformed 
into itself in such a manner that every point P of g with coordinate x is 
trensformed into æ point P’ of g with coordinate 2 =z+a. This 
transformation is said to be a displacement. Any directed segment 
with coordinate x,—x, will therefore be transformed into a directed 
segment with coordinate z,'—2,’=(r,+a)—(z,+a)—=z7,—7,. Henco, a 
displacement transforms a directed segment into a directed segment 
representing the same vector ; that is to say, vectors will remain unaltered 
by the displacement, fo, the lengths of segments will also remain 
unaltered. The two  half-rays consisting of points z > z, and x < r, 
will be transformed into the half-rays of points x => z, +a and 2 <2,+4a4. 
Hence the directions of half-rays remain unaltered. On the other hand, 
every transformation of a straight line into itself which dces net alter the 
lengths of segments and directions of half-rays is a displacement. For, 
the point O is transformed into a certain point O° with coordinate a, 
say, an arbitrary point B with coordinate b is transformed into a 
point B’ with the conditions that | OB | = | O'R’ | and the half-ray 
emanating from O on the same side as B has the same direction as 
the half-ray emanating from O’ on the same side as B’; hence B’ 
has the coordinate a+6. As this holds for every point B of the straight 
line, the transformation is .a displacement. Thus, every point is 
displaced in a fixed direction through a fixed distance. 

We have therefore two interpretations of the notion of a vector on a 
straight line. Firstly, a vector is given by a real number, its coordinate ; 
and secondly, a vector can be interpreted as a displacement. 


2. Points and vectors in the plane. In a given plane lot any two 
arbitrary but fixed straight lines, called the z-and the y-axes of coordinates, 
be taken intersecting on# another in a point O, called the origin. We shall, 
for the sake of simplicity, suppose that the 
axes are orthogonal, The origin divides 
each of the axes into two half-rays ; 
the chcice of the positive half-rays along 
the axes is, however, arbitrary, After 
the choice has boon made, let us imagine 
the positive half-ray of z-axis to 
rotate about the origin in the positive 
sense, which, as usual, wo shall suppose 





to be counter-clockwise, through an angle 7/2. We then say that we have 
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aright-handed system of axes if, after rotation, the positive half-rayw 
coincide ; otherwise, the system is left-handed. We shall always assume 
that our system is right-handed. 

After having chosen, in an arbjtrary manner, two congruent unit 
segments for the two axos, it is seen that to every point of an axis there 
corresponds a real number ; and conversely, to every real number there 
corresponds one point on each axis. Let P be any point of the plane. 
If through P parallels to the axes be drawn lo meet the z- and the y-axes 
in the points P, and P, respectively, then the position of P is uniquely 
determined by the coordinate x of P, and the coordinate yof Py Bo, 
to every point P of tho plane there corresponds an ordered pair of numbers 
(7, y), called its coordinates, and conversely. If, in particular, tho first 
(or the second) of these numbers is equal to zoro, P is situated on the 


y- (or the z-) axis, We shall represent a point by its coordinates taken 
in brackets and write 


P= (x, y) 
The distance between the two points 
P = (z,, y,); and O = (0, 0) 


| OP | = | y (+7) | (1.1) 

As in the last article, we introduce directed segments in the plane by 
taking one of the extremities as the starting point and the other as the end 
point of every segment of every straight line in the plane. Let P=(z,. y,) 
be the starting point and Q=(z,.y.) the end point. By projecting PQ 
orthogonally on the z- and y- axes we obtain two directed segments P,Q, 
and P,Q, of the two axes respectively. Conversely, to every pair of 
directed segments of the two axes there corresponds one and only one 
directed segment in the plane. The coordinates of P,Q, and P,Q, 
form an ordered pair of numbers which are said to bo the coordinates of PQ. 
Directed segments of the plane having the same coordinates form a class 
which, as in the last article, is called a vector. A vector has tho same 
coordinates as those of any one of the directed segments representing 
it, and there is no harm to denote the vector by any one of the 
notations that are used for these directed segments and to write, as vectors, 
PQ = (%,—21, Y2- V) (1.2) 

and PQ = PQ if FQ has also the coordinates (1.2). There is thus a 
one-to-one correspondence between the ordered pairs of real numbers and 
the vectors of the plane, As in the last article, we mny speak of 
fixing a vector PQ at a given point P; this means, finding out the point Q’ 


is then given by 
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such that PO = PQ. Soif P=(2’,y), then ——— 
This fixing can be made in the following two steps : 


P"Q" = PQ, 
whero P” = (x, y) and 80 Q” = (2,3, y + Y3— Y)» 
and PQR = PQ". 


As PQOQ'P” and P”Q Q' P” are parallelograms, so POQ P” is » parallelogram. 
The directed segments representing the same vector are therefore of 
equal length, parallel to one another and have the sume direction. 
Tho geometrical meaning of fixing PQ at P is therefore the finding 
out of the fourth vertex Q’ of the parallelogram POQ P. 

Fixing PQ at the origin O, we obtainthe fourth vertex Q“, 
where Q” has the coordinates (x,—z,, y,—y,). As the segments PQ 
and QQ” have the same length, it follows from (1.1) that 


| PQ | =| vil@.-2,)' + (y-9)°} | 

Let two arbitrary vectors be represented by tho directed segments 
PQ and QQ’, so that the end point of one is the starting point of the 
other. Then, the sum of these two 
vectors is defined as the vector represented : f 
by the directed segment PQ’. Thus, * 
the law of parallelogram holds for the 
addition of vectors; that is, if PQQ P 
is a parallelogram of which PQ and 
PF’ are adjacent sides, then, ss vectors 
As in £1, the commutative law of addition holds. Also, it follows 
from (1.2) that the two coordinates of the sum of two — Are 
respectively equal to the sum of the corresponding coordinates of the 
summands. 


We shall often denote vectors by Greek letters. Let the vectors 

a; have the coordinates (a,,6,), #=1,2 . . . m, and let them be represented 

by the directed regments rw Ay Bay: sion Aargh so that A,A,....4, 

is a broken line. Then, for the sum of the vectors, 

Sai = AA. = (2% 25). 

The broken line is closed if and only if the vector 4, A, is the sero-vector 
‘with coordinates (0, 0), i.e., if and only if Za; = Zb = 0. 

Lot a = (a,, a,) bo an arbitrary but fixed vector and let.the plane be 

transformed into itself in such a manner that every point P is transformed 
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into a point P’, where PP’ = a. This transformation ia said to bo a 
parallel displacement, Its analytic expression is 
(x, y) —> (x + a, Yy +a). 

If, by this transformation, n point Q is transformed into Q’, then POQ' F’ 
is a parallelogram. Hence, the arbitrary directed segmont PQ is trans- 
formed into P’Q’ representing the same vector. Accordingly, vectors remain 
unaltered by parallel displacement. On the other hand, if by an arbitrary 
transformation of the plane, vectors remain unaltered and P is transformed 
into J”, then an arbitrary point Q has to be transformed into Q’, where 
PO@ P is a parallelogram ; hence the transformation is a parallel displace- 
mont. Thus, if by a transformation of the plane no vector is altered, the 
transformation ts a parallel displacement. To every vector a there 
corresponds the parallel displacement generated by a. On the other hand, 
no vector is altered by any parallel displacement. This double connection 
between vector and parallel displacement should be noticed. By the parallel 
displacement generated by z = PQ, the straight line PQ is transformed into 
itself, and this transformation is a displacement considered in £1, 

Given any real number A, we define the product of A and any vector 
a = (@,a,) as the vector Ax having coordinates (Aa,, Aa,), Its length 
is given by 

| Aa | =1 y {(ra,)? + (Aa,)*} | = JA | | v (4, +4,") | 

or, jAz] =]JAj|le! 
If Ss SE Mig SF 60 tes = g, = 2, then Sx; = nz. 
For A = 0, OAB becomes the zero vector O; for A= —1, (—1) AB=BA. 
Therefore, as AB+ BA = O, the addition of (—1) AB means the subtraction 


of AB. We shall accordingly use the notation 

AB=-BA 
The vector Ae is therefore parallel to o; ite direction is the same or the 
opposite as that of a according as A is positive or negative and its length is 
[à |lel. Thenotion of product of a number and a vector is therefore 
independent of the choice of the coordinate system. 


From the above consideration it follows that for addition (subtraction) 
of vectors we add (subtract) their coordinates, and Jor multiplication cf a 
vector bya number we multiply its coordinates by that number. 

8. Angle. A given angle is bounded by two half-rays emanating from 
the same point. An angle is measured between two half-rays, from one to 
the other. Theo measuring is considered positive in the counter-clockwise 
sense (of rotation) and negative in the opposite sense. Let g,,9,,-., gn be 
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a numbor of given half-rays emanating from the same point O and let a circle 
with contre O and radius unity be drawn ; the length of the ciroumferenco is 
then 27. Also, lot Od. = — 9.9: be the length of the shortest arc measured 
from g; to gk, on the circumference of the circle, taken with tho positive 


or the negative sign according as the sense in counter-clockwise or clockwise. 
Then a=} 


9.9 = D Idir: +2kr, 
‘~~ 

where Ñ is an integral number which, in some cases, is zero and, in other 
cases, positive or negative. The arc gg, is uniquely defined except in the case 
where g and g are different half-rays of the same straight line, as, in this case, 
there are two equal shortest arcs connecting g and ge- Very often Tile is 
taken to be the measure of the anglo (g, g,), and in the special case when 
gı and g, have opposite directions, we may choose JJa = z. Another 
definition of the measure of an angle is obtained by considering the measure 
as a multi-valued function by putting (gi gı) = dds +2m-, m taking 
all integral values. Then (g,, 9.) = >(@» Ji) holds, an additive value 
2m-~ being always arbitrary. Sometimes it is useful to distinguish between 
an infinity of different angles bounded by g; and g, corresponding to the 
different values of m. The most useful manner to measure angles in 
many cases is, however, to measure them by the fanctions sine and cosine. 

Let ¢ be a given angle bounded by two half-rays g,, g and g, be 
taken as the positive z-axis. Also, let P,=(#,, y,), Pa™ (2n Ya) ees- be 
points ofg. The trigonometrical ratios cos 9, sing sre then given by 


>i — — — — 
OP, | | OP, | NEF 


eok s 


Tho angle gis not uniquely defined Oo cCosọ x 
by its cosine or sine alone, but by both the ratios ; and these ratios are 
connected by the relation cos*¢ +sin’9= 1. From the values of cos ¢ 
and sin » given above, we can determine whether tho ratios are positive 
or negative when g lies in any one of the four quadrants into which the 





axes of coordinates divide the plane. Accordingly, 


cos g = cos ( —¢), sin ¢ = —sin (—¢) 


‘The coordinates of the point of g at unit distance from the origin are 


(cos ġ, sin ¢) ; and if P = (x, y) is any point of g, 
| z= |OP|cose, y=|[OP| sing (1.3) 





8 PLANE GROMETRY 


As an application of the last formulae, consider a triangle OAB, and 
suppose that the angle between tho half-rays OA and OB is 4. Take 
the positive z-axis along OA and let the coordinates of A, B, be (z,, 0), 
(x,.y¥,). Then, as the genoralisation of Pythagoras’ theorem, 

| AB | "= (x, —2,)* +y = (z; + y,*) + z,? —2z,2, 
= |OA|*+ | OB | *—2 | OA | |OB | cos ọ. 

When a vector rotates through an angle -/2, its coordinates interchange 
in the following manner: The coordinates (x,y) of a vector changes 
to (—y, 2) for a rotation through +r/2 and to (y,—2z) for a rotation 
through —</2. This may be easily verified by supposing the initial point 
of a directed segment to coincide with the origin. 

As an application of this rotation, suppose that two points P,, P, are 
given and it is required to draw tho perpendicular to P,P. nt P, in the 
positive sense. Let the coordinates of P,, P, be (z, y,), (za V). The 
coordinates and the length of P,P, are then 

(x,—2,, ¥,-—%,) and y {(2, —2,)" + . | 
Rotating P,P, through «/2, wo obtain a vector 
whose coordinates are (y,—y,, £,—x,).- The 
coordinates of the unit vector having the same 
direction are 


(IBP + PP) 


Therefore, if P is the pojnt of the required half-ray at unit distance from 
P, the coordinates of P are 





rT 
(=+? BPE’ Yat ÈP, 


Lat now ¢ and y be two given angles, taken consecutively and measured 
initially from the positive z-axis as shown in the figure below. On the 





half-rays bounding these angles take points P,,P, such that | OP, | = 
| OF, | = unit length, and draw the perpendicular P,P on the'line OP,- 


_ 





aß by the notation a.p. Another notation, known as 
— 
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Thon P, = (cos ġ, sin 9), 
and P = (+ | cosy | cosg, + | cosy | sin 4), i 
according as cos Y is positive or negative ; that is, 
P = (cos ¥ cos ¢, cos y sin 9) 
The coordinates of PP, are the orthogonal projections of PP, on the 
coordinate axes ; sò, they are 


(F | sin y | sing, + | siny | cos ¢) 
according as sin y¥ is positive or negative ; that is, 
| er 


- aw 


HTS PP, = (—sin ¥ sin ¢, sin 4 cos ¢) 
Therefore P,=(cos ¥ cos g—sin y ain ¢, cos ¥ sin ¢ + sin ý cos ¢) 
Also, ` P,=(cos (p + ¥), sin (9 +¥)) P 
Hence, cos (6 4-¥)=cos Ņ cos e—sin Ņ sin ⸗ (1.3) 


sin (¢+Y)=cos } sin ¢+8in y cos ọ 
The formulae (1.3’) are the addition formulae for the cosine and the aine. 
It should be observed that the proof holds for angles of all magnitudes. 
On replacing ¥ by —y) we obtain two other formulae for cos (¢—¥), 
sin (p — y). 

We now introduce measure of the angle between two vectors. Let 
two vectors a, 8 ba defined by their coordinates (a,, a,), (6,, b,) respectively. 
So, their lengths are : 

|a | =| v(4,7+4,") |, |8| = | vb" +b:) | 
Denoting by (z, x), (z, 8) the angles between the positive z-axis 
and the vectors, we have, by (1.3), 


cos (x, a) = 9 ain (x, a) = — 5h 





b : omy Y 
A A 
Henee, by (1.3), 
: a.b,—b,a, 
com 8) = Ty Ne Om JETIP — 


The first of these relations can be written as 
a a | a | |B | 008s, 6) = a,b, + a,b, (1.4) 


f tho longths 
» expression on the left-hand side, namely, the product o 
ae two vectors and oosine of the anglo between thom, is called the scalar 


of th 4 t of two vectors 
_of the two vectors, We shall denote the scalar pone 0 —* 
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notation, is Sag. The scalar product is also called the inner product or 
the dot product. Asan application of the scalar product, the goncralisation 
of Pythagoras’ theorem can be written as 

| AB|*=|CA|?#+ | CB|*-2CA.CB 

From the values of cos (z, 8), sin (a, 8) given above, it follows that 
the condition of orthogonality of the vectors ap is a,b, +a,b,=0, and 
the condition of parallelism is a,b,—b,a,=0. 

4. The straight line. Suppose we aro given a straight., line, a point 
P,=(x,, Yo) of it end a vector (a, b) parallel to the straight line and let 
P=(z, y) be an arbitrary point of the straight line. Since the vector P,P is 
parallel to the given vector, 

=X, + pa 
p is a parameter. (1.65) 
y=y, + pb 
By giving different values to p we obtain different points of the straight 
line ; the two half-rays of the straight line emanating from P, are obtained 
by assigning to p positive and negative values. The equations (1.5) 
constitute the parametric equations of the straight line. Eliminating p, 
we have 
ba — ay + (ay, —bx,)=0. 
This is of the general form 
o.z7+c,y+c,=—0, (1.6) 
a linear equation in the variables. The following cases should be noticed : 
(i) The linear equation represents a straight line unless c,=c,=0. 
The solutions of the equation are the points of the straight line. 
C,» Cy, C, are said to be the coordinates of the straight line. 
(ii) If c,=c,=c,=0, the equation is satisfied by any values 
whatever of x and y. The equation then represents the plane. 
(iii) If c,—c,=—0, #0, there is no point satisfied by the 
equation. 


Again, let c+ y +e =O 
and d,x+d,y+d,=—0 
represent the same straight line. Then 

eld, =¢c,/d,=6,/d, =F, 


where o is an arbitrary quantity not equal to zero. Henco, 
(iv) The coordinates c}, C, C, are not uniquely determined by tho 
straight line ; they are determined oxcept for a common arbi- 
trary factor other than zero. 
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Def. By the slope of a straight line cx +c y +0,=0 we shall mean the 
ratio —c,/c, unless c,=0, 


4.1. Hessian normal form and the perpendicular distance. Let u be 
a unit vector defined by its coordinates (a, b), so that a? +b?=1. Rotating 


the vector through —;/2 we obtain another vector whose coordinates 
are (b, —a). From this latter vector we 
obtain, as in the last article, a straight 
line g, defined by 


=r, + pù 

yY =Y, — pa 
through a given point P,=(z,, y,). 
Eliminating p, we have 


ax + by ax, + by, 
Or, putting az, +by,=——c, 
ax+by+ca0, where a?+b’=1 (1.7) 
This last form (1.7) of the equation is known as the Hessian normal form of 
the equation of the straight line g. 
The equations ax + by +c=0 





and gax+aby+oc=0, o #0 


represent the same straight line. Ifthe latter equation be also in Hessian 
normal form, 
(ca)? + (ob )=1, of c= +1 
Therefore, there are two Hessian normal forms, differing only in sign, 
of the equation of the same straight line. As we obtain two half-rays 
of a straight line corresponding to the two signs of p in (1.5), we shall say 
that we obtain a directed straight line for each sign ofc. That is to say, 
corresponding to the two Hessian normal forms we obtain the straight line 
oppositely directed, 
The equation of a straight line can always be reduced to a Hessian 
normal form, For, the equations 
= c+ Cy +o = 0 
and i ae tto y toC, = 0, +0, 
represent the same straight line; and if the second equation be given in 
‘Hessian normal form, we must have 
(oc,)?+ (oe, = 1, OF lo] =1/ | siate) I" 








12 PLANE GEOMBTRY 


In this case (ec,, ec.) is a unit vector perpendicular to the straight line 
and therefore (¢,,¢,) is a veetor of length | y (c,” + c¢,*) | perpendicular 
to the same straight line. 
Let the equation of a straight line g in Hessian norma) form be 
ax+ty+c=0. From the last article we have 
c= — (ax, +by,)= —(u. OP,)—u. P.O, 
=the scalar product of u and P.O, 
where w is the unit vector (a, b). Ifthe vector u and P,O are parallel, 


u.P,O=+ |u||P,0| =+|P,0], 


according as u and P,O have the same or opposite directions. Hence, 
the quantity c is the perpendicular distance of the origin from g; this 
distance is positive or negative according as u and P,O have the same 
or opposite directions. 

Again, let (f, 7%) be the coordinates of a given point and (2’, y’) those 
of the foot of the perpendicular drawn from this point to the given 
straight line g. The vectors (£—z’, n- y’), and (a, b) are then parallel; and 
so their ecalar product gives the perpendicular distance of the given pomt 
from the given straight line. Denoting this distance by d, 


d=a(f—2') + y—y/)=ag + by +0 
Hence we are led to the following conclusion : 

If az+by+c=0 is the equation of a given straight line in Hessian 
normal form and (£, 1) the coordinates of a given point, then the quantity 
af+by+c¢ gives the perpendicular distance of the given point from the given 
straight line ; this distance is positive or negative according as the vectors 
(a, b) and (€-—2,7,-—y'), where (x, y’) are the coordinates of the foot of the 
perpendicular, have the same or the opposite directions. 

5. Straight line and triangle. Let it be required to find the equation 
of tke straight line joining two distinct points (7,, y,) and (z, Yz}. Suppose 
the equation is 

¢z+cy+e,=0 

Then ct, +e y, +e =O, and ¢,27,+¢y,+¢,=0 
These three equations form a system of linear homogeneous equations in 
the unknowns c,,¢,,¢,- The necessary and sufficient condition that a 
solution other than (0, 0, 0) existe is 

y 1 

zy, 1 =O 

Z, Ya 1 





(1.8) 
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This equation can be written in the form (1.6) as 


C.F + OY +es=0 
where "=", — Was a a dT Cs =Z, VaM NVT 
As the given points are supposed to be distinct, c, and ¢, cannot vanish 
simultaneously, and therefore (1.8) is the equation of the straight line. 


The rank of the matrix whore determinant is the left-hand side of (1.8) is 
equal to two, as at least one of the three second-order determinants Cir Oye Oy 
is other than zero. Hence, the solution (c,,c,, ¢,) is determined except 
for an arbitrary common factor. This algebraic result corresponds to the 


geometrical fact that there exists cne and only one straight line joining 
two distinct points, 


The equation (1.8) can also be interpreted in another way. As tho 
determinant on the left-hand side is equal to zero, the three rows are 
dependent. The second and the third rows are obviously independent 
and so the first row is dependent on them. This means that there exists 
two numbers y and A satisfying the relations 

T= yr, + AX, 
y¥+A=1 (1.9) 
Y= YY; + AW, 
We ehall derive these equations again in the next chapter, A third 
interpretation of (1.8) is given be'ow. 

The area of a triangle is defined as half the product of the lengths of 
any two sides and the sine of the angle included between them. Let 
oP, =(x,.9,), P= (ty) P= (a Ys) be the vertices of the triangle and 
let the vectors P,P,, P,P, be denoted by a, 8. The area is then given by 


A= | a | 16 sin (a, §), 
and is considered positive or negative according as the sense in which the 
angle is measured is positive or negative. The coordinates of z and § are 


(x, — Za, ¥,—Ya) and (7,—2, Y: ~ Ya). 


By (1.3”) 
: 4) (Ya — —⏑ 
sin (a, $) = — er: Tel | g joie 
= y, 1 
f 1T YY i (1.10) 
i amii | =|, Ys , 
2 p” 37 Z, Mas — 
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From thia result we notice that 


(1) The area remains invariant for cyclical permutatione of the 


* vertices, but changes sign for other permutations. Thus, 
denoting the above area by A(P, P,P) 


A(P, P,P )=A(P,P,P,)= —A(P,P,P,) 
(fi) The area vanishes by (1.8) ifthe vertices lie on a straight 
line. We may accordingly interpret the equation (1.8) of 
a straight line as the vanishing of the area of a triangle formed 
by three points of the straight line. 


TiTe Y; — Yo I 
%,—%Ys—-Y | 
Ta~ To Yam Yo I 


et Ys ~ Ve 


(its) ACP, P,P ,)= 4 


| Ts — 7% Yi ~ Yo i= Y¥,—-¥, | 
=A(P,P,P,) + A(P,P,P,) +A(P,P.P,), 
where P, =(z,, Y.) is any arbitrary point in the plane. This isthe addition 
formula for areas of triangles. 
Note. We have 2A= |a |/ | sin (2,8). So, 24 isa function of the 
two vectors a, B. This function possesses the following properties : 
(a) If we multiply one of the vectors by any quantity, the function 
is multiplied by the same quantity : 
Thus, | ca | | 6 | sim (ca, B)=c | a || 8 | sin (a, $); 
for, | ĉa | = j c || a | and sin (cs, 8)= +8in (a, 8) 
according as c is positive or negative. 
(6) The function remains unchanged if wo replace one of the vectors 
by the sum of the two: 
Thus, | +6 1/6 | sin (2+8, 8)= | =| |p | sin (x, 8). 
This can be verified directly by expressing the two sides in 
terms of the coordinates of the vectors. This property implies 
that two triangles which have the same base and the same 
‘ altitude have the same area. 
(ce) If «,=(1, 0), e,=(0, 1) are two unit vectors, the same function 
of e, and e, as 2A is of a and 6 has the value unity : 
| e, | | €z | sin (e,, &)=1. : 
On account of these three properties the function 24 is the > 
deferminant given above. 








T~ Ze YY, Tir, Vi~ Vo 




















ri Ta Y3 Yo 





CHAPTER Il 


CROSS-RATIO 


6. Cross-ratio of four collinear points. The totality of pointe lying 
on a straight line is said to form a row (or range) of points, or simply, a 
row. Tho straight line is called the base of the row, 


Let P,=(z,,y,), P,=(z,,y,) be two given points. If P=(z, y) is 

an arbitrary point of the straight line joining P, and P,, then 
P, P= P,P, whero A is an arbitrary constant. 
In coordinates, x—x,=A(z,—2,), y—y, =Aly. —y,) 
Or, putting y=1—,A, 
Taye, + AX, Y= yy, Ày l=y+a 

These equations constitute a representation of the row whose base is 
the straight line P,P.. The equations are exactly the same as the 


equations (1.9) ; but we have now a geometrical interpretation of y and A. 





We have 
A= P,P/ P,P, 
Therefore y=l—A=P,P,/P,P,—P,P/P,P, 
=(P, P, + PP,)/P,P,=PP,/P,P, 
Honce —A/y=P,P/P,P=PP,/PP, 


As this is a ratio of (algebraic) distances of a point from two distinct 
points, it cannot be equal to unity. Again, let this ratio be given by—v/, 


Then — vg, OF p+ wae O 
v / p 
ptr pty 


; 
Therefore, wemay put y= —F—-, Am = 








So, we may write v/p= 








ptv 


Henco, a representation of tho row is given by 





¥ + 
r= meee pty Zas pan pty pty 
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The reason why wo take two parameters y, A, of which one is dependent 
and uniquely determined by the other, will bocome obvious later on. 
Sometimes, it is useful to use the representation 
P P=\PP,, 

where only one parameter occurs. For example, we can interpret this 
equation in a cinematic sense, A being the time. The equation then means 
that the point P is moving on the line with constant velocity. 

Further, let F” be another point of the straight line corresponding to 
the constants (y, A"). Then 


—\'/y' =P PPP, 


CESCE EPER Ay 


Therefo — aa * OB m siret 
= PP, PP, PPLPP, yN 


The left-hand side expression, which is a ratio of the distance-ratios 
is called a cross-ratio of the four collinear points, We shall denote this, 
cross-ratio by the notation (P,P,, PP’), and so write 

(P,P,, PP’) = Ay’ jy’ (2.1) 

7. Cross-ratio of four concurrent lines. Tho totality of straight lines 
in the plane passing through a point is said to form a pencil of lines. 
The straight lines aro called the rays and the common point the centre 
of the pencil. All straight lies parallel to one another are said to form 
a pencil of parallel lines. 

Let the equations of two intersecting straight lines p, and p, be 
Liz, y)=0 and (z, y)=0, where l, and ó, are linear functions of the 
variables. Then the equation 

yh FAL, =0, | (2.2) 
where y and A are two arbitrary constants other than both zero, 
represents a straight line p passing through the point of intersection of 
p, and p,. For, since p, and p, are supposed to be non-parallel, the 
equation is a linear equation in which the coefficients of both z and y 
cannot vanish simultaneously ; moreover, the coordinates of the point 
which make both J, and I, zero also make yi,+Al, zero, On the other 
hand, every straight line p which passes through tho point of intersection 
of p, and p, has its equation of the form (2.2), where y and A are two 
arbitrary constants other than both zero. For lot L.za,x+by+e,, 
1, =a,x+b,y +c, and (z, y,) the common point; also lot lsax+by+o=0 
be an arbitrary straight line passing through (*,,¥,)- Then, sino: the 
three equations 
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AZ, +b,y,+¢,=0 
az, +by, +¢,=0 
az,+by, +e =0 
hold simultancsously, we must have 
6 0 6, | 
a, bi ¢,|=0 
a ò c | 
This shows that there exist two numbers y,A, not both zero, such that 
a=y4,+Aa,, b= yb,+\b,, c=ye, HÀG, 
Therefore the equation !=0 can be written in the form (2.2). Accordingly, 
in view of the arbitrariness of the constants y, A, the equations (2.2) 
represent a pencil of lines. Also, for p= 0, the pairs (y, A) and (py, pA) 
obviously represent the same ray of the pencil. 
For the sake of simplicity, suppose that the equations 1, =0, l,=0 are 
given in Hessian normal forms (1.7), and a point P=(z,y) be taken 
on p. Draw perpendiculars PQ,, PQ, on p,, Pa respectively. By § 4.1 


Q,P/0,P=PQ,/P2.= —A/y 


Therefore sin (p, Pı) _ sin (Pu P) __ A 
sin (p, Pa) sin (p,, P) Yy 


The centre of the pencil divides each ray into two half-rays. The angles 
(p. p,) and (p, p,) are measured between that half-ray of p on which P 
lies and those half-rays of p, and p, on which Q, and Q, lie, in the directions 
of PQ, and PQ, respectively. Take another ray p’ corresponding to the 
constants (y, A"). Then 


# 


sin (p. P) 2 
sin (p', Pa) Y 


` 


Thereforo 
sin (p. pı) _ / sin (p’. p,)_ sin (p. p,) sin (p', P.) AY 
(P, Pa) / sin (p', Pa) sin (p, Pa) sin (p°, pi) yA 
The expression on the left-hand side is called a cross-ratio of the four concurrent 
straight lines. Wo shall denote this oross-ratio by the notation (P,P, pp’). 
It may be seen from the expression of the cross-ratio that the cross-ratio 
remains the same if the equations of p, and p, sre given in forms other 
than in Hessian normal forms. For, let the equations /,=0, 1,=0 of pP, P: 
be given in goneral forms. “These equations can evidently be transformed 
in Hessian normal forms by multiplying by proper constants. 
3—2100B 
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Put L,=1,/p,, Li=l,/ ps, 
L=(yl,+Al,)/p, L’=(y'l, +a’'l,)/p’, 


the constants p,, Pa being so chosen that L, = 0, L, = 0 are in Hessian 
normal forms. So 


ae yL, + NOL = DL, +ALL, say where D= 5 , A=AP 
l P 





Similarly, LD = TL, + ALi where IY = y6 Atay ea 
pP p 
Hence, the cross-ratio 
at AT a Ay 
(P,P PP ) LA? yA’ 


Thus, the cross-ratio is independent of the constants p,, Pa Ps P» E6., 
independent of the forms of the equations ?, = 0, l, = 0. The crovs-ratio 
is oqual to unity if and only if the angles (p, p,)=(p", p,), #-¢.. if the lines 
p and p’ coincide. If therefore y/A = +'/A’, the lines p, p’ are different. 


7.1. Cross-ratio of projection and section. Let us start witha row of 
points on a base p,- Take a point P, external to p, and join P, with 
the points of the row so as to obtain straight lines through P.. We are 
then said fo project the row from P,. If P is a point of the row, the 
straight line P,P is called the projection of P from P, All these 
projections, together with the parallel to p, through P,, form the rays 
of a pencil of lines. On the other hand, we may start with a pencil of 
lines and take a straight line p,, not passing through the centre of the 
pencil, to cut the rays of the pencil in points forming a row. The row 
is then called the section of the pencil by p,. If pis a ray of the pencil, the 
point of intersection of p and p, is called the section of p by Pe- 

Let a straight line be given as the join of two points P,=(x,, y,), 
Pl=(x,, y,) and let P,=(z,, y,) be an external point. The equation of 
the straight line joining P, and a point (£, y) is 


r-r; Yy 
=p 








E-z, 1-Vo 
If (£, ») is a point of the straight line P,P,, the equation reduces, 
by § 6, to 


| *—. YM 0 
=v, 


— YZ, HAT =F, Yi HAVI Me 
where y+A=1. This equation can be written as 
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yl, +Al,=0, 
1,=0, 1,=0 being, as before, the equations of the straight lines p, and p, 
joining P, to P, and P, respectively. To every pair (y. A) satisfying 
y +A=1, there corresponds exactly one projection from P,. 





P t = ~ = — ' 

u y — x — where u +v 0 
Then pl, + vl = (p+ v) (l, +ALL) 
Therefore pl+ yli =0 and yl, +Al, = 


define the same projection. Hence p+ v=t0 
is a sufficient condition that the line 
pl,+vl,=0 is the projection of a point of 
the line P,P, from P,. 

It may be noticed that if we choose 
p v Such that s+v=0, we obtain the 
equation 1,—l,=0 representing the parallel 
h to P,P, through P,- 

Let the coordinates of two points P,P 
of the straight line P,P, be 


(yti +A YY, HAY), (yT, HA’ Ta YY: +A Ys), 
where ytAqy_y +=! 
The equations of the straight lines p, p’ joining P, to P, P’ are then 
yl +al=0, y'l, + r'1,=0 
Therefore, by $$ 6, 7, the cross-ratios have the following value : 
(P,P, PP’)=(p,p,, pp’ )=Ay'|yX’ 

The quantity on the right-hand side is evidently independent of the 
position of the point P,. Accordingly, the cross-ratio is unaltered by 
projection from any external point. Similarly, the cross-ratio is unaltered 
by section by any transversal. We thus arrive at the following conclusion : 
The cross-ratio is unaltered by projection or section. 

Since the equation of the parallel A to P,P, is (,-—1,=0, the 
coross-ratio 





R poore 


(PPa Ph)=—À/y 


Thus, if the first three of four concurrent straight lines p,, Pz, p, p’, be 
cut by a transversal parallel to the fourth in points P,, P,, P, then 


(pp. pp')=PP,/ PP, ri 
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Now, suppose that we aro given three distinct points 
P = (z, Y)» P= (£, Ya) P=(y2%,+A7,, Yit ÀY), yrA= 1 
and a ratio ajb. Is there a point P’ collinear with the three such that 
(P Py PF’)=a/6t 


Lat P= (yx, tAr, yy, +A'y,), yta =l 

Then a/b=y'/yA" 

Therefore a= piy, b= py, p= 0, 

or, y'=a]pà, A’=bi/py, where L=-y'+A'=(a/A+b6/¥)/p 
Or, p=a/A+b/y 


Therefore, y and A’ can be determined unless a/A+b/y=0. Thus, we 
can determine the point P” unless a/b= —A/y. 

On the other hand, when three rays p,, p,,pof a pencil and the 
value of the cross-ratio (p,p, pp’) are given, the ray p’ can be determined 
uniquely. 


8. The six cross-ratios of the twenty-four permutations. Let z,, z,, 
z,x bo the coordinate distances of four collinear points P,, Pa P, P from 
any chosen origin on the straight line, as described in § 1. Then 


= /3= _ (2, — 2)(2,— =’) 
— aa ~ (x, —=z)(x,-—2’) 





Ot Fe PP’)= = 


As there are twenty-four permutations of four different elements, so we 
obtain twenty-four cross-ratios from these four points. Fut these twenty- 
four cross-ratios are not all different. From the value of the crogs-ratio 
given above, it may be easily verified that 

(PP, PP) =(P,P,, P P)=(PP’, PP) =(P P, PP) 

(P,P. PP)=(P,P,, PP)=(P P, P,P,)=(PP’, P P.) 

(P,P, P,P )=(PP,, P’P,)=(P,F’, P,P)=(F'P,. PP.) 

(P,P, P'P,)= (PP, P:P )=(P' Px P,P)=(P,P, PP,) 

(P,P, P,P)=(P'P,, PP,)=(P,P, P,P')=(PP,, P’P,) 

(P,P, PP) =(P P, P,P)=(PP,, P,P’)=(P.P, EER} 
Therefore, only six of the twenty-four cross-ratios may be distinct. It is 
seen from above that the two pairs of letters separated by a comma, 


occurring in our potation, are such that we can, without the cross- 
ratio, interchange the letters of the first pair and of the second pair 


simultaneously, or interchange the two pairs of letters. 


@CU [769 
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Further, if we take the first six cross-ratios on the left-hand side of 
the above six sete of relations, it may be verified that 
(P.P,, PP) (iP, PP)=1, 
(PP, PF’) (PP. PP)=1, (P,P, P,P) (P,P, PP,)=1 
and 
(P,P,, PP)+ (P,P, P,P)=1, 

(PLP. PP) +P. PP) =, (P,P, P’P,)+(P,P’, PP)=1 
Owing to the existence of these two sets of relations, the six distinet 
cross-ratios are not all independent. If any one of them is given, the 
remaining five can be determined as functions of the given one. 


Thus, if (P,P PF’)=5, 
(P,P,, Ph P)=1/5, (P,P, P,P')=1-5, (P,P, P,P) =(6—1)/4, 
(P,P, P’P,)=1/(1—4), (P,P. PP,)=3/(s—1). 


All we have said above regarding the six cross-ratios of four collinear points 
apply equally well about the cross-ratios of four concurrent straight lines, 


8.1. Special cases. If we suppose that (1) any two of the four points 
are ultimately coincident, or (2) any two of the six crows-ratios have the 
tame value, we obtain special cases where the six values are not all distinct. 


(1) Let the points P,, P,, P be distinct. 
If P coincides with P, then ultimately 

5=1/8=1/1,  1—8=(6—1)/8=0/1, 1/(1—8)=8/(8—1)=1/0 
If P’ coincides with P,, then ultimately 

1—s=1/(1—8)=1/1, é=§/(6—1)=0/1, 1/6=(6—1)/5=1/0 
And we obtain similar results when P’ coincides with P,. Therefore, we 
have the three values, 1,0, 1/0, each repeated twice ; tho last value is, 
of course, meaningless without the notion of limit. 

(2) (i) Let §=1/8. So, 8=41. Taking = —-1, 

$=1/8=—1, 1—-8=(8—1)/8=2, 1/(1—8) =8/(6-N=1/2 
Therefore, we have the values —1, 2, 1/2, each repeated twice. The 
caso = + 1 has been considered in (1) above. 

(ii) Let 8=1-8. So, 8=1-5=1/2, 

1/s=1/(l—3)=2,  (8—1)/5=8/(8-1)= -1 
We obtain the same threo values as in (i), but not for the same cross- 
ratios. | 

(iti) Let 5=3/(8—1)- So, 8=0,2. Taking =2, i 

§=8/(8—1)=2, 1/8=(6—1)/4=1/2, 1—§=1/(1-—4)=—-1 


2673 61 
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We have here similar result as in (fi). The case 6<—0 has been considered 
in (1) above. 

(iv) Let =1/(1—2). So, s7= $+ 1=0. 
This is an equation of the second degree with imaginary roots. Each root 
is repeated thrice in the six cross-ratios. 

(v) Let 6=(8—1)/8. So, 8 —8+1=0. 
We haye here similar result as in (iv). 


9. Harmonie division. Let A, B,C, Dbe four collinear points such 
that 


(AB, CD)j=—-1 | (2.1) 
Then 
CEA ACG AD 
DRIDE ⏑ +E 
AC AD 
or, -— + — — 
y y YSF è. 
Or, 29AC. AD=AB. (AC+AD) 


Hence, the segments AC, AB, AD are in harmonic progression. In 
this case, we call the four points <A, B,C, D the four harmonic points. 
We say that the segment AB is harmonically divided by the segment CD, 
or the points A, B (C, D) are harmonically separated by the points C, D 
(A, B). The two points A, B (C, D) are said to be harmonic conjugates 
of one another with respect to the two points C, D (A, B). 
When (AB, CD)=—1, 
(AB, CD)=(BA, CD)=(AB, DC)=(BA, DC) 

=(CD, AB)=(DC, AB)=(CD, BA)=(DC, BA) 
Thus, there are eight cross-ratios which are harmonic, When the points are 
harmonic, the two letters A, Bor the two letters C, D or the pairs of 
letters (AB), (CD) or the letters and the pairs can be interchanged in our 
notation without altering the cross-ratio. 

Referring to the special cases considered in the last article, we find 
that in (i) the two points P,, P, are harmonically separated by the 
two points P, P’, in (ii) P, P’ separate P,, P harmonically and in 
(iit) P,, P separate P,, P’ harmonically. 

Further, it is evident that if C lies within the segment AB, D must 
lie outside, and vice versa. Also, if we suppose that A, B are fixed 
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while O, D aro variable, it may be verified from the formula (2.3) below 
that both O, D approach A (or B) simultaneously, and when C is the 
' middle point of the segment AB, D carmot be located. 

The relation (AB, 0D)=—1 can be put into an useful form. Let O 
be the middle point of the segment A B. 





— OC-—OA OA-OD OC OA 
00+OA~ OA+OD'™ 6A OD 
Therefore | OA |*#=00.0D (2.3) 


The converse is also true, namely that if (2.3) holds, then (AB, CD)=—1. 

Four harmonic lines are defined in the same way as four harmonic 
points. Thus, if four concurrent straight lines a,b,c,d are such that 
(ab, cd)=—1, then a,b, c,d are four harmonic lines in which a, b (c, d) are 
harmonically separated by c,d (a,b). Let the equations of a,b,c,d ba 

L=0, 1,=0, yl,+Al,=—0, Vl, +AL=0 
respectively, where /, and l, are linear functions of the variables and 
Y. A, Y, A’ constants. 
Let ày iyà = -1 and L,=yl,, L =A} 
Then the equations of the four harmonie lines are expressed ip the 
normalised forms - 
L,=0, £,=0, L,+L,=0, L,—L,=0 

If, in particular, the equations L,=0, L,=0 are given in Hessian normal 
forms, then L,+2,=0, L,—L,=0 are the external and internal bisectors 
of the angle between L,=0, L,=0 and are therefore perpendicular to one 
another. Thus, two intersecting straight lines and the internal and external 
bisectors of the angle between them form four harmonic lines ; or, if the 
two arms of a right angle are separated harmonically by two straight 
lines, then the arms are the internal and external bisectors of the angles 
between the straight lines. 


Finally, since the cross-ratio is unaltered by projection or section, 
it follows that projections and sections of four harmonic elements are four 
harmonic elements. 





CHAPTER Ill 


RIGID MOTIONS 


10. Change of coordinate axes. The consideration of different kinds 
of transformations of coordinates is a fundamental aspect of geometrical 
study. One of the important purposes of such consideration is the 
classification of geometrical properties. We shall consider here the 
transformation of coordinates from one systom of orthogonal axes to 
another, both being right-handed. 


Let us take a straight line and let its equation in Hessian normal 
form be ax+by+c,=0. Take this straight line as the new y-axis and 
‘call it the y-axis. We have noticed in § 4.1 that the perpendicular distance 
‘of any point (x, y) from this straight line is az+by+c, and is positive or 
negative according as the direction of the perpendicular and of the vector 
(a, b) are the samo or the opposite. So, take the positive direction of the 
new z-axis, called the z-axis, in the 
direotion of the vector (a,b). Let this 
vector bo rotated through 1/2 so as to 
give the positive direction along the 
y-axis in the direction of the vector 
(—b, a). 

Thus, if a point P has the coordinates 
(z,y) and (z, y’) with reference to the 
old and new axes of coordinates, respectively, then the transformation of 
coordinates from the old to new system is given by 


x= ax+by+c, 





o 


a +b’ =l (3.1) 
y = —br + ay +e, 
The variables z’, y’ are linear functions of tho variables z, y. The equations 
of the z’- and · axes are 
—bz+ay+c,=0 
and ax+by +¢c,=0 
respectively and the new origin O” is the intersection of these axes, 
We have (§ 3) 
a=cos (x, x’)=cos (y, y’) 
b=sin (z, x)= 008 (y, z)=cos (—z, y )= —cos (xz, y’) 
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Hence, the transformation (3.1) can be written in various forms, two of 
which are 
z= cos (x, 2) æ +sin (x, x’) y+, 
ne y'= —sin (x, 2’) x + cos (x, x’) y +e, 
: x= cos (x, 2’) 2+ cos (y, z)y+c, 
y= cos (x, y')z+cos (y, y’) y +e, 
Further, as the determinant of the coefficients 
a 6 


= a? +57 = 1 
—-5 a 








is other than zero, we can solve the equations (3.1) and obtain 
z= ax — by — ac, +be, 
y= bz’ +ay’ —bc,—ac, 
The transformation (3.2) is called the inverse of (3.1). 


a?+b?=1 ™ (3.2) 


10.1 Invariants of the transformation. We may look upon equations 
(3.1) and the inverse (3.2) from another point of view. Instead of regarding 
them as representing a change in the system of coordinate axes, we may 
interpret them as a one-to-one correspondence between the points of the plane 
satisfying certain condition. Thus, a point P=(z, y) is carried into a 
point P’=(z’, y’) by means of (3.1) and P’ is carried back to P by means 
of (3.2). cs 

Since the transformation we are considering is linear, it is evident 
that the degree of a polynomial is unaltered by the transformation. 
So, in particular, a straight line is transformed into a straight line. 
Also, a vector is transformed into a vector. Suppose that a vector 
a=(a,,a,) is transformed by (3.1) into a vector «’=(a’,, a’,) and suppose, 
without loss of generality, that 

a=? mP @,=Ys—- Vi 
@' .=2,-2z,, a . 
where (Z, ). (Zz: Yy) are transformed into (2’,, y) (Za Y'a) 
Then 
a’,= aa,+ba, 
a’, = — ba, +aa, 


The transformation of the coordinates of a vector is thus independent of c,, ¢,. 
Further, the length of a vector and scalar product of two Ẹectors remain 


4—21008 


a®*+b5*=1 (3.3) 
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unaltered. For, supposing that (4,, 6,), (0’,, b',) are the coordinates of a 
vector 8 and of its transform §’, we have by (3.3), 
aB =a’, b’, +0°,b',=4,6,+4,6,=2.8 
And for § = a, we must have 8’ = a’. 
So la’ [mon = aa =| a | * 


It followa that the cosine of the angle between two vectors remains 
unaltered. The sine of the anyle also remains unaltered. For, 





























Ea Os aa,+ba, —ba,+aa, 
‘ ‘ | sin ( * É = = 
|a | 1B" | =,8 v b, E S 
a b as Gy G3 . 
m = = | a | |B | sin (x, 8) 
-b aj||b, 6, b, 5, 
Therefore sin («’, 6’) = sin (a, §) 


Thus, the angle between two vectors remains unaltered. 


. Hence, the distance, the angle and therefore the area remain invariant. It 
_is on account of this property that the transformation (3.1) is called a rigid 
' motion or a rigid displacement of the plane. The inverse of a rigid motion 
is a rigid motion. 
S44) “Tramslation aba ‘rotation. If if equations ($1) we put ¢ = 12, 
we obtain 
2 =2r+C, = 
—— (3.4) 
y=y+e, 
This transformation is called a translation or a parallel displacement. And 
if we put c, =0,=0 in (3.1), we obtain 


a=: axr+by 
a*+b*=1 (3.5) 
y= — bx + ay 
This transformation is called a rotation 
about the origin O. Translations and Y 
rotations are special cases of rigid 


motions. 
In a rigid motion, any plane figure 
is carried rigidly from one position 
to another. If the rigid motion ia a 
translation and if the origin O is carried 
into the point O’, then any point P is carried into a point P” such that 
PP =00'. A translation is therefore completely determined by the vector 
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OO’. In a tranalation, any straight line parallel to OO’ is transformed 
into itself, although the individual points of such a straight line do not 
remain fixed; any other straight line is transformed into its parallel. 
If, on the other hand, the rigid motion isa rotation about the origin, the 
origin remains fixed and any straight line passing through the origin 
is rotated about the origin through a constant angle called the angle of 
rotation, E.g., the angle of rotation ô of (3.5) is given by coa 6=a, sin 6=b. 
Let us now enquire whether any point is left fixed by the rigid 
motion (3.1). If such a point (z, y) exists, we must have 
Or xr=ax+by+c,, y= —bx + ay + C, 
(a—1l)z+by+c,=0 
=brz + (a= l)y 4 &=0 
Solution for (x, y) existe if the determinant of the coefficients 


P 





a—l * 
—b a—l : 
does not vanish. The solution is then given by 4 
ô, a—l c, 
2(l—a)z = 0 2(l—a)y = | 
a—l Cy =b Cc, 











Such a point therefore remains fixed unless a=1, that is, unless the rig 
motion is a translation. When a point F remains fixed, the rigid motion 
is a rotation about F. Hence, a rigid motion ts either a translation or a 
rotation. 


11.1 Product of rigid motions. Let a rigid motion M, defined by 





z= ax+by+e 
ie a?+b? =I 
y= —bx+-ay+e, 
be followed by another rigid motion M, defined by 
v= az+b'y+d 
a a’? +b"%=1 
y= —b’x+a’y+d, 
Then the transformation leading from (x,y) to (z, y’) is said to be the 
product or the resultant M, M, and is given by 
z’'= (aa’—bb’)x + (ab! + ba’)y+c,a° + cb +d, 
y'= —(ab’ + ba’ jx + (aa —bb')y — c,b' + c,a° + d, 
which is of the form (3.1). Since 
«. 0 
=), 
-b a’ 


aa’ — bb’ ab’ + ba’ a b 


—(ab’ + ba’) aa’ — bb’ 











-b a 
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the product M.M, is a rigid motion. In general, the product of any number 
of rigid motions is a rigid motion. It should be noticed that, in general, 
MM, + M,M, i.e., the order of the factors cannot, in general, be altered 
without altering the product. A particular case of this fact is shown 
below. The choice of the notation M,M, (instead of M,M,), as used 
above, is however a matter of convention, 


Let R be the rotation (about the origin) 


xz=ax + by, y= — ba + ay, 
and T' be the translation 
2"=z+e,, y'=yt+o, 
Then R followed by T, i.e., the product T'R, is the rigid motion M,. 
But if 7 is followed by R, we must write the equations of 7, R as 
z=7+C, z= az + by 
and 
y=y +ô; y'= —br+ay 
| Feapecttvety. Then the product R7 does not result in the rigid motion M. 
This is expressed by saying that the product of rigid motions is not, in 
general, commutative. The product is, however, associative. It may be seen 
that the product of two translations or of two rotations about the 
same point is commutative. — 








CHAPTER IV 
CONICS 


12. Classifications of conics and their equations in normal forms. The 
general equation of the second degree may be written as 
ax" + 2bxy + cy" + Qdx + Qey + f=0, (4.1) 
where the coefficients are constants of which a,b, c are not all zero. Curves 
satisfying this equation are curves of the second degree, usually known as 
conics. Consider the determinants 





; a 6 d 
a 6b 
A= | M={b¢ e 

b c k 

d.e f 
Let an arbitrary rigid motion be given by 
z= pr tgy +r, 

— — 


Y= -gr + py +r, 
Under this transformation, the equation (4.1) is transformed into 
axt bxy tey + da ey + f'E, 








where a’ = ap? —2bpq + cq? 
b’ = b( p* — q") + (a—c)pg 
č =ag* + 2hpq + cp’. 
Therefore, by calculation, 
a’ v € 
a’ D 
A’ = =a, Pejy č #& = 
yo g 
a’ a’ Ta 


Hence, A and $ remain invariant under rigid motions. The quantity T is 
called the discriminant of the equation (4.1), and the vanishing of the 
discriminant is the necessary and sufficient condition that (4.1) should break 
up into two linear factors. The conio then consists of two straight lines and 
is said to be a degenerate conic, 

We proceed to reduce the equation (4.1) to its normal fors. 


I. Firstly, let A + 0. 







f wA 
OA LIBRARY J 


⸗ 
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Apply a translation z=2’ +e, 
y=y +e, 
so that the point (c,, c,) is the new origin. The equation (4.1) becomes 
ax? + bry’ + cy’ + Q(ac, + be, + d)x’ + 2(be, + ce, + e)y’ + g=0, 
whero g=ac,* + 2he,c, + cc,’ + 2de, + Qee, +f 
Determine c,, c, such that 
ac, +be,+d=0 
be, + co, +e=0 
Solution for ¢,,c, exists, because A0. The equation now reduces to 
ax’? + 2bx’y’ + cy’? +h =0, (4.1’) 
where A is the expression obtained by substituting the values of c,, C, 
ing. Now, if P,=(x,y) is a point on the curve (4.1), P,=(—2z, —y) 
is also a point on the same. But P, and P, are collinear with the new 
origin O'=(c,,¢,) and are equally distant from it. Accordingly, O’ is 
called the centre of all conics satisfying (4.1‘), and these conics are called 
central conics. 
Next, apply a rotation 
= pr +gy" 


Y= —pr + py” 
The equation (4.1’) takes the form 
(ap* -—- 2bpq + oq*)a"* + 2)b(p* — g*) + (a—c)pg}x”y” + 

(aq? + 2hpq + cp*) y"* +h=0 
Let p/g=€ (qg0, because the transformation is a rotation), and determine 
£ so that the coefficient of z“y” vanishes. So, 

b (£?—1) + (a—c) £=0. 
This is a quadratic equation in ¢ whose roots ¢,, f, satisfy 
£,6é,=-1, or cot 6, cot é,=-—l, 

where 6,,6, are the angles of rotation corresponding to the two values 
of £ (see § 11). So, 


p+g?=l 


6, ~ 0,=mn/2, 
where m is an odd integer. Therefore, the positive z”- and y”- 
axes corresponding to one value of ¢ are obtained from the other 
by a rotation through </2, and so the two sets of axes corresponding 
to the two values of ¢ consist of the same two straight lines. Thus, the 


A SUI 46S Ax? + By?+C=0, AB+0 (4.1”) 


4 
seuty 2 <*> 2; 
fg! wee t: 
I re Re Lad * 
>f 


— = 
Du " A 
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We now proceed to consider the different casea that may arise : 
(1) C=O. 


(i) AB>0O. In this case A and B may, without loas of generality, 
be considered positive and therefore we may put 


Amlja’, B=1/b?, 
where a,b are two real quantities (not to be confused with the 


coefficients a, b in (4.1)). The equation (4.1”) takes the 
normal form 


z” y’ 


The ourve passes through only one real point (0,0). The curve 
is called a null ellipse. 


(ii) AB<0O. In this case we may put 
A=l/a*, B= —1/5* 
and obtain the normal form 


— 


The curve consists of two intersecting straight lines z/a+y/b=0. 
(2) C#0. Without loss of generality we may suppose C= —1. 
(0) A>O, B>0O. The equation now takes the normal form 
Y 


x? y* l 
= +i = l (4.4) 
The curve is called an ellipse (here © < 0). 


(ii) A>O, B<0. We have here the normal form 
Y 


et Sl (4.5) 
The curve is called a Ayperbola, 
(iii) A<0, B<0. The normal form is 
z+% =l (4.6) 


There is no real point satisfying the equation. The curve is a 
nondegenerate conic without real trace (here O > 0). 
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IT. Secondly, let A=0, or b= + Jac 
As a and c have the same sign we may, without loss of generality, suppose 
that they are positive. Henoc, we may apply the rotation 








a * /c 
fate * Jato’ 


ve _ ya 
= Jaro are 


Choose the upper or the lower sign according as b is positive or negative. 


Then 
(a + ¢)x = ax? + Qhry + cy” 
Therefore, the equation (4.1) is transformed ‘into 
23+ z, y')=0, 
where I(x’, y’) is a linear function, equal to 2ka’ +2my' +r, say. Again, 
apply the translation 





za" =2'+k 
y"=y 
in order to get rid of the term involving the first power ofz’. The 
equation (4.1) now takes the form 
2”? + 2my” +n=0 (4.17) 
The different cases that msy arise are : 
(1) m=0. 
(i) n0. The equation (4.1%) reduces to z“7+n=0. Put n= +a? 
(not to be confused with the a above) according as m is positivo 
or negative. So, we obtain the normal forms (writing x for x”) 


z*+a*=0, (4.7) 
a pair of parallel straight lines without real trace, and 
z*—a*=0, (4.8) 
a pair of parallel straight lines. | 
(ii) n=O. Here we have the normal form 
z*=0, (4.9) 
representing two coincident straight lines. 
(2) m0. In this vase, if n + 0, we make the further transformation 
c=” 
à y=y" +n/2m 


ee 
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The equation (4.0) now takea the normal form (writing x, y for z, y) 


Y 
+ 2my=0 (4.10) 


> <> The curve is called a parabola. 
— 


We have dealt with all the different cases that may arise, and there 
is no other type of curve of the second degree. We divide all conics into 
three classes: (1) Ayperbolic, for which A <0, (2) parabolic, for which 
A=0 and (3) elliptic, for which A>. The normal forms of the equations 
of the three classes of conics are shown in the following table : 





Hyperbolic, A < 0 Parabolic, A = 0 Elliptic, A > 0 






ail : ] z* + 2my=0 
a p aai Soa b 

t = 0" = 4) 

— m= 0 
z? ô w7 + a” =Í) a > 
ay pA 

A r ea x 
a xs =l | =s > -Í 





We have thus arrived at the following conclusion : 
By choice of the coordinate system, equation (4.1) of an arbitrary conic 
can be transformed into one and only one of the above normal forma. 
Hereafter, by a conic we shall mean a conic with a real trace only 
unless otherwise stated, 


Application 1. Reduce the following equation to its normal form : 
Sat — 2ry + Gy? —8r—B8y—S8=0. 
Here A >0. So, apply first an arbitrary translation and choose the new 
origin so that the linear terms in z’, y’drop out in the transformed equation, 
The coordinates of the new origin are seen to be (1, 1) and the transformed 
equation is 
5r? — 22'y' + 5y” ~16=0. 

Then apply an arbitrary rotation about the origin and choose an angle 
of rotation so that the coefficient of x”y” in the transformed equation 


Pt eae 
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vanishes. The angle may be chosen as ,/4, and transformed equation is 
on” tiy” — lő = 0 


Honce tho normal form is 


=i 


is 45 


(<= 


The curve is an ellipse. 


Application 2, Determine the different kinds of conics represented by 
the equation 
a + 4Ary + dy” + 2114+ A)r + 8y+5+2A=—0 
əs A changes from large positive value to large negative value. Examine, 
in particular, the critical cases \=1, 0, —1, —2. (Pembroke, 1911) 


Here A=4 (1—A?*) 
P= —S8A(A*+A—2) 
So 
P P=0 when A= +1, 0, —2 


Case A Z0: A> +l, A 1 
A <—1 may be divided into threo intervals 
—-2—A—-1LA=-2A—-2 
A= —2 makes =0 and therefore gives a degenerate conic. 


Case A=0: A=+I1, -1 
A=+1 makes T=0, puts the given equation as (x+ 2y +2 +3=0 and 
therefore gives a pair of parallel straight lines without real trace, 


Case A >0: O<A<—1,A=0, -1I<—A<—O 
A=0 makes P=0 and therefore gives null ellipse. 
— < A < 0 makes P < 9 and therefore gives ellipse. 


We have therefore the following result : 
(1) A> 1, hyperbola ; 
(2) A=1, a pair of parallel straight lines without real traoe ; 
(3) 0< A< 1, nondegenerate conic without real trace ; 
(4) A=0O, null ellipse ; 
(5) — < à < 0, ellipse ; 
(6) A= —1, parabola ; 
(7) —2 <A <-~—l, hyperbola 
(8) A=—2, pair of intersecting straight lines ; 
(9) A<—2, hyperbola, 
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18. Pole and polar. Tangent. Consider a nondegencrate conic given 
by the general equation 
F(x,y) = az" + Qhay + cy* + 2dz + 2ey + f=0 

Lot P=(z,y) be a point given by 

tar, + pp 

pe +g’ =1 

¥=Y, + pg 
on a straight line through a given point P,=(z,,y,). So take P,P=p. 
The points of intersection of the straight line and the conic are given by 

Ap* + 2Bp+C=0, (4.11) 


where A = ap + 2bpq + cq” 

B=({ax, + by, +d)p + (bx, + ey, + e)g 

C= F(z yx) 
We suppose that P, is neither a point on the conic (so that C=0) nor 
the centre ot the conic, in case the conic is a central conic (so that B+0). 
We consider only those straight lines through P, that intersect the conic in 
two points P’, P” corresponding to the two roots p,,p, of the equation 
(4.11) (so that A=#0). 


We have Pı +Pa= —2BjA, pyp,=C/A 
Also P. P= p, Pl = fa 


Lot the point P bg the harmonic conjugate of P, with rospect to 


P’, P”, i.¢., let 
(P,P, P’P*)=—1. 


So P,P’. pe- or PalPa— p) 


a 
—_— + — 
= —l, 


PP PP’ Palpi —p) — 


— 2P Pa = — C 
Accordingly aN B 


— — 


Therefore, tho coordinates of P are given by 
z=x,— pC] B 
y=y,—40/B 
Eliminate p, q between these equations (multiply the two equations by 
az, +by,+d and bz, + cy, +e respectively and add) and obtain 
(a—x,) (ax, + by, +4) +(y—y,) (bx, +04, +0) + Play) = © 
Or (ax, + by, +d) + (br, +04, 4 e)y+da,t+ey,+f=0 ~ (4.12) 


p?+q=1. 


J 
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This is a linear equation in which the coefficients of x and y cannot 
both vanish, because B80; and so the equation represents a straight line. 
Therefore given P, the point P always lits on a fixed straight line. 
This straight line, (4.12), is called the polar of P, with respect to the 
given conic ; the point P, is called the pole. | 

We may state the above result in the following manner -; 

Leta conic and a point P, be given, where P, is neither on the conic 
nor tts centre (in the case ofa central conic). If a straight line be drawn 
through P, to meet the conic in P’, P”, then the locus of a point P on the 
straight line such that (P,P, P'P”)=— 1 is a atraight line called the polar 
of P, with respect to the conic ; the point P, is called the pole of the polar. 

It may be mentioned that not every point P, of this locus has 
necessarily the above property ; the straight line P,P, may not at all 
intersect the conic, The equation (4.12) represents a straight line except 
in the case where 

ax, +by,+d=—0, bx, + cy, +e=0, 
that is, except in the case of P, being the centre. 

We shall now consider the geometrical interpretation of the line (4.12) 
when P, is a point on the conic. Applying the method of differential 
calculus, we may express (4.12) as 


If C= F(z,y,)=0, thie line is called the fongent to the conic at P, 
For this tangent, = 


pP/q= -(=),. * /( Fay Ws 


and therefore B=0 also. Hence the equation (4.11) has no root other than 
p=0. The tangent is therefore geometrically distinguished by the property 
that it intersects the conic in one point only ; but it is not completely 
characterised by this property. For, the equation (4.11) has p=0 as the only 
root if cither B=C=0, A+0, or A=C=0, B+0. Henco, the tangent at P, 
is tho limiting position of a line intersecting the conie in P, and P, — 
P approaches and ultimately coincides with P,, and is therefore geo- 
metrically different from other lines. So we can expect that, nftor a 
change in the system of coordinates, the tangent will „appear as a lino 
intersecting the conic in two ultimately coincident points, ~ 

The reader may verify this result as an exercise — the 
formula of rigid motion and showing that a tangent ton conic is transformed 
by an arbitrary rigid motion into a tangent to the transformed conic. 


— 
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We now adopt by definition that the polar of a point on a conic is 
the tangent to the conica the point. Therefore (4,12) is the equation of 
the polar of P,, if it at all represents a straight line, 


lat P,=(z,,y,) be an arbitrary point on the polar of FP, ; then 
at 24+ bizi +2,Y,) +y, +d(x,+ £) + ely, y) += (4.13) 


As this condition is symmetrical in the coordinates of P, and P,, it 
follows that P, is situated on the polar P,. The pointe P, and P, are 
then said to be conjugate points with respect to the given conic; e.g., 
the points conjugate to a point P of the conic are the points of the 
tangent at P. Similarly, two lines are conjugate lines with respect to the 
conic when one of them passes through the pole of the other. 


If the polars p, and p, of two points P, and P, intersect in P,, then P, is 
conjugate to P, and P,; hence the polar p, of P, passes through P, and P, 
and is therefore the straight line joining P, and P,. If p, and p, are parallel, 
there exists no pole of the straight line P,P, which then passes through the 
centre of the conic ; hence the polars of al) pointa of P,P, (except the centre 
of the conic) are parallel. If p, intersects the conic in two points P’ and 
P”, the polars p' and p” of P’ and P” must intersect in the pole P, of p, ; 
if, conversely, the tangents at two points P and P” intersect in 
P,=(2,, y,), this point is the pole of the straight line P” P. Now 


Q(z, y= (ax, + by, + d) (z—z,) + (bx, + ty, + e) (y—y,)}* 
— {a(z -x,) + W(x—z,) (y—y,) + ciy- y)" Fiz, y,)=0 (4.14) 


is the equation of a curve of second degree with centre P,, and passing 
through it. Hence, it is degenerate and is either a null ellipse or a pair 
of straight lines intersecting in P,- But 


Q(z, y) = {(ax, + by, +d) + (bx, + cy, + ely + dx, +ey, + fF 
— F(zy) F(z, Y) 


This shows that the degenerate curve passes through the points of inter- 
section of the given curve and the polar of P,. The equation (4.14) 
represents therefore the pair of tangenta drawn from P, to the conic, if 
these tangents exist. 

Finally, let us consider the caso of straight lines which are not tangents 
but intersect the conic in one point only. It has been shown that in this 
case A=C=0,B+0. As this property has been proved to be independent 
of the manner in which we choose the system of- coordinates, 
there is no loss of generality to consider normal forms only, 


“jes 


Pp 
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(1) In the case of a hyporbola 2*/a?—y?/b?=1, the condition A=0 
becomes 


(2Y-(5)=0 on eag 


Hence, there are two straight lines through P, which will not meet the 
curve again. The two straight lines through the centre (the origin) parallel 
to these two lines are called the asymptotes of the hyperbola. So, the 
asymptotes do not meet the hyperbola in any point. 


(2) In the case ofa parabola 2* + 2my=0, the condition A=0 becomes 
p=v 


Hence, there is one straight line through P, which will not meet the curve 
again. The straight line through the vertex (the origin) parallel to this line 
is called the axis of the parabola. 


(3) In the caso of an ellipse x*/a*+y?/b*=1, the condition A=0 


—— 


Since p, q cannot both be zero, there is no (real) straight line through P, 
that will not meet the curve again. An ellipse is therefore a closed curve. 


We may sum up the above results in the following way : 


If through any point on a nondegenerate conic we draw such straight lines 
as will not meet the curve in a second distinct point, then we obtain the tangent 
and straight lines parallel to the asymptotes in the case of a hyperbola, the 
tangent and the straight line parallel to the axis in the case of a parabola and 
only the tangent in the case of an ellipse. 


14. Focus and directrix. A nondegenerate conic is also defined as 
the locus of a point whose distance from a fixed point, called the focus, is 
in a constant ratio to its perpendicular distance from a fixed straight line, 
called the directriz. The conic is a parabola, an ellipse or a hyperbola 
according as the constant ratio, called the eccentricity, is equal to, less than 
or greater than unity. Let the eccentricity be denoted by the positive 


constant e. 
Parabola, c=1. If the axes are so chosen that the focus is the point 


(0, —m/2) and the directrix is the straight line y—m/2=0, we obtain the 
normal form (4.10). In this case, the y-axis is called the axis of the parabola, 
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Let P be a point of a parabola of which F is the focus; also let TPT” 
be the tangont at Pand PL the straight line 
parallel to the axis. It follows from the defini- 
tion of a parabola given above that 
x TPF = g LPT", 

a6 in the figure. This property gives rise to 
what may be called the optical proper y of a 
parabola: If we suppose that we have a 
reflector of the shape of a parabola, then a 
ray of light emanating from the focus will, 
after reflection, proceed in a direction parallel 
to the axis. Or, if such a reflector be so placed that ite axis is turned 
towards the sun, then the sun's rays, which are practically parallel to 
one another, will, after reflection, pass through the focus. 





Payabolas are said to be confocal when they have the same focus and 
the same axis, If two confocal parabolas open out in the same direction, 
they have no point in common ; but if they open out in opposite directions, 
they intersect one another in two points, In the latter case, the parabolas 
cut one another orthogonally ; that is, the tangents at a common point 
are orthogonal to one another. This follows from the equality of angles 
given above. 


Ellipse,o <1, If the focus is (ac, 0) and the directrix z—ajc=0, 
we obtaint he normal form (4.4), where 
bh? =a*(1 —c?). Without loss of generality 
we may suppose a, b positive. The 
ellipse has a seoond focus (—ac, 0) 
and a second corresponding directrix 
xz+a/c=0, In the figure, the segments 
AA’, BB’ are the major and the minor 
axes whose lengths are 2a, 2b respec- 
tively. The axes intersect one another - 
in the centre (the origin) and meet the curve in the vertices, 





If wo eliminate 6 between the equations 


z= a cos Ê 


(4.15) 


y=b sin ð = 


we obtain the same equation (4.4) of the ellipse. So, the above equations may 
he taken as the parametric equations of the ellipse, @ being the parameter., 





40 PLANE GEOME TRY 


Let P=(z,y) be a point of the ellipse (4.15) of which the two foci 
are F, F, and N the foot of the perpendicular from P on the major 
axis, So, as in the figure, 

ON=avcos6, NP=bsiné, OF =ac 
Then [FP] + | PP | 

= | v {(a cos @—ac)* +b" sinô} | + | v {la cos 6+ ac)? +b" sin*6} 

= | a@-—accosé| + | a+ac cond | 

=9 | a | , the length of the major axis. 


This property may also be taken as a definition of an ellipse. 


Let TPIT" be the tangent to the ellipse at P. Then it may be seen 
that 
TPP = & FPT. 


This property leads to what may be called the optical property of an ellipse : 
If we have a reflector of the shape of an ellipse, then a ray of light proceed- 
ing from one of the foci will, after reflection, pass through the other 
focus. 


Hyperbola,c>1. If the focus is (ac, 0) and the directrix z-—a/c=0, 
we obtain the normal form (4.5), where 6?=a*(c*—1). The hyperbola has 
a second focus (—ac,0) and a second corresponding directrix 2+a/c=0, 
In the normal form, the axes of coordinates are the ares of the hyperbola 
intersecting in the centre. Let us take 


gja=piv. ylb=y—v 


In order that these equations shall represent the hyperbola, we must have 
d4uv=1. So, put p=t/2, v=1/2t. Therefore the parametric equations of 
the hyperbola are 

z=a (f +1)/2t 

y =b (¢* —1)/2t 
whre (isa parameter, not equal to zoro. We obtain the two branches of 
the ourve for t 20. These equations can also be written as 


x= a sec 6 





yh (4.16) 
p y=b tan 6 
whore 4 is now the parameter, — * 
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Lot P bo a point on the curve, of which the two foci are F, P 


and tho two vertices are A. A’. 
Then, asin the ease of ellipse, the Y 


difference between | FP | and | FP | 4 
AX 
= A C F 


TZ 





= the difference between 

| y {(@ sec g —ac)* +b*tan*6} | and 

| v ila sec 6 + ac)" + b'tan”é} l 

= the difference between 

| a—ae sec A | and | a+ac seo £ |. 
The absolute value of this difference 

= 9 i a | = : AA’ | 
This property may also be taken as the definition of a hyperbola. 
Consider tho straight line s/a + y/b:=0. Tn Hessian normal form, tho 

equation is 






in eae ee 0 
(e = Tifa? +1/6) OVa + 1/6) 
Therefore, the perpendicular distance of a point (x, y) from the straight 
line is (x,y). If (x, y) is a point on the hyperbola, 
l 
x’ ja’ — y*/ D = l, or xja +918 yib’ 


or —— 
(x/a—y/b)y(L/a* + 1/6") 


So, the perpendicular distance tends to zero as x tends to +æ and 
y tends to Foo. Similarly, the perpendicular distance of a point on the 
hyperbola from the straight line «/a—y/b=0 tends to zero as x,y tends 
to +o. These two lines c/a Fyjb=0 are the asymptotes of the hyperbola. 
If the asymptotes are orthogonal to one another, we have a=b and 
the hyperbola is then called s rectangular (or equilateral) hyperbola, The 
hyperbola y?/6?—2'/a’=1, whose foci are on the y-axis, is said to be 
conjugate to the given hyperbola. 
If TPT" be the tangent to the hyperbola at a point P, it may be 

seon that x PPT = x I’ PT, ss in the figure. 
Ellipses and hypeorbolas are said to be confocal when they have the 
same foci. If an ellipse and a hyperbola are confocal, they intersect 
orthogonally. This follows from the equality of angles given above. 

~ Lastly, it ia soon from the equations of directrices of nondegencrate 
‘conics that a directrix is the polar of the corresponding focus with respect 
to the conic. 

‘§—2100B 
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14.1. The complex plane. It has been shown that we can represent 
the points of the plane by pairs of real numbers in such a manner that 
the points of a straight line are represented by the solutions of a linear 
equation, the points of a conic by the solutions of a quadratic equation, ete. 
On classifying the quadratic equations we have seen that some of them, ¢.g., 


e+y*+1=0, 


do not correspond to conics as there is no pair of real numbers (x,y) 
satisfying the equation. The equations 


ax + fy? =), aa>0,4> 0, 


are only satisfied by (x, y) = (0, 0) independent of the choice of the positive 
values of a and ò. Although these ‘conics? are equal in the sense 
that they consist of the samo set of points (namely, the origin only), they 
are expressed by different equations and there exist, in genoral, no rigid 
motions transforming them into one another. It will be shown later on 
that these equations have different interpretations, as each of them is 
connected with a certain bilinear form generating a “polar-field”’. 

In this article we shall consider the matter from another point of 
view by applying complex numbers and introducing complex points, 
Let us define a complex point as an ordered pair (x, y) of complex 
numbers. The complex points satisfying a complex linear equation 


ax +ly+e=0, (a, ) (0, 0), (4.17) 


shall then represent a complex straight line, and the complex points satisfying 
an equation of the second degree a compiler conic. Hf, in particular, both 
values x and y are real, the complex point (x, y) will be a real point. 
If moreover a, b, c are real, the straight line (4.17) will be a 
real straight line. Every real straight line contains complex points which 
are not real; for if (x, y) is a point of (4.17), (2+ 6%, y—ai) is also a point 
of (4.17). The set of sll complex points is the complex plane, and the 
subset of all real points in it is the real plane. 

The geometry of complex plane is in some respect of a simpler 
structure than the ordinary (real) plane geometry ; ¢.g., conics and straight 
lines always intersect in the complex plane. But it has also some special 
features which seem to be rather paradoxical at the first sight. We have 
however to state at tho outaot that theorems which are valid in the ordinary 
plane geometry cannot be applied to the complex plane without a proof. 
‘Although we do not intend to go into details, we need. besides points, 
plane, We define them in the following manner ; | 


— — TE — 
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l. Tho square of the “distance” botwoen two pointa P, =(x,, y,) and 
P= (z, y,) is equal to J). 
| PP, F = (x, —2,)' + (Y, — Y) i (4.18) 
This oxpreasion therefore will not change when P, and P > are interchanged. 
For real points, this dofinition agrees with tho usual notion of distance, 
In any case, the square of the distance is uniquely defined by (4.18), 
but it may also bo a negative or a non-real number. If the distance is 
equal to zero, the points P,, P, are not necessarily coincident. 

It. The “anglo” 6 between two straight lines 


yr=me+y, Yoret+Aa 


I ote“ n-m 
is fin Ah a in Fh ee hewn 4. 9 
defined by tan ĝ — — (4.1%) 


This ð is not defined for every puir of lines (¢.g7., we shall notice shortly a 
case where it does not exist), and it is inno case uniquely defined, as 
an arbitrary multiple of z may be added. For real straight lines, (4.19) 
agrees with the usual notion. 
Now, the locus of a point which is at a constant distance r from a 
fixed point (x,, Yọ) is given by 
(2—2) +(y—y,)’ =r? 


If r=0, the locus consists of two imaginary straight lines —— 
xz—z,)+i(y—y,)=0 
( )+tly—y — 
(———)*0 


These straight lines and their parallels are called isotropic lines. The 
isotropic lines are evidently lines without real trace in a real plano and 
there are two such lines through every point. There are therefore two 
kinds of isotropic lines and they form two systems of parallel straight 
lines. They are 7 

z+iy+p=0 a y—iz+y (430) 
z—ty+v=0 y+iz+A=—0 

whero p,v, yA aro arbitrary constants. The isotropic lines have the 
following peculiarities : * 

(1) Tho distance betweon any two points on an isotropio line ia zoro. 
For, if (s ni)» (Én ns) are two points on tho isotropic line y —ir+ y=0, 
wo have 1, — t, ty=0, ns— Sf, + y=0, 
or (m= na) lE E) =9 
Therefore (ni — na)" + (Ei — E) =O, ; 
which shows that the distance botweon the two points is zero. 
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(2) The angle between two isotropic lines and that between 
isotropic line and any other lino is trigonometrically undefined. 
(¢) In the case of two isotropic lines of the sathe kind, 


man 


y-w+y,=90, y-—iz+y,=9, 
tan ĝ=0/0 and therefore ð is undefined. 
(ij) In the case of two isotropic lines of different kinds, 


y+ir+ty=0, y-az+A=—0, 
tan @=21/2=% 


1 ev. p iY l ett — l 
tn ' = — — S o — — 
— i te” è oel 
. 1 end “ 1 
So et ae 
Therefore e*=0. Hence, ô is undefined. 


(iit) In the case of an isotropic line and any othor lino, 
y+iz+y=0, y—mr+aA=—0, 
— m+ = i(m +è) 
l—tm m+t 
We have here the same result as in (ië). 

Now, the parabola z*+2my=0 has the focus (0, —m/2) and the 

directrix y—m/2=0. Consider the two isotropic lines 
x=i(y+m/2), z= —it(y+m/2). 
These two lines intersect one another at the point given by 
z=0, y= —m/2; 

that is, they intersect at the focus. Moreover, these lines are tangents to 
the parabola and they touch the curve at the points given by 

y=m|2, z=im and yom/2, z=—im 
respectively ; that is, they touch at tho points where the directrix mocts 
the parabola. Thus, there are two isotropic tangents to a parabola 
they intersect at the foous and their points of contact lie on the directrix, 

The ollipse 2*/a*+y*/b*=1 has two real foci F, F’=(+ac,0) and 
two corresponding real directrices x Fajc=0, where the eccentricity cis 
given by c= ./(1—6"/a*). It may be seen that the ellipse has also two 
imaginary foci G, G’=(0, + tac) and the two corresponding imaginary 
directrices y= +a(1—c*)/ic, where the eccentricity is ie/(1—c*), For, 
the equation of the ellipse can be written as 

z + (y F tac)? = — fc? /(1 — Coe eee 
which reduces to the given form x*/a* + y*/b* = 1. 


. 
= $ 





conics 45 


As in the case of a parabola, it may be seen that the two isotropic 
lines y=i(x—ac), y= —i(z—ae) intersect ono another at the focus (ac, 0) 
and touch the ellipso at the points where the corresponding directrix 
x—ajo=0 moots tho curve. Similarly, the two isotropic lines ach, 
y=-—t(z—ac) ure tangonts to the ellipse ; they intersect in the imaginary 
focus (0, tac) and their points of contact lic on the corresponding imaginary 
directrix y=a(l—c*)/ic. Thus, there are four isotropic tangents to 
an ellipse which form two pairs of parallel lines; any two non-parallel 
tsotropic tangents intersect in a focus and their points of contact lie on the 
corresponding directrix. The correspondence of focus, directrix and isotropic 
tangents of the ellipse z*/a* + y* + 6*=1 is shown in the following table : 











> Pairs of isotropic tangenta 
Eccentricity Boous Directrix through the focus 
‘a i(x —ac) 
ac, 0 r=ale — Ba 
c= y (1-b fa?) — x“ P : 
y= x+ac 
—ac, 0 cm —a/c y= —i(x + ac) 
O,tac | y=a(l—c*)/ic * B cides 
ie y (1—e°) 
0, —iac | y= —a(l—c*)/ic —— — 


y= — i(z + ac) 


It may be verified that the sum of the squares of the reciprocals of the 
two eccontricities is equal to unity. 

Finally, let P be a point on the ellipse. Then from the parametric 
equations (4.15) of tho ellipse it follows that the square of the length GP 
= a? cos’é + (b sin 6 — tac)? = (b — iac sin 6)? ; 
tho square of the length G’P is similarly (b +ïac sin 6)*. Therefore the sum 

of the lengths 
GP+G’P=2b. 

The case for a hyperbola is similar to that for an ellipse given above. 

Laquerre’s definition of angle, Let us take four straight lines p,, Pa 
prn pı passing through a point, say the origin, the first two being ordinary 
straight lines and the last two isotropic lines. Tat the equations of the 
four lines be y =m, yom, y= — iz, y= respectively. Let an ordinary 
straight line r=h meet the four linos in the pointa P,, Pa Pr, P, respeo- 
tively. So — 

——— +t)h, P,P, =(m, + ih, P,P, =(m, —5)h, P, P,=(m,— th. 
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Therefore the cross-ratio 


(rm, +F) (rm, — a) 


(PPa PIPI)= (PPn Pika) = Oy im. =i) 


_ (L+mym,)+i(m,—m,) _ 1+4(m,—m,)/(1+m,m,) 


(l+%m,m,)—itm,—m,)  1—aen,—m,)/(i+m,m,) 





Lot ô be the angle from p, to p, as defined by (4.17). Thon 
tan @=(m,—m,)/(1+m,m,) ; 


So (PPa Pips) = (1 +i tan 6)/(1—7 tan 6) = A = ent 


Therefore 6 = 5: log (p, Ps PiP) (4.21) 


This is the definition of an angle @ from a straight line p, to another 
straight line p,. If the two straight lines p,,p, are orthogonal to one 
another, sin 24=0, cos 28= —1, and therefore 
(P: Pa Pips) = — l 

Thus, two straight lines are orthogonal to one another when they are 
harmonically separated by the two isotropic lines passing through their common 
point. 
If @ vanishes, (p,p,,prps)=1 and therefore m,=m,, as is to bo 
expected. 











CHAPTER V 


TRANSFORMATIONS OF SYMMETRY AND SIMILARITY 
15. Symmetry. Let a straight line g be defined by 
z= Za t pP 
r a a, 
Y=Y_ tpg 
Then an arbitrary point P=(z, y) of the plane is given by 
=X, +t ppg, Y=, +t pPq+ orp 
The point P= (x°, y’) given by 
=2%,+ppteq, Y =Y tpl- oap 
is such that the segment joining the points 
P, P’ is bisected orthogonally by g- 
Since x -r=27g, y -y= —2rPp 
and (x—2,)q—-(y-Yo P= —-*, 
80 


Y. 





(x — x)= —2(a—2,)q* + Ay — IPI 
(y —y) = 2(2—2,)pq—2y—y.P* 
or x’ = (p° —q*)x + 2pqy + 2q(g, — PY) 
y’ = 2pqx — (p*—q" )y — 2p(ge, — PV») 
This is a linear transformation of the coordinates (x, y) to (x°, y). 
In order to write it in a suitable form, put 
p=cos 6,q=sin 6, q2, = py, = 
So, the transformation can be written as 
af =z cos 26+ y sin 20 + Qu sin ¢ 


(5.1) 


y’ =x sin 28 — y cos 20 — 2w cos @ 
and the equationof g 4s 
æ sin @6—y cos A= w (5.1) 
The transformation (5.1) is called an orthogonal reflexion im the line (5.17). 
| In particular, orthogonal reflexions in the axes of z and y are 


a= r *— -f 
and 
y=-y y= y 
. If by an orthogonal line reflexion a figure F is transformed 
into a figure F”, then by the arme transformation F” is transformed back 
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to F. That is, a repeated orthogonal line reflexion gives identity. 
Now (5.1) is a special case of 


x = ax + by +c, 
a+b =l (5.2) 
y =br—ay +c, 


The transformation (5.2) is called a symmetry. As a*+6*=1, we may 
put a=cos 24, b=sin 29; and therefore the necessary and sufficient 
condition for (5.2) being an orthogonal reflexion in a line is 


c,=2w ain 6, c,= — 2w cos 6, 
where œ is any real number. Hence, as a—1 = —2 sin*4, 
a=] F 

b C, 
is a necessary condition for it. If bÆ0, this condition is also sufficient. 








A vector o, = (a,,/,) is transformed by the symmetry (5.2) into 
a’, = (aa, +5b,, bay- abi). Hence tho scalar product 
a’,.a°, =(a,a, 7 b,b) (a* + b*) =(a,a, + b,b,)=—a,.a, 
remains unaltered by every symmetry. We shall now prove the converse, 
namely the following theorem : 
if by any linear transformation 
x=axt+by+e, 
y'= a,x + by + cy, 
the scalar product of every pair of vectors remains unaltered, the transforma- 
tion is either a rigid motion or a symmetry. 
Proof. L t us consider the two orthogonal unit vectors 
a,=(1, 0), a,=(0, 1) 
Asin § 10.1, these are transformed into 
a’, =(a,, a,), a= (b, Òa) : 
As the sealar products are supposed to remain unalterd, we have 
l= a,.0,=0',.0°,=a,* +a," 
l=a,.0,=a',.0°,=b,7+6,° 
0=0, 0, =0, 0 ‘,wa,b, tab 
These three equations must be satisfied by the coofficienta. Consider the 


two cases - 
If a,=0, then a4,= 41; hence 6,=0, and therefore b,=+1. In this 


can, the teaneformation ia obviounly ether a rigid motion or a aymunctry, 
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If a0, put 6, /a,=A. 


Then b,=Aa,, b,=—Aa,; 
henoe l=b,?+6,7=,? 


In this oase, tho transformation ig a symmetry for A=1 and is a rigid 
motion for A=—1. Hence the theorem holds in every oase. 


It follows from above that A= +1 is equal to the determinant ¢,6, —b,a, 
of the transformation. Therefore, the rigid motions are those linear trana- 
formations which do not alter the scalar product of two vectors aud which 
have a positive determinant; the symmetries have the same property but with a 
negative determinant. To give a geomotrical interpretation of the 
determinant, let us consider the angle between two arbitrary vectors 


y= (J; Ja) and é=(d,, d.). 
Now 


cos (y, 8) = (y.3)/ECy-y) (6.8)? 


is a function of scalar products and will therefore be altered neither 
by rigid motions nor by symmetries; and 


gn 
sin (y, 6) = 


g 
' [tern e-ant, 

ı d, 
where the denominator is not altered by rigid motions or symmetries while | 
the numerator takes the factor A= +41 only. Henco, by rigid motions 
the angle remains unaltered, whereas by symmetrics it is replaced by ta 
negatives 

We may extend the motion of the product of two rigid motions as 
introduced in § 11.1, to the notion of the product of two linear transforma. 
tions which are rigid motions or symmetries. The product ia a linear 
transformation which does not alter the scalar products and is therefore s 
rigid motion or a symmetry. If both factors are rigid motions, or both are 
symmetries, the angle will not be altered by the product, and the product is 
thorefore a rigid motion. If one factor is a rigid motion and the other is a 

: ws the sign of every angle will ohange, and the product is a 
* mmetry, In genoral, the product of any number of rigid motions and of k 
symmetries is a rigid motion if 4 is even, and is a symmetry if k is odd. 

| i f a translation and a 
symmetry is, in particular, the product o! 

— in a tine parallel to the line of translation, then the symmetry 
may be callod a paddle motion. 

7—2100B 
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As an illustration, consider a translation and an orthogonal reflexion 
in the z-axis given by 





r=r+e z= z 
y a and j 
y=y y'=-y 
respectively. The product is the paddle 
motion 
* x 
(cie) x" =2+, y'= -y 


It may be noted that the product of a translation and a roflexion in a 
line parallel to the line of translation is commutative. 
15.1. Existence of fixed points. If the transformation (5.2) leaves 

any point fixed, we must have 

(a—I1)x+by +e,=—0 

bz —(a+1)y+e,=0 
As the determinant of the coefficients 
a—l b 


b — (a+ 1) 


vanishes identically, there is either no fixed point or an infinity of fixed 
points. For an infinity of fixed points, wo must have 


= 1 —(a* +b’) = Ô, 

















| b Cc, a—lI c, 

—(a@+1) c b Cs 

Put a= oos 26, b=sin 26. 

So a—l=—2ain*#, a+l=2 cos’, b=2 sin 6 cos é 

Therefore 2.008 4 (c, cos 6 + c, sin 6)=0, 2 sin 6 (c, cos 6 +c, sin 6) =-0 


As sin ð and cos @ cannot both be zero, we must have 
¢,cosé@+c,siné=0, or o,/c,=—sin 6/0086 
So, we may put 
c, =2w ain 4, C,= — 2u 008 0 
Therefore, in this caso, (5.2) becomes (5.1) and the locus of fixed points 
is (5.1), namely 
æ sin 6—y 005 = w š 
Tf, however, there is no fixed point, 
; č, cos Ô + 6, sin d=c, where o +0 


7 . `< 
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So, we may put 
c,=2p sin f +o cos 6, c= — 2p cos 6+. ain @ 
The transformation (5.1) now reduces to 


x =g cos 20 +y sin 24+ 2p sin 6 +o cos ĝ 
j (5.3) 
y =zxsin 26—y cos 29—2p cos 6 +o sind 


This transformation can be resolved into 


Z=2+o cos 6 a’ =x 003 20+ y ain 26+ 2p sin 6 


y=y +o sin ĝ y=x sin 24—y cos 24 — 2p cos 6 
The first is a translation and the second is an orthogonal line reflexion, 
their product being commutative. Therefore, the transformation (5.3) is 
a paddle motion. 
Thus, a symmetry is either an orthogonal line reflexion or a paddle 
motion. 
16. Similarity. Consider the transformation 
a m Cx 
c0 (5.4) 
y = cy 
The transformation (5.4) is called a dilation. It may be of the following 
kinds : 
(i) Ifc=1, the transformation is an identity. 
(ss) Ifc= —1, the transformation Is called a reflerion in a point 
(in the origin). In this case, if F’ is the transform of a point 
P, the segment PJ” is bisected at the origin. 
(tsi) Ifc>0 but + 1, the transformation is called a radial trans- 
formation (from the origin). 
(iv) Ifc<0 but +—1, tho transformation is a product of a radial 
transformation from the origin and a reflexion in the origin. 
We may look upon the transformations (iif) and (iv) as effecting a 
change in the unit. A plane figure is transformed into a similar figure. 
In particular, there is stretching or magnification if | o | > 1 and shrinking 
if | o | <1. 
If (5.4) is followed by a translation, we have a transformation of the 
form 
a = C2 +C, 


oY =cy +e, 


c+0 (5.5) 
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The transformation (5.5) is called a homothetic transformation, A homothetic 
transformation is 


(i) a translation, ifc—1, 
(ts) a point reflexion [in the point (—c,, —c,)], if c= —1, 
(itt) n sinatiitude, if cœ + 1 (c,, c, may be both zero), 
(iv) a radial tranaformation [from (= e, —c,)], if c>0 but + 1 
and (v) a product of a radial transformation [from (—c¢,, —c,)] and a 
point reflexion, if c<0 but + —1. 


The product of (5.4) and a rigid motion is a transformation of the 
form 
v= axrthy+c, 
a* + b*=c?, (5.6) 
y= —br+ay +e, 
The transformation (5.6) is called a similarity. 


Rigid motion preserves both the shape and the size of a figure, 
whereas similarity preserves the shape, but not necessarily the size. As 
in the oase of a rigid motion, there is a fixed point in a similarity unless 
it is a translation. 


The following are some of the properties of (5.6) and (5.2). If a, B are 
two vectors and @ the angle between them, from one to the other, and if 
a’, 8, # are the transforms of a, 8, 6, then 


(1) | æ | = | ca], by (5.6) ; |æ | = | a |, by (5.2) 

(2) *=6, by (5.6); 6’=—@, by (5.2) 

(3) The product of two similarities is a similarity. This is not trne of 
symmetrics. 


(4) The inverse of a similarity is a similarity, This is true of 
a symmetry. 

In (5.5) let c1, ʻe., let the homothetio transformation be not a 
translations, Then 


ten wo) = (p25, 4) 


isa fixed point P,. Introducing new coordinates 
ESET, =y = Yo 
we got a standard form of the homothetio transformation as 
f’=cf, n =Cy, (6.7) 
The straight line joining an arbitrary pair of corresponding pointa 
P=(f, n) and P’=(¢’, y) passes through P, and P,P’ =cP_P, 


taa 
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Corresponding straight lines remain parallel, and so the angle between 
them romains unaltered by any homothetio transformation. Any 
figure F will be transformed by (5.7) into a homothetic figure F", P, 
boing the homothelic centre, On the other hand, figures which sre similar 
to F and in whioh the distances are equal to the corresponding distances 
in F multiplied by a constant factor c œO, are all congruent. We can 
construct such a figure by the help of the transformation (5.7), or by 


E=- y= 
by choosing the homothetio centre (x,, y,) in an arbitrary manner. Hence, 
every figure similar to F can be carried by a rigid motion in such a position 


that it becomes homothetic to F. Therefore, homothetic figures are also said 
to be similar and similarly attuated. 


After rotating any figure homothetic to F through the homothetic 
centro P,, we get a figure F” which is said to be directly similar to F. 
If P and F’ are corresponding points of F and F’, + P P,P’ is constant. 





CHAPTER VI 
THE CIRCLE 


17. Power of a point with respect to a circle. A circle may be 
regarded as a special form of an ellipse. An ellipse was defined in 
§ 12 as a nondegenerate conio whose equation can be put in the 
normal form (4.4), and in § 14 as the locus of a point the sum of whose 
focal distances is constant. We may also define an ellipse sa follows : 
Let A, A’ be two fixed points, P a variable point, M the foot of the 
perpendicular drawn from P to AA’. Then the locus of P such that 
| PM "=k AM MA’, where k is a constant, is a conic. The conic is an 
ellipse or a hyperbola according as k is positive or negative and, in the 
limiting case when k=(), the conic is a parabola. There are here three 
definitions of a circle. In the first case, the ellipse is a circle if a?=b*: 
in the second case, a circle is the limiting form of an ellipse when its two 
foci coincide and in the third, an ellipse reduces to a cirole when &=1, 
We shall, however, consider here the properties of the circle independently 
of any other second degree ourve. 

Let a straight line through a given point P,=(z,,y,) be given by 
the equations 

2=2,+pa 
y=y, + pb, 
where p is a parameter. If @ isthe angle between the positive z-axis and 
the veotor (a, b), 
a= | (a*+5*)| con 6, b= | /(a*+b*) | sin 6 
So, the above parametric equations of the straight line oan be written as 
r=z, +r 008 6 
(6.1) 
Y = Yo +rsin ĝ, 
where 6 is a constant and r is a parameter. 

Now, when r is regarded as a constant and @ ns a parameter, the 
equations (6.1) give the parametric equations of a circle. Eliminating 
the parameter 0, we obtain the equation of a circle as 

(e—z,)* +(y—y,)* -r°=0. (6.2) 
The point P, is the centre and r the radius of the circle. The cirole is, of 
course, without real trace or a null circle acoording as r° — 0. 
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Let the above equation be written as 


z+ y” +i(x, y)=0, (6.3) 
where Hz, y) is a linear function equal to ¢.z+cy+c,, eny. Does the 
equation (6.3) represent a circle? If it does, it must be possible to reduce 
this equation to the form (6.2). In this case 

o= — 2r, C= —2Zy,, G= tyr"; 
therefore 4r* =c,* +c,* — 4e,. 
Since r* > 0, the required condition is c,*+¢,*—4c, > 0. 
For the points PF’, P” of intersections of any straight line given by 
t=r + pp 


pP +g =l, 
y=y, + Pg 


through a given point P,=(z,,y,) and the circle (6.2), we must have 
p7 —2Bp+0=0, 
where B= p(x, —2,)+ Au. — . 
| O=(2,—-2,) + (=y) -=r 
Therefore, for the points of intersections, the scalar product must satisfy 
P,P. P,P" =(z,—2,)* + (y, -y -r 

This is a constant as long as the point (z,, y,) and the circle are given. 
The quantity on the left-hand side is called the power of the point P, with 
respect to the circle. The power is thus obtained by substituting the 
coordinates of P, for x,y in the expression on the left-hand side of the 
equation (6.2) of the circle. Evidently, the power is positive, zero or 
negative according as P, lics outside, on or inside the cirele. 


If the straight line P,P” passes through the centre of the circle, then 
the power of P, 


| = l Pikol Ean 
= square of the distance between P, and the point of contact of a 
tangent drawn from P, to the oirole, if the point P, is outside the cirole. 
The equation of the tangent at a point (£, ») of the circle being 
(z—2,)(€—2,) + (Y-Y) — Y) -rm 0, 


the tangent is ovidently orthogonal to the straight line joining the centre 
of the circle and the point (£, »). 
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18. Pole, polar. As a particular case of the equation (4.12), tho 
eq ion of the polar of a point P,=(z,, ¥,) with respect to the circle (6.2) 
(when P, is not the centre of the circle) is 

(2—2,)(7,-—2,) +(y—-yely, —y,)-r*=0 
This shows that the polar of a point 
with respect to a circle is orthogonal to 
the line joining the point and the centre 
of the circle. 

As in § 13, let the straight line 
through P, and the centre P, of 
the circle meet the circle in P’, P” 
and the polar of P, in P,. Then 

(P,P,, P’P”)=—-1 
Hence, by (2.3), P,P, P,P,=7 (6.4) 

Consider any circle passing through the points P,, P, and let the two 

ciroles intersect one another in a point P. 

Since, by (6.4), P —— P,P a= | PP, 

the power of P, with respect to the circle through P,, P, is | P,P}. 
Hence the straight line P,P is tangent to this circle. Thus, given the four 
harmonic points, the circle with the segment P’P" (or P,P.) as a diameter 
cuts any circle through P,, P, (or P’, P) orthogonally. 

Further, let P,L, P,M be two conjugate lines (§ 13) with respect to 
the circle having P, as centre, meeting the polar of P, in L, M. Then 
the triangle P,LM is a self.conjugate triangle with respect to this circle. 
Therefore, the straight lines joining P, with the vertices P,, L, M are 
orthogonal to the opposite sides of the triangle, Hence, P, ia the ortho- 
centro of the triangle P,LM. Thus, tf a triangle is ecelf-conjugate with 
respect to a circle, the centre of the circle ie the arthocentre of the triangle. 

19. Coaxal system. Consider two circles with different centres 

K,=(z—z,) +(y-—y,)? —r =r" ) 20 

K =(x—2,) + ly—y, -r =r ty +1f(z,y)=0 
If the power of a point (7, y) with respect to the two circles be the same, 
we must have 





L(x, y)— Llr, y)=0 (6.5) 


Since thia is a linear equation, the loous of pointa having the same power 
with respect to both the circles is a straightline. This straight line is 
called the radical aris of the two circles, Let 


K= +y’ +l (z, y)=0 
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be an arbitrary cirole. If its contre doen not lie on the straight line joining 
the centres of K,=0, K,=0, the radical axes of X,=0, A,=0 and K,=0, 
K,=0 are nonparallel and sre given by (denoting the linear functions 
by tho letters l; only) 

L—l,=0 and 1,-1,=0 
respectively. This shows that the radical axes of three circles whose centres are 
noncollinear, taken in pairs, meet in a point. 

On the other hand, if any two (and therefore, the three) radical axes 
of the three circles K, =0, K,=0, K,=0, taken in pairs, coincide, we may 
write 

l,—i,= p(t, =h), 
or l,=(L—p)l, + plh=yl, + Alh, say 
Therefore Ki =7K,+AK,, where y+A=l 
Accordingly, the equation of K,=0 can be written as 


pK, +vK,=0, . (6.6) 

The totality of circles given by the equations (6.6) for arbitrary values 
of u, v, satisfying p +v + 0, is said to form a system of coaxal circles. Ina 
coaxal system the radical axis of each pair of circles is the same. 

Since p+v+ 0, we may divide the equation (6.6) by p+ and write 
the equation 4s 

yK,+AK,=0, where y+A=1; 
that is, we make the co-efficients of z”, y? unity. Then 
y¥K,+AK,= {x —(yx, +Az,)P + iy — (YY +Ay,)}* -r> 

Thus, the centres of a system of coaxal circles lie on a straight line. 
If u +v=0, wk, + vA =u(K,—A,) e 
so, in this case pK, + vA, =0 is the radical axis (6.5) of the system of coaxal 
circles, unless the circles are concentric. 
Further, K, —K,=2(2,-—2,)% +2(¥s—9:)y + a constant, 
where (£i Yı) and (x,, ,) are the centres of X,=0, K,=0. 
This shows that the radical axis ts orthogonal to the line joining the centres. 

As an application, let AB, BC, CD, DA, bo the sides of a quadrilateral 
and let the straight lines AB, CD meet in E; BC, DA mectin F. The 
six points A, B, O, D, E, F are said to be tho vertices of a complete 
quadrilateral of which AC, BD, EF ave the three diagonals (the properties 
of euch a figure will be discussed later in § 29.1). 

§—2100B 
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Let S,, S,, S, be the threo circles described on the segments AC, BD, 
EF respectively as diameters. Lot O, O,, O, O., be the orthocentres of 
the triangles EBC, ABF, ADE, CFD respectively (that is, the triangles 
formed by every three of the four sides of the quadrilateral). Also let 
EO,, BO,, CO,, meet the opposite sides of the triangle HBC in £,, B,, C,. 
Then, from similar right-angled triangles, 

[0,E||0,B,| = |0,B | |0,B,| = |0,C | (0,¢,| — $ 

But (C, C,), (B, B,), (E, E,) are pairs of points on the circles S,, —X S, 
respectively. Therefore, the powers of O with respect to the three ciroles 
are the same. Similarly the powers of each of the points O,, O,, O, with 
respect to the three circles are equal. Hence, the circles 8,, 8,, S, are 
coaxal, their radical axis containing the points O,, O, Oa, Oa- Moreover, 
the middle pointa of the segements AO, BD, EF, which are the centres 
of these coaxal circles, must lic on a straight line. Hence, we may state 
the following theorem : 

The circles described on the three diagonals of a complete quadrilateral aa 
diameters are coaxal; the middle points of these diagonals are collinear; 
the orthocentre of the four triangles formed out of the four sides of the 
quadrilateral are also collinear; the last two lines are respectively the line 
of centres and the radical axis of the coaxal circles. 

A circle coaxal with two given circles may also be defined as the locus 
of a point which moves so that the ratio of its powers with respect to the 
two given circles is constant. For, if K,=0,K,=0 are the two given 
circles and c is the constant ratio, then the locus is 

K,/K,=c, or K,—cK,=0. 

19.1 Types of coaxal system. Orthogonal system. Let the line of 
centres of a system of coaxal circles be taken as the z-axis and the raclical 
axis as the y-axis. If two arbitrary circles of the system be 

x +y7 + 2o,2+0¢,=0, x*+y?+2e.474+¢,=0, - 
their radical axis is 
: Ho, =r) +(e,—c,)=9, 2. ¢,-—e,=0 


+A 


Pot o,-o,=o0 and c,=¢,=¢ 

Then the equation of the coaxal system can be written as 
x*+4'°+2er+0=0 

or (2+ oc)? + y?—(c* —¢) =0, (6.7) 


where c is a constant and ¢ n parameter. The centre is the point (—«, 0) 
and the square of tho radius is o? —o, Three different cases arise ; 


r 
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(1) e< 0. In this case o?-—c>o*. Therefore, every circle of the 
system cuts the radical axis in two fixed points, The system is said to 
bo elliptic. 





(2) c=0. In this case the radius is |o |. Therefore, all circles of 
the system touch the radical axis at the point of intersection of the radical 
axis and the line of centres. The system is said to be parabolic. 

(3) e>0. In this case o?—-c<—c*, Therefore, no circle of the 
system can cut the radical axis (in real points). The system is said to 
be Ayperbolic. We notice here that if vc=ic, we obtain two 
circles of the system of zero radius, or two point-circles. These point- 
circles are called the limiting points of the system, 

Let L, L’ be the two limiting points, O the point of intersection of the 
radical axis and the line of centres, Let C be the centre of an arbitrary 
circle of the system of radius r meeting the line of centres in A, Band P be 
the point of contact of the tangent drawn from O to this circle, as in the 


figure. ‘Then, 
| OL' } = | OL|? = | OP } = | OA | | OB | = OA.OB 


Therefore, applying (2-1), (2.3) and remembering that C is the middle point 
of AB, we get 
(LL',AB)=—-1, CL.CL’=r° (6.8) 
An arbitrary point of the radical axis of the system of coaxal circles (6.7) 
has the coordinates (0, —p). The power of this point with respect to 
the system is 
o? + p*?*—(c*—c)=p* +e 
Therefore, the circle with centre (0, —p) and radius | /(p?+e) | will cut 
the circles of the system orthogonally. The equation of the circle is 
z+ (y+ p)?—(p? +¢)=0, (6.9) 
where p is a parameter. Comparing this equation with (6.7), we see that 
(6.9) represents a second system of coaxal circles. The two systems are 
orthogonal to one another, 
The radical axis and the line of centres of (6.7) are respectively the 
line of centres and the radical axis of (6.9). Also, corresponding to the 
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system (6.7) being olliptic, parabolic, hyperbolic, the system (6.9) is 
hyperbolic, parabolic, elliptic, This follows from the fact that the quantity 
¢ has different signs prefixed to it in the two equations. 


20. Centres of similitude of two circles. Consider a transformation 
(5.5) of similitude 
2" == CX + 6, 
ce, +1 
y =cy +e, 


The fixed point of the transformation is given by 
z=ce,/(l—c), y=c,/(1-—e) 
The fixed point is called the centre of similitude and c is called the ratio of 
similitude. A straight line passing through the centre of similitude is 
transformed into itself, and any other straight line is transformed into 
a parallel straight line. 
Suppose itis required to transform the circle («—2, +(y—y,)?—Fr,7=0 
with centre C, into another circle (x— z,) + (y—y,)*—r,7=0 with centre O, 
by transformations of similitude. Then there are two such transformations : 


t- = +9 (x'— x) 
2 


¥y~-y¥,= t7 (y'= Y), 
a 


according as we take both the upper or both the lower signs. The 
transformations have respectively r./r, and —r,/r, as the ratios of 
similitude. The two centres of similitude corresponding to the two 
transformations are the points 


E = (mne, FiYa = TaY, and Z= (“72 —, Ya +s) 
ritr Ptr; 


ri T3 Fi ~T 








imternal. We can i 
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C, C., B,1 are collinear, and that (C,C,, 2/)=—1. The coordinates 
of the vectors C, Æ and C,H are 


(25-a, ) and (E20, raya — y) 
A ee Fri Ti ri f — ra) 


respectively. 


Therefore . C.E ry Cf — 5 


SR! Gl 

Hence, the centres of similitude E, I are respectively the points of intersections 
of the direct common tangents and of the inverse common tangenta to the two 
circles. ‘The points Æ and J are respectively called the external and the inter- 


nal centres of similitude. The circlo on the segement 4/7 as’ a diameter is 
called the circle of similitude. 


It is geometrically evident that when the two circles are mutually 
external, we obtain the four real and distinct common tangents. When 
the circles touch, one pair of common tangents coincide and one centre 
of similitude is the point of contact of the two circles. When the circles 
have equal radii, c= +1; for the homothetic transformation with c= +1, 
there is no centre of similitude ; if c= —1, the external centre of similitude 
does not exist. When the circles are concentric, we cannot have any 
centre of similitude. 


Let P,, P, be the points of contact of a common tangent drawn from 
E to the two given circles of radii r,, 7, respectively ; similarly let Q,, Q, 
be the points of contact of a common tangent drawn from Z to these two 
circles respectively, as in the figure. Then 


| EP = IQ — 
LEP, RA * 


Therefore, by what has been said at the end of § 19, à circle drawn through 
E coaxal with the two given circles must pase through J and must have 
ite centre collinear with Æ, Z. Thue, the circle of similitude is coazal with 
the two given circles. 


Finally, consider three circles with centres (=, Y): (z,, Yz): (£; y,) and 
radii r,, Ts, r, Each pair of circles gives two centres of similitudo. 
Pherefore, there are six centres of similitude, three external and three 


i down the coordinates of these six points, the 
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2 


coordinates of two of the points (namely, Æ, I) having been given above, 
Since the determinant 


| amr, Piya fyi Fifa | 
Pats = Pst FiYs m Tf: N; Far, 
ree, FVM rhm fF, 


vanishes (as may be scen by multiplying the rows by r,, r,, r, respectively 
and adding), it follows that the three external centres of similitude are 
collinear. Similarly, the external centre of similitude of one pair of circles 
is collinear with the two internal centres of similitude of the remaining 
pairs of circles. Thus, the six cenfres of similitude lie by threes on four 
straight lines. These straight lines are known as the azes of similitude of 
the three circles, 


21. Inversion. Let O be a fixed point and $’ a given constant. If 
on the straight line joining_O to a point P, a point P" is taken such that 
OP.OP' =k’, then P’ is called the inverse of P with respect to O and O 
the centre of inversion. We shall suppose that kē is positive; we shall 
then have a circle with centre O and radius |k |. This circle is called the 
circle of inversion and |k! the radius of inversion. Denoting this circle - 
by (0), wo say that P’ is the inverse of P with respect to the circle (O) or 
in the circle (0). The relation between P and P” is symmetrical, so that 
P is also the inverse of P’. The points P and P’ lie on the same side 
of O, ono inside and the other outside (O), and each point of (O) is 
transformed by inversion into itself. Any circle concentric with (O) is 
transformed into a concentric circle. 


Let the centre of inversion O be taken as the origin of the coordinate 
system. If P, P' have the coordinates (z, y), EFR AF 





then fF OF x Or 
= y op OP 
„Wa SAE 
Therefore æ — y’ — 
* (6.10) 
kz’ — 
and so —— y + 


Thus to every point, except the centre of inversion O, there corresponds 
an inverse point. 
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The inverse of straight lines and circles. Wo know that 
diz? + y’) + 2axr+2hy+e—0, a+b’ > de, (6.11) 
representa a circle if d <0, and a straight line ifd=0. In particular, the 
curve passes through the origin if c=0. The quantities a, b, c,d, may 
be considered as the coordinates of the curve; these coordinates may 


have a common arbitrary factér other than zero. Multiplying (6.11) 
by k?/(x* +y”), we get from (6.10) 

ch-*(2"* + y"*) + Bax’ + Qhy’ + dk? =0 (6.11) 
Thus, the curve (6.11) is transformed into a curve (6.11%) of the 
same type, the coordinates a, b, o, d, being transformed into a, b, dk*, ck-*. 
Hence, circles and straight lines are transformed by inversion into circles 


or straight lines, the image being a straight line if and only if the original 
curve passes through the centre of inversion. 


Conformal properties of inversion. 


A point transformation is said to be a conformal transformation if it 
preserves the magnitude of every angle; it is said to be directly conformal 
if the sense of the angle is also preserved, and inversely conformal if the 
sense is reversed. For example, rigid motion is directly conformal and 
symmetry is inversely conformal, as seen at the end of the last chapter. 


Lat (£, n) be a point of (6.11), Ifd = 0, the equation 
(dé +a)x + (dy, + b)y+af+bn+¢=0 | (6.12) 


represents the tangent to the circle (6.11); if d=0, the equations (6.11) 
and (6.12) represent the same straight line. To avoid an unnecessary 
distinction of different cases, wo shall consider every straight line as its 
own “tangent at cach of ita points. It is therefore admissible to define 
the angle between two curves of the type (6.11), as the angle between the 
corresponding tangents (6.12); of course, this definition is quite natural, 
because if we consider a curve to be generated by a moving point, its 
velocity has the direction of the tangent, The angles between two circles 
intersecting in two different points form two opposite angles. Thus, the 
cosine, and not the sine, of the angle is uniquely determined for two circles, 

For calculating the angle, we therefore expect that the sine may bo expressed 
by the coordinates of the curves and those of the point of intersection, 


Let two curves of the type (6.11) having coordinates 
5 (a,, bir Cp d,) and (a,, Das Cas 3) 





if _~ ~ í | ] 
>. — fa à 
(7E ries o o ; a” E a f — 1 
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intersect in (n). Thon, by (6.11) and (6.12), 
d (2? +7") + 2a,€ + 24,5 +6,=0 
d (Ert n") + 2a,€ + 204, + 0,=0 
and the two tangents are 
































(d Etat (d,» + 6,)y= const. = 
(d E taje + (din + O,)y = const. 
For the anglo » between the tangents, we have 
oos o = AJB, sin ọ¢= O/B, (6.13) 
whore A= (d£ +a, (d E +a) + (dint b idan + 65) 
B= [i(d,E+ a)? + (din +O HdE ta)? + (Aye | b,)"4)" 
deta, dx +, 
C= 
| dE +t dint b. 
The quantities A, B, C may be expressed as follows : 
A=4d,[d,(E* +47) + 24,6 +26, n] + 4d, [dE + 97) + ag + 20.7) + 4,0, + b,b, 
=a, + b b- i(c,d a*t d,c) 
B= (a,’ +t br sae ,d,) (a,* t by =e c,d.) 
d, b, a; 
C=f +7, 
d, b, ü, d, a, b, 
The last formula can be written in another form. For this purpose, we 
express d, and d, in torms of £, tp G, a,, 6,, Das Ci. ¢, and cbtain 
| 2a,6+2b,,4+¢, 6, 
e d, b, Etn | 29. f+ bnie, bs 
= a, b, e b| 
= z > 
aan Mab O ae A 
Apply the same method to the second determinant in C. Then 
-0= af)” | |. i ls a, i j 
Z; — a, Ù a, b, 





To get the angle between the inverse curves, we have to use (6,10) 
(6.11) and repisco in tho formula (6.13) for cos g and nin ¢ the quantities 
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Ê; 7⸗ ai» b., Cus d,, a., b.s Cy d, 
3 
respectively by aa sa 5,, Ed, b-*e,, Gp 5,, d,, k'e, 


P+ Page e 
This transformation doos not alter A and B; but Q in its first representation 
will be transformed to —(C in its second representation. Hence, the angle 
formed by the inverse curves is equal to —¢. The transformation of the 
plane by inversion is therefore conformal, because the absolute value of the 
angle is not altered ; and, as the sign is changed, the transformation is, in 
particular, inversely conformal, 

Applications. (1) Every circle O intersecting the circle of inversion 
(O) at P and Q is inverted into a circle O" intersecting (O) at P and Q, 
the angle between the tangents to O and O’ at P (and at Q) being bisected 
by the tangent of (O) at P (and at Q). 

Every point of (O) is a fixed point of the inversion ; thus, the pro- 
position is a direct consequence of the fact that the inversion is inversely 
conformal, 

If P is different from Q, the circle C’ is uniquely given by P, Q and 
the two tangents. Hence: 

(1) Every circle orthogonal to the circle of inversion is inwerted into 
itself. (The reader may give an alternative proof based directly on the 
definition of inversion). 

(2) Jf an inversion carries a circle C and two pointa P, Q into a circle 
or a straight line O’ and two points P’, Q’ and if P, Q are inverse points 
with respect to C, then P’, Q' are inverse points with respect to C”. 

Since P, Q are inverse points with respect to C, any circle S passing 
through P, Q is orthogonal to C. The circle 8 is inverted into a circle & 
passing through P’, Q'. Since inversion is conformal, C’ and S’ are 
orthogonal. But as S is any circle, so by (1) above, P', Q’ are inverse 
points with respect to 0’, 

(3) The limiting points of a system of coaxal circles are inverse points 
with respect lo every circle of the system. This follows from (6.5). 

22. Polar reciprocation with respect to a circle. In § 153, a corros- 
pondence between the points and the straight lines of the plane has been 
catablished by the help of a nondegenerate conic. In this article we shall 
consider, in a little more detailed manner, the case where thir conic is a 
circle whieh, for simplicity, is supposed to be given by 

| x +4?—1=0 (6.14) 
The polar of any point (¢, v) with respect to (6.14) is the straight line 
x+1y-1=0. By what we have anid in the last article, the coordinates 
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of the polar are therefore proportional to ¢,4,-—1. Conversely, the pole 
of any straight line we+ey+w=0 is the point with coordinates 
(-ujw, =t jw). Hence, every point of tho plane, except the centre (0, 0) 
of the circle (6.14), has a polar and overy straight line not passing through 
the contre has a pole. This result agrees with the ideas of § 13. As the 


tangent to any circle 
(x—a)l?+i(y—b)—r? =O (6.15) 
at a point (z,, y,) satisfies the equation 
(x,- ajr+ (y,~ b)y — (ax, + by, + r?—a’—b*)=0, 
it follows that the pole, with respect to (6.14), of thie tangent has the 
coordinates (E, x) given by 
£=(x,-—a)/(axr, + by, + 7 —a?—b*) 
n= (y, — b) / (ax, + by, +r*—a*— 6") 
Hence l~—af—by=r’| (ar, + by, +r? —a*—b*) 
Thorefore x—a-zfr*/(1—ag — by), y —b=ar/(l1—at—bn) 
By putting these values in (6.15), the equation of the locus of the pole 
comes out (writing z, y for £, 7) as 
(r? —a*)x? + (r? — b*) y*® —Qabry + 2axr + 2hy—1=0 (6.16) 
The locus is therefore a conic. It is of the elliptic, the parabolic or the 
hyperbolic type according as 


(PF —a*)(r?—b*)-a"F=0, or rab 


Thus we get the following result : 

The locus (6.16) of the poles, with reapect to the circle (6.14), of the 
tangenta to any circle (6.15) ia a conic which is elliptic, parabolic or hyperbolic 
according as the centre of (6.14) ts inside, on or outside the circle (6.15). 

To discuss the properties of the conio (6.16), it is advantageous to 
choose the coordinate system in such a manner that the join of the centres 
of (6.14) and (6.15) is the a-axis. That means 6=0. Thus (6.16) gets 
the simpler form 

(r* —a*)z* + ry" + 20r- 1=0, 


Specially in the parabolic case r’ =a", 
2 J 
¥ + FA 1 )=0 
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and in the other cases, 
r — 0 y( a \? 
—— ee pe ) +y'(r*—a*j)=—1 
( r r* —a* v'i } 


Thus, the conic is nondegenerate ; its main axis is the join of the centres 
of the circles. If the two centres coincide, the conic is a concentric circle 
with radius l/r, In every other case, the centre of (6.14) is a focus of 
(6.16). On the other hand, every parabola, ellipse or hyperbola, of which 
the origin is the focus and z-axis is the main axis, can be expressed by 
the above formulae and is therefore the locus of the poles of the tangenta 
of a suitably chosen circle. 

As before, let P,=(z,,y,) be a point of (6.15) and (¢, +) a point of 
(6.16). When the point P, slides on the cirele (6.15), the coordinates 

x,=a+roos 6, y,=b+rein6é 


are continuous functions of #. As long as 
az, tby, +a’ -O # 0, 


the coordinates ¢ and », are continuous functions of z, and y, and are 
therefore continuous functions of 6. When 

=a" + 67, 
the circle (6.15) passes through the centre O of the circle (6.14) ; the tangent 
at this point bas therefore no pole. There are zero, one or two tangenta 
passing through O according as the circle (6.15) includes, passes through or 
excludes the point O. This consideration sgrees with the previously 
obtained result that the locus of the pole is a closed curve (ellipse), an open 
curve with one branch (parabola), or an open curve with two branches 
(hyperbola) corresponding to these three cases. 

Let A and B be two points of the circle (6.15), p, and p, be the 
tangents at these points, and P, and P, the poles with respect to (6.14) 
of these tangents; P, and P, are therefore points of the curve (6.16). The 
lino P,P, is the polar of the point P in which p, and p, intersect. We 
suppose that no tangent at any point of the aro AB of (6.15) passes 
through O, the centre of (6.14). If B approachts A along this are, 
P approaches A along p, As the coordinates of P, are continuous 
functions of 6, the point P, approsches P, and the line P,P, approaches 
the tangent to the conic (6.16) at P,. Let 

ux + vy +w=0 
be the equation of P,P,; then its pole P has the coordi- 
nates (—u/w, —v/w). And as P approaches A, the quotients u/w and v/w 
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are continuously altered; for the polar of A with respect to (6.14), thoy 
take therefore the limit of the values that they have for the line P,P.. 
Hence, the polar of A is the tangent of the conic (6.16) at P,. 

Thus, there exists a reciprocal connection between the curves (6.15) 
and (6.16); the polar of every point of one of these curves is the tangent 
at the corresponding point of the other curve. 


Applications. (1) A system of nonintersecting coaxal circles can be 
reciprocated info confocal conics. 


The asymptotes of a hyperbola (4.5) are given by (4.3). We define 
the asymptotes of an ellipse (4.4) as the pair of intersecting straight lines 
without real trace (i.¢., the null ellipse) given by (4.2). Both pairs of asymp- 
totes satisfy the analytical condition of being tangents to the respective 
ourves through their centres (§ 13). 

Let L, I; bo the limiting points of a eystem of conxal circles, and 
let us reciprocate the circles with respect to a circle (L) having one of the 
limiting points L as centre. Then the circles will reciprocate into non- 
degenerate conics having a common focus at L. If these conics are 
confocal, they must have also a common centre. Let an arbitrary circle C 
of the system reciprocate into a conic §. Since the asymptotes of S are 
tangents to S, the poles of the asymptotes with respect to (LZ) must lie 
on C and also on the perpendiculars drawn through L to the asymptotes. 
Therefore, to the centre of S (i ¢., the point of intersection of the asymptotes) 
corresponds the etraight line joining the points of contact of tangents from 
L to C, namely, the polar of L with respect to O. Thus, all the conica will 
have the same centre if the polar of L with respect to all the circles of the 
system be the same. But thisis true, because the polar of L with respect 
to any circle of the system is the straight line through L’ perpendicular 
to the line of centres. 

(2) Reciprocate with respect to a circle the theorem that the angle 
in a semi-circle is aright anglo. 

Reciprocation of properties involving angle is based on the obvious 
theorem that one of the angles between two straight lines is equal tothe 
angle which their poles, with respect tos circle, subtend at the centre of 
the circlo. 

Let O be the centre of a circle (C) of which PQ isa diameter subtending 
a right angle at a point R of the circle. If (O) be a circle, the polar 
reciprocal of (C) with respect to (0) is a conic of which O is a focus and 
the polar of C is the corresponding directrix. To the points P, Q, R, 
correspond the tangents p,q,” to the conio. Lot pq, gr, rp denote the 
points of intersections of these tangents. To the lines PQ, QR, RP, 
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correspond tho points py, qr, rp respectively, the point pg lying on the 
direc rix, and the pointe gr, rp subtending a right angle at the focus. 


— 





‘Thus, the reciprocal theorem is that the infurcept on any tangent to a comic 
between two other tangents which intersect in a point on a directrix subtends a 


right angla at the corresponding focus. 


a’ 





CHAPTER VII 


AFFINITY 
‘23. Affine transformations. Let the points A, B,.. .. ofthe plane 
be put in correspondence with the points A’, B’,.. . . of the plane in such 


a Manner that to every (original) point A corresponds one and only one 
point, its “image”, A’; and that every point of the plane is also the 
image of one and only one point of the plane. Every correspondence or 
representation of this kind is said to be a transformation of the plane. 
Rigid motions, symmetries, similarities are instances of such transforma- 
tions. In genoral, every permutation of the points of the plane is a transfor- 
mation. We shall consider hore a special class of transformations which 
includes rigid motions, symmetries and similarities as special cases. In 
what follows, the image of any point will be denoted by affixing a dash. 

Suppose that a transformation is such that to every vector thero 
corresponds a vector. That means; 

If A,A,=B,B,=.... =a, 

then A’ A’.= BL B= sac Sem 2 

that is to say, different pairs of points defining the same vector a are 
transformed into pairs of points defining the same vectora’. It follows 
that if A,B,=8, then A’,B’,=f’, and the vector A, B,=a+ 8 is trans- 
formed into A’, B'’,=a’'+ 8". This formula holds for arbitrary vectors 
aand 8. Hence, if by a transformation of the plane vectors are transformed 
info vectors, the sum of two vectors is transformed into the sum of the 
corresponding vectors. 

From a= 8 it follows that 2a is transformed into 2a’. The reader 
may prove thatin consequence of these suppositions, ra is transformed 
into ra’, where r is any rational number, We shall assume further that for 
every real number A, the vector Aa is transformed into Aa’. Every 
transformation satisfying these conditions is called an affine transformation 
or an affinity. 

Every vector of the plane is the affine image of one and only one 
vector. Since parallel vectors are obtained by multiplying a vector by 
real numbers, it follows that parallel vectors are transformed by the 
affinity into parallel vectors, On the other hand, if 8'=Aa", then A" is 


images of parallel vectors and nonparalle! vectors are transformed into 
nonparallel vectors. Considering these facts, we realise that the inverse of 
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any affine transformation satisfies the conditions which are characteristic 
of an affine transformation and ie therefore an affine transformation too. 
Moreover, two affinities, effected one after the other, furnish a transforma- 
tion of the plane by which vectora are transformed into vectors and the 
product of a real number and a vector is transformed into the product 
of the same number and the corresponding vector. Hence the result ia 
an affinity. 

Analytical expression of affinities. 

Consider a coordinate system of axes with O as the origin and let the 
pointe P, P,., P, have the coordinates (x, y), (x, 0), (0, y) respectively. 
Let the points O, P, Pae P, and the two unit vectors a,,a, in the 
directions of OP,, OP, be transformed by an affinity into O^, P’, P'a 
P's» ®, a, respectively. Finally, let the coordinates of O', FP” o’,, 
a’, be (a,, Do), (2°, y’), (2,, 5,), (@,, bz) respectively. 








p 
p 
9 
o 
Fe 
Then O'P’.=20',, OP", =ya', 
Therefore O' P' =2a', + ya’, 
But the coordinates of O'P” are (z’—a,, y’—b,). Hence 
2 =a, 5+ ay +a, a, a, 
+0 (7.1) 
y =b + boy + b, b, b, 





The determinant of the coefficients is not zero, because the vectors a,, a, 
are not parallel. This condition ensures that the transformation has its 
inverse. Thus, an affinity is given by (7.1). Obviously, on affinity 
transforms a straight line into a straight line. i 
For an affinity given by the linear transformation (7.1), the trans- 

formation of the vectors is given by the corresponding homogeneous 
transformation. Thus, ifthe vector (x,—7,, y,—y,) is transformed into 
(x",-—2",, y',—y',), thon 

x’, —x’,=a,(, —*,) +a,(y.—y,) 

y'a =y =b, (23T) — — 


"e 
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We shall hereafter use shorter notations for determinants whenever 
there is no occasion for ambiguity ; for example, 


a, a, 
|a 6| or | a@, d, | will stand for 








b, 4, 
g. Y, 1 
lz y Ljor|z, y, 1] will stand for | z, Ya l 


Ts Ys I 
Now, there are six constants in (7.1) and so six conditions may be 
expected to determine them. Let three points P;= (x; y,) be transformed 
by (7.1) into the three points P’;—(2";, y’), i=1, 2,3. Then 
a"; =a,2; + a,y; +4, 
y= bx, + boy, + ba 
Solutions for (a,, a,, a,) and (b,, ba 6,) of the abcve two systems of 
equations exist if the determinant |z y 1l | + 0, ʻe., if the three points 
P, P,, P, are nonocollinear, 
Againif|a b| = 0, then since 
wy a, = 4,7 + ay; 
y'i — by =b, 2; + bay, 
we must have 
p(z";—a,)+oly';—-b6)=0, p #0, r +0 
Or, the three equations 
px',+oy',-(pa,+ob,)=0, i=1, 2, 3, 
in the unknowns p, o, must hold simultaneously, Hence 
Iz y Ll =9; 
and therefore the three pointe P,, Pa, P, are collinear. 
Thus, an affinity is uniquely determined when three given noncoilinear 
points are transformed by it into three other given noncotlinear pointe. 
For example, the affinity which carries three noncollinear points 
(z. yi), into the three pointa (0, 0), (1, 0), (0, 1) respectively is given by 
So a # y" E -Y xn t 
x =|z, p 1\|+/1%, w Ly =| vw 11|4|28% v 1 


z y th le py l % yw l = ý, 1 


a 
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As before, lot tho thros pointe (x, y;) be transformed by (7.1) into the 
three pointa (2’,, y'i) and A, A‘ be the areas of triangles formed by the 
two triads of points. Then 


2a’ =|2" yy’ 1| 
= | Ae + ayy +a, be + boy + be i] 
= |agztay bztby 1| 
= able y L| +ao,|yx1| = la b| jew il 
Therefore A‘=|ablA 


Two figures are said to be affine (or “equivalent” in the sense of affinity) 
if there exists an affinity transforming one into the other. Hence, all 
triangles are affine. The length of a vector and the angles between 
vectors will, in genoral, be altered by affinity. In § 15 we have obtained 
a result which can be expressed in the following manner : 

Rigid motions and symmetric are those affinities by which the senlar 
product of two vectors ia not altered. 


23.1. Particular cases. Consider the transformation 


oo" ss- 2 

b0 (7.2) 
y'= by 
By (7.2), every point of the «-axis is transformed into itself; any line 
parallel to the x-axis is transformed into a parallel line and any parallel 
to the y-axis is transformed into itself, In general, any line intersecting 
the x-axis in a point is transformed into a line passing through the same 
point on the z-axis. 

To understand this transformation in an intuitive manner when b 
is positive and greater than 1, imagine the plano to be stretched, liko an 
elastic membrane, directly away from the axis of x on both sples of 
it, so that each point is carried along 4 line parallel to the axis of y. A 
point (x, y) will be carried to a point (x, by). Therefore a figure will be 
elongated away from the axis of «, When b is positive and less than 1, we 
have compression towards tho axis of x Similarly, we might have 
elongation away from or compression towards the axis of y. When 6 is 
positive, the transformation (7.2) is called a simple strain. When b is 
negative, it is the product ofa simplo strain and an orthogonal reflexion 
in the x-axis, * 


—* Consider the transformation 


x = ax | 
ab h — (73) 
y‘ = by i 
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By (7.3), the origin is transformed into itself and any line parallel to a co- 


ordinate axis is transformed into » parallel line, The transformation may 
be factorised into 


and 
y= by y=y 
both oft- for 7.2). The transformation (7.3) is called a strain. 
Consider the transformation i 
ao” =g + ay 
a0 (7.4) 
y =y 
As by (7.4) every point of the x-axis is transformod into itself, so any line 
intersecting the 2#-axis is transformed into a line passing through the same 
point on the axis. 

As before, consider a rectangle with its centre at the origin and ita 
sides parallel to the coordinate axes. Draw lines parallel to the z-axis. 
Twist the rectangle in such a way that every point of the z-axis is left 
fixed, the parallels ore transformed into themselves and any point (z, y), 
not on the z-axis, is carried along a parallel to tho point (x+ ay, y), so that 
the rectangle is twisted in the form of a parallelogram, os shown in the 
diagram. 





if a is positive, any point not on the x-axis slides along a parallel 
through n distance ay towards the right or the left according as the point 
ie above or below the axis of x, If a is negative, the “right” and the “left” 
are to be interchanged. Tf the whole plane is twisted in this manner, we 
get the above transformation. The transformation (7.4) is called a simple 
shear. Tt can he verified that aren is conserved by a simple shear, | 

The transformation (7.1) can tn fuctorixned in terme of the above 
particular transformations and transiation, Thus if 4,b,40, the factors 
may be taken as 


i 4% 
t b 1 tee 
x=7 T,= S aay £, r, w, + 2N Oi a Ty Ay 


Wap ty ja wea om » Ws=Me yN tbe 


-p ' 
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If a,=6,=0, tho factors may be taken as 


= =e | pF emy] Ly a, += =n |} r'r, +a, 


i 
Yi =+y ‘uy, f, Ya =; +Y y Y= UY l, y =4,+%, 

23.2. Some invariants, As parallel vectors are transformed by affinity 
into parallel vectors, a parallelogram is transformed into a parallelogram. 
Let A,4,4A,A, and 8,B,B,B, be two arbitrary parallelograms. There 
exists an affinity transforming A,A, and A, to #8, B, and B,. By this 
affinity A, is transformed into B.. —— every parallologram is affine 
to every — parallelogram. In particular, every parallelogram is affine 
to & squaro. 

Let P,, P,, P be three collinear points and, by an affinity, let them be 

transformed into throe collinear points P’,, P'a P’. 


If P,P=pP,P, then P'|P'=pP',P’ 
Honos P, PIPP = P PPP 


Thus, the ratio in which a point divides a line segment remains invariant by 
affine transformations. For oxample, the centroid of a triangle is trans- 
formed into the centroid of the transformed triangle. Also, cross-ratio is 
unaltered by affinity. 
Now consider an angle «/2 between two vectors (a, b) and (—6, a). 
Let the vectors be transformed by (7.1) into the vectors (@’, 4’) and (a, b") 
respectively. So we have 
a’=a,a+a,b a" = —a,b+aa 
b'=batbhb b= h b +da 
In general, the anglo between the tranaformod vectors will not be x/2. 
Butifitis 7/2, we must have 
a'a” +b'b" =0 
Or a*(a,a, + 6,6,) + ab(a?, + 6°,—a*,—6",) —*(a,a, +6,6,) <0 (7.5) 
Suppose that the affinity (7.1) if given (that is, the cooflicienta a,, D, 


aro known) while tho vector (a, Ù) is unknown, Then the equation (7.5) 
may be considered as a quadratic equation in a/b. The discriminant of the 
equation is 

> (a*, +007, —h?,)? + 4(a,a, +h b.)*? = 

Tf the equality holds, tho affinity is a similarity i WA every piir 
of orthogonal vectors into » pair of orthogonal vectors, If the inequality 
holds, we can solve the equation (7.5) and get two real roots ; that ia, we can 
obtain two distinct directions, As the product of the roota =—1, one 
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direction is obtained from tho other by a rotation through +</2. Thus, 
there is ono and only one pair of pencils of parallel lines orthoyonal to one 
another which is transformed by a given affinity, which is not similarity, into 
another pair of pencils of parallel lines ovthogona! lo one another. 
Further if we suppose that all right angles are transformed into right 
angles, then (7.5) must be satisfied identically. Bo 
TRR bb. =0 
+b? —a*, —b* =0 
From the first of these relations, 
h fa, = —aif/h, =p (avy) 5 or b. =M = — pb, 
Substituting in the second, 
(yp —1)(a*, +5°,)=0; therefore p= +1; hence b= Fa., b,= +n, 
The affinity now becomes 
n= 6, + ay + a, 
y'= F (ax a y) + Os 
the upper and the lower signs corresponding to p= +} “tad p=-l 
respectively. These are transformations of similarity or produets of them 
and orthogonal line reflections, and so all angles are preserved. The above 
transformations may be factorised into a rigid motion 
—— 
if (a7, +a”) | 
oe 
iv (a? +a*,) | 


and a dilation or a dilation with an orthogonal reflexion 


(a,x tayta) 


(~a; +a, y tb) 


g" = | v (a, +a?) | x 


y'= +—¥ (0, +a) | y 
Thus, if an affinity preserves angles, it can be decomposed into a rigid 
‘motion and a dilation with possibly an orthogonal reflexion. 
_ 2@. Affine classification and properties of nondegenerate conics. Lot 
n nondegenerate conic 


ax + hey + ey? + Ide + 20y +f=O0 
be transformed by the affinity ~ 
< w= pt pry’ + Pa F 
eke * lr, Gl +O 
Y= + G+, . 


aet bzy + ey d'z + 2e'y' + f'=0 











AFFINITY 7 

Thon a =a, + 2opyq, cq", 

map Pa +p Ia + UPd + Tile 

6 =p”, DPA: + eds 
a” of" Pp, P ji b | 
oo c T, Ws ilb e 
So, a hyperbola, a parabola or an ellipse is transformed into a hyperbola, 
a parabola or an ellipse respectively. Moreover, a parabola 





Ky calculation 








x? +2my—O 
ean, by the affine transformation z’=2, y’=my, be transformed into a 
parabola 

2? + 2y'=0 

Axr? + By’? =1 
can, by the affine transformation 


z= VAZ, y'= y B |», 


And a contral conio 


be transformed into 
rtty l, 2*—y"@*=1 or 22 +y"*=—-!] 


according as A, B are both positive, A positive and B negative or A, B 
both negative. 

Thus, the equations of the normal forms of a parabola, an ellipse, a 
hyperbola and a second degree curve without resl trace are respectively 


(dropping the dashes) 
et42y=0, +y El, r- y4 =I), +y=-—l1 (7.6) 


Hence, it follows from what was stated at the end of § 23 that all parabolas 
are affine, all ellipses are alfine and all hyperbolas are affine. Acoordingly 
there are four nondegenerate conics in affine geometry : the parabola, 
the ellipse, the hyperbola and the conio without real trace. A circle is 
regarded as a particular form of an ellipse. Circles, however, are not only 
affine, but they are similar, since any two circles are equivalent with 
respect to similarity transformations. Also, all parabolas are similar. 

Let two points A, B of a circle be joined by lines to other points 
P,, Py, P, «.....0f the circle, Wo then obtain two pencils of lines with 
their centres at A and B in which there is afone-to-one correspondence 
between the rays of the pencils such that two corresponding rays 
nteraect on the circle. If the pencils are denoted by (A) and (B), 






Ato angle Between any two rays AP, AP, of (A) is equal to tho angle 
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between the corresponding raya BP,, BP, of (B). Therefore the cross. 
ratio of any four rays of (A) is equal to the cross-ratio of tho corresponding 
four raya of (B). Now, let the circle be transformed by an aflinity into 
an ellipso. Then the pencils (A’), CB’) into which (A), (B) aro transformed 
by tho samo affinity have also the property that the cross-ratio of any four 
rays of (4°) 1s equal to the orosa-ratio of the four corresponding rays of 
(B’), two rays being corresponding when they intersect on the ellipse. 
But it does not, however, follow that the angle between two rays of (A‘) 
is equal to the angle between the corresponding raya of (B’). 
This property of equi-cross-ratio ia not characteristic of an ollipse 
alone. As an example, consider the four lines. 
L= r+y+1=0, L=r-y+1=0, 
L=-—a2-y+l=, L=z-y—-1=0 
and the two poncile of lines 
yl, +AG=0, yl, + Al, =0, 

whose contres are the pointe of intersections of 1, =0, L=0 and 1,=0, 1, <0. 
We put the rays of the two pencils in a one-to-ono oorfespondonce by 
giving the same pair of values to y, A in the two pencils. By this corres- 
pondence, tho cross-ratio of any four rays of ono penoil is made oqual to 
the cross-ratio of the four corresponding raya of the other. Now tho locus 
of the points of intersection of the corresponding rays of the two pencils is 


obtained by eliminating y, A between the equations of the two pencils. | 


Thus the locus is 
z+y+1l «£-y+l 
=) 
—z-—-y+l x«-y-l 
Or, F = * y” — 1 =0, 
which is a hyperbola. It is easily sven that the centres of the pencils also 
lie on the hyperbola. 


24.1 Conjugate diameters. By a diameter of a central conic we shall 
mean either any line passing through the centre of the conic or the segment 
of this line intercopted by the conic. In the latter case, the length of the 
segment is called the length of the diameter. By a dinmeter of a parabola 
wo shall mean any line parallel to the axis of the parabola. 


Consider two orthogonal radii OA, OB of the circle Pyl 


and let the coordinates of OA,OB be (x, y) (—¥ 2). Let the circle 
be transformed into the ellipse 

xja’ + yo 
by the transformation x’=axr, y'=by 
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Then the vectors (x,, y,), (—v,,*,) are transformed into (ax, by,), 


(—ay,, bx,); or, putting axr,=£, by, =y, OA, OB aro transformed into the 
veotors 


(En (Fa Se) 


respectively. Therefore, the orthogonal lines OA, OB are transformed 
into the lines 


n= — fy =0, 2 gx" + ad =0 y 


That is to say, if the circle 2*+y*=1 bo transformed into the ellipso 

rja + y'=, * 
then two arbitrary orthogonal diameters of the circle are transformed into 
the two diameters 


ne—ty=0, 7 ger Fay=0 (7.7) 
of the ellipse, where ¢, + sre arbitrary. Two orthogonal diameters of a 
circle are called conjugate diameters of the circle and it is evident that cach 
of two conjugate diametera of a circlo contains the middle points of a 
system of chords parallel to the other. We can see that this property also 
holds among tho diameters (7.7) of the ollipse, because parallel lines are 
transformed into parallel lines and middle points of segments into middle 
points of regmenta b¥ an affinity. We shall, however, prove this important 
result directly as follows : 

Let P,=(x,, y,) be any point of the ellipse, The coordinates of any 
point P, of the line passing through P, and parallel to the vector (£, v). 
ie parallel to the first of the lines (7.7) are (z, +p. yatpr)} The coor- 


‘dinates of the middlo point P of the segment PLP, are given by 

wae gE yaw t Gn 
If the point P, lies on the ellipse, we must have 

Tat pe y (¥ Een )= 
( a itd Soy 
One value of p ia zero, since P, is on the ollipse. Therefore 
t> | 
3 > r 

Ea a SE +H )=9 


— aay) OE ar) 
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Substituting the value of p/2 in the coordinates of P, we have 
z= +0"q?) 
= —WE( rr, — ENa) / (DE + a"n") 
Therefore the locus of P, obtained by eliminating x,, y., is 


i fe+a*ny=O, or > gx + s n=O 


Henco, the second of the two diameters of (7.7) contains the middle 
points of chords parallel to the first. Tt ean be seen similarly that this 
property remains truc if we interchange the dinmeters. ‘Two diameters 
of an cllipse, each of which contains the middle points of the system of 
chords parallel to the other, are called conjugate diameters of the ellipse. 
Thus, two conjugate diameters of a circle are transformed into two 
conjugate diameters of the ellipse into which the circle is transformed by 
an affinity. 

The first of the conjugate diameters (7.7) meets the ellipse in the 


points 





( 2R, : Pat a ) where C=a"y?+6°£ 
It may easily be verified that the tangents to the ellipse at these points 
are parallel to the second of the conjugate diameters. Thus, the tangent 
at any extremity of one of two conjugate diameters of an ellipse ia parallel 
to the other. 

As an application, suppose, as before, that the given circle is träns- 
formed into the ellipse by the given affinity. Any aqnare inscribed in the 
circle is transformed into a parallelogram inscribed in the ellipse. As the 
diagonals of the square are conjugate diametors of the circle, so the diagonals 
of the parallelogram are also conjugate diameters of the ellipse. Also. 
the area of the parallelogram is ab times the area of the square by virtue 
of the given transformation. Since all squares inscribed in the given 
circle have the same area and ah is constant, therefore all parallclograms 
inscribed in « given ellipse whose diagonals aro conjugate dinmeters have 


the same area, 


The slopes ($4) A, A’ of the two conjugate diameters given by ua are 
nje and — b/a 
Therefore, for any pair of conjugate diameters of the ollipso x*/a* +y" — 
we have 
AA = = bP ja? > (7.7') 
“= 


? i Y 
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The oxes of an ellipse are the only pair of conjugate diameters which are 
orthogonal, unless the ellipse is a circle. For, if there exists n pair of 
orthogonal conjugate diameters, other than the axes, we must have 
AA‘ = —1; therefore 6°=a*. Further, if there existe a pair of conjugate 
diameters of the ellipse which are equally inclined to the axes, we muat have 
A=-~—X. Bo, 


t=O" /a*, or A= bja 
The equations of this pair of conjugate diameters are 
bæ -ay =0, bx+ay=0 


Therefore, they are the diagonals of the rectangle circumscribed about 
the ellipse. 

In the case of a hyporbola x*/a’ —y7/6" =1, take a diameter yx —Ẹy =0. 
Then, as in the case of an cllipse, it may be seen that cach of the two 
diameters 


b., Ł 
yz- y=0, Er- ny =0 (7.8) 


of the hyperbola contains the middle points of the system of chords parallel 
to the other. Two diameters of a hyperbola possessing this property are 
called conjugate diameters of the hyp-rbola. Asin the case of an ellipse, 
the tangent at any extremity of one af te» conjugate diameters of a hyperbola 
is parallel to the other. 

The slopes A, A‘ of the two conjugate diameters (7.8), other than the 
axes, are 


nE and &°£/a*r, 

Therefore, for any pair of conjugate diameters of the hyperbola, 

AA =b*/a” (7.8") 
It follows that two conjugate diameters are equally inclined to each 
asymptote and are separated by it. If thero exists a pair of conjugate 
‘diameters each of which has the same inclination to one axis as the other 
has to the other axis, we must have a=b, so that the hyperbola is 
‘rectangular. The asymp‘otes are then r+y=0, #-y=0 and a pair of 
conjugate — 





_ “fen 9, Ex—qy=0 
Thus, the asymplot-s bisect the angles behoren any pair of conjugate diameters 


_ of a rectangular hyperbola, 





1i—21(0B 
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If two conjugate diameters of a hyperbola coincide, it follows from 


(7.8) that 
n Ẹ | 
6, a |=, 
a > f n 
or Efn =a therefore £/7,— 4+a/b. 


That is tosay, a dinmeter which is its own conjugate is either de -ay =0, or 
bx ay =0. But these are the asymptotes of the hyperbola. Thus, each 
of the two asymplotes is a self.conjuyate diameter of a hyperbola, Strictly 
speaking, however, an asymptote has no conjugate, because there is no 
chord parallel to it. 

In the case of a parabola, y*=2pr, take a vector (£, v) not parallel 
to the axis of the parabola. Then, as in the case ofan ellipse or a hyper- 
bola, it may be secn that the middle points of a system of chords parallel 
to the vector (£, y) lie on the line 


9 


But p and are constants for the given system of parallel chords of the 
given parabola. Therefore, the middle points of a system of parallel chords 
of a parabola lie on a line parallel to the axis of the parabola, that is, on a 
diameter of the parabola. As in the case of an ellipse and a hyperbola, the 
tangent at the ertremity of a diameter of a parabola is parallel to the system 
of chorda bisected by the diameter. 

Consider four diameters of an ellipse (or of a hyperbola) 

1* Ey =0, jax = y = 0, 

(rn: +AnaE— (yE tAE dy =0, (y'ni + AME (yÉ + AED =O 

The diameters which are conjugate respectively to those lines are, by (7.7), 


A a b 
P Et t-g y=0, = 6 + F129 =0, 


(vé: + Ags) ox + (ym + An.) Fy =0, (yEu+ MEd tiyn + A'n) Y= 


Denoting the firat four lines by g; and tho last four linea by g'a i=1, 2, 3,4, 
we have the croas-ratio 

(J, Dar a 0a) = (g'i O's» o's g'a) = Y'A JA Y i 
Thus, the crosa-ratio of any four dianie of a central conic is equal tọ the 
cross-ralio of the four conjugate diametera, 


- 


= 
a roe di! Da 


* 
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24.2. Transformation of conjugate diameters by simple strain. 

(1) <ilipse, Consider a flat rectangular bar ABCD of any 
clastic uniform material on ono face of which lines and o circle are 
drawn, as in the figure. We 
imagine that the bar is sub- 
jected to pressures on the two 
ends AB, DC orthogonally 
while their lengths are kept ` 
unchanged, and that there is 
no bulging of the faces duc to D ++ £ t + -C 
pressure, All segmonts ZF parallel to AD will then remain fixed in position 
but their lengths will be shortened to E’F' in the samo ratio r=  E'FIEF |, 
say. <All segments GH parallel to AB will be carried into parallel segments, 
with the exception of ona segment PO which will remain fixed, and their 
lengths will remain constant. 

Let the line PQ be taken as the“axis of x. A line p drawn on tho 
face with a slope tan » will be carried into a line p” witha slope r tan ġ. 
The transformation of the kind considered hero is a simple strain or 
compression ($ 23.1). For the sake of simplicity, let the equation of the 
circle bo «27+ y*?=a* and let d be a diameter of the circlo with slope tan ¢, 





Then the conjugate diameter d has the 
slope tan(</24+9) or —cot¢. Since a 
point R=(#, y) of the circle is carried 
into the point R'= (x, ry), the equation 
of the circle is transformed into 
aja? + y b=, where b=re 

Thus, the circle is transformed into an 
ellipse ; and d’, d’ into which d, d are 
carried have slopes r tan 6, —r cot» 
respectively. Therefore, the product of 





the slopes of d’, d’ is equal to 
* == —b*/a 


: Hence, by (7.7’), a’, T are conjugate diameters of the ellipse, as is to 

A * F . 

The. circle described on the major axis of an ellipse as a diameter ts 

od th iar: T s R, R' of the cirok 
called the awviliary circle of the ellipse. The two points +, | 

and the ellipse which are respectively the extremities of d and d', having 

the same z coordinate, are called corresponding points, and the angle a is 


i 
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called the eccentric angle for the point R' of tho cllipse. The coordinates 
of R' are therefore 


(a cos e, 4 sin 4) 


in terms of the parameter 6. Thus the parametric equations of an ellipse 
are the same as given by (4.15). The coordinates of the extremitics R' 
and S’ of two conjugate diameters of the ellipse are 


(a cos ¢, sing) and (—a sin ¢, 6 cos @) 


Therefore, the sum of the squares of half the lengths of any two conjugate 
diameters is equal to 


lO &’ » + LO S' P=H=a'+h 


and is therefore equal to the sum of the squares of half the longhs of 
the axes. 


(2) Hyperbola. Consider a square lamina ABCD of any uniform 
elastic material. On the lamina draw the 
diagonals c, c, two lines d, d through the 
centre O equally inclined to the diagonals, the 
line PQ through the centre O parallel to AB 
and the portion of the rectangular hyperbola 
of which the lines c, c are the asymptotes. 
Weimagine that the lamina is subjected to 
tensions at the two ends AB, DC while the 
lengths of segments parallel to AB are kept constant, the line PQ is 
kept fixed in position and that there is no bulging. The lamina will then 
be elongated into a rectangle ; lines parallel to AB, other than PQ, will 
move parallel to themselves; lines parallel to AD will remain fixed in 
position but their lengths will be increased to A’D’ in the same ratio 
r=|A'D'| AD|, say. The diagonal c,c will be carried into the diagonals 
ec’, c’ of the rectangle. Let the line PQ be taken as the axis of x. Then 
any line p on the lamina with a slope A will be carried into a line p’ with 
a slope rà. The transformation of the kind considered here is a simple 
elongation (§ 23.1). 

The rectangular hyperbola with its asymptotes c, c and its conjugate 
diameters d, d will be carried into a hyperbola with its asymptotes c’, 2’ 
and ita conjugate diameters d’, d’. For the sake of simplicity, let the 
equation of the rectangular hyperbola be x*-y?=a’. Since a point 
R=(x, y) of the rectangular hyperbola is carried into a point R'=(z, ry), 
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the equation of the rectangular hyperbola is transformed into 
rja -yb =1, where b= ra. 

If the slope of d is tang, then 

that of d is tan (z/2—¢) or cot; 

therefore, the slopes of d’, d' are 

rtan¢ andr cot and their product 

is equal to 


r? = b* ja” 





Hence, by (7.8'), d',d' are conju- 


gate diameters of the transformed hyperbola, as is to be expected. 
Similarly, the asymptotes are transformed into asymptotes. 


As in the figure, the circle described on the axis EF of a hyperbola 
as a diameter is the auxiliary circle of the hyperbola. If R is a point of 
the hyperbola, N the foo! of the perpendicular from R to EF and NT 
the tangent to the auxiliary circle touching it at T, then the angle ¢ 
between the positive x-axis and OT is called the eccentric angle for the 
point R. The coordinates of R’, the point corresponding to R, are then 

(asec 9, 6 tan) 


in terms of the parameter», as given in (4.16). The two hyperbolas have 


the same auxiliary circle and we have the same eccentric angle for the 
corresponding points Rand R”. 





CHAPTER VII 
INVOLUTION 


25. Projective pencils of lines. Let the equations of two concurrent 
lines g, and g, be /(z,¥)=0 and L(x, y)=0 respectively. It has been 
shown in § 7 that these two lines determine a pencil, and that if ag 
be any two lines of the pencil, their equations can be written as yt, +A =0, 
y't,+A‘L=0 and that the cross-ratio of the four has the following valuo ; 

(gga 99") = Ayfa 
We give below the formula for the cross-ratio of any four lines of the 
pencil. Let the equation of a line g, be mli tnh=0; similarly for 
three other lines gm, Jo gy Suppose we represent the equatios of g, Sin 
by new symbols f,=0, {,=0 respectively, ùe., 
Hit, tuli f, Hali + Vmi =f: 
If we solve these equations for /, and /, in terms of f, and f., then 


pl =V nS: —vaSss Pha = nS — hmi» where P= PEV m= Vima 
Substituting these values of l, and l, in the equations of ga) g; and 
remembering that the equations involved are linear which, when equated 
to zero, represent lines, the equations of gi, Qm: Ji g; can now be written 
respectively as 
f, =9, f,=9, 

(gg — Vm) — (eva — vin) J, =9, (4 5¥0 — Yt Sa — (agen — ya df. = 0 

Hence applying the above result, we have 
— (nia — viik) (PV — Vt) 
(Mees 991) = T PR (8.1) 

Let there be another pencil of lines and let the lines of this pencil 
be denoted by gs. If we choose any three lines fa gj, ga of the first 
pencil to correspond respectively to any three lines g's g’y g'a of tho 
second, then we can set up a correspondence between the lines of tho two 
pencils in such a manner that g,, and g‘,, are corresponding lines if and 
only if 

(D, Dis DI) (9's Oy O's" m) x 

This correspondence is called na projectivity and the two pencils are said 
to be projective. In a projectivity, to any line of one pencil there corres- 
ponds a definite line of the other pencil, and the cross-ratio of any four 
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lines of one poncil ie equal to the cross-ratio of the corresponding four 
lincs of the other pencil, thia cross-ratio being determined by (8.1). 3 

In two projective pencils, let the three different lines g,,9.,g, with 
equations l =0, 1,=0, l,+1,=0 of one pencil correspond respectively to 
the throo lines g‘,, 9's g'a with equations ’,=0, ',=0, f,+,=0 of the 
other pencil. As l and l, may take arbitrary factors, we can always so 
arrange that the lines g,,g,,g, are represented in this manner. Then 
the lines g anil g’ of the two pencils whose equations are al, +vl,=0, 
ul’ + vl',=0 are corresponding lines, because 


(992 9.9) = TOA (9° 59's g’ a") 


If any two corresponding lines have a point in common, that point must 
satisfy the equation 


F L 
=0 
l, l 
Since the l's and Ls are lincar functions, this equation is generally of the _ 
second degree in x,y and so represente a conic. We shall however take 
up this question of projective generation of conics in a subsequent 
chapter. 

Two pencils of lines which have the same centre are called concentric 
pencils, If two nonconcentric projective pencils are such that their 
corresponding lines intersect on a line, then the poncile are said to be 
perspective. As has been shown in § 7.1, porapectivity is a special case 
of projectivity, because cross-ratio is unaltered by projection. Two 
nonconcentric projective pencils are perspective if and only if the line 
joining their contres corresponds to itself. 

Consider two concentric pencils. Each line through the common 
centre can now be regarded as belonging to cithor pencil. Let there be 
w projectivity between the pencils in which the lines 9,, 72, 9s, g’ considered 
as belonging to one pencil correspond respectively to the lines ge, ga, Ji 9 
considered as belonging to the other. So, 


(Ias 99) = (99m FG) 
Or, with the same equations as given before, we have by (8.1) 





pw” (pvr vera) (Vo = Vp) 


v (pen Vitim) (eee — vad) 
| x Suppose that the projectivity has been established by the three pairs 
of ines (Gy Ge)» Oar Gms (as qì; that is, suppose that the constants in 
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the equations of g,,g,.,g; are known. The above equation can then be 
written as 


pp’ =A,n + ayy 
(8.2) 


py’ =b p + b.y, 

where p is an arbitrary constant, other than zero, and the a's, the b's are 
known constants. The equations (8.2) constitute a linear transformation, 
g—> g', between the lines of the two pencils. As this is a one-to-one corres- 
pondence, we must have 

a,b,—b,a, #0 
So, the inverse, g' —> f, is given by 

op -bp +a,’ 

v= bas" - av 
Eliminating p between the equations (8.2), * 

bup’ +b." -apv =a, yy =0 (8.3) 

Equations of the form (8.2) or (8.3), where the a's and the b’s are constants, 
are known as the bilinear or homographic transformations. 

26. Involution of lines. In a projectivity between two concentric 
pencils, a line g considered as belonging to one pencil c rresponds to 
a line g’ belonging to the other. But we can also consider g and g' as 
belonging to the second and the first pencils respectively. When this 
is so, it follows from (8.2) and its inverse that, in general, g and g’ are 
not corresponding lines in the projectivity. In the special «ase when 
g and g' correspond to one another doubly, t.¢., g <——> g', the projectivity 
is known as an involution. | 

Suppose that the projectivity considered above is an involution. 
Then, interchanging p, «’ and v, v’, we have, from (8.3), the two equations 

bnp’ + bo.vp'--a,prv' =a, vv =0 
bop + Oop — a py — ay v= 


Subtracting, (b, 4 avg —vp) =O 
As vp’ —v’p Æ 0, because the lines g, q are distinct, 
b+a,=0 


This condition is independent of (p, v) and (p°, v). Therefore, if to any line 
gn, considered as a line of the first pencil corresponds a line g,, of the second, 
then to g,, considered as belonging to the firat pencil corresponds g, considered 
as belonging to the second ; f.¢., 9, <-—* ge Therefore, also J, +——> Ow 
ga — 94 fa <_—> fi. Accordingly, in an involution nnes of a pencil are 
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paired off in a definite way. Two corresponding lines of an involution are 
also called conjugate lines. 


Sinco the condition b,+4,=0 holds, the equation of an involution can 
be written, by (3.3), as 


Cpe tear +n’) +e,’ = 0, where ce, -03 $ 0 (8.4) 
From (8.4) it follows that two such equations are necessary to determine 
the ratio ¢,:¢,:¢,. That is to say, an involution is determined by two 
pairs of corresponding lines, This can also be seen as follows - 

Suppose (Ja, Y'a) and (Ja, 9'p) are to be two pairs of corresponding lines 
of an involution. Since a projectivity ean be established by three pairs of 
corresponding lines, we determine the projectivity in which the three lines 
Jar Fis J'a correspond to the three lines g’,, 9 respectively. This 
projectivity is the required involution, because ga <——,"',. 

Let us now enquire whether there is any line which corresponds to 
itself in the involution. If the two corresponding lines g, g’ coincide, we 
can write 

p=ph", v=py 
So, from (8.4), 0," LTE (8.5) 
The diseriminant of this equation is —4(¢,c,—c2). There are two possi- 
bilities : 

(1) If cc, -c3< 0, the discriminant is positive ; and so there are two 
self-corresponding lines which are called the doubl lines of the involution 
and the involution is called a hyperbolic involution. 

(2) If 0,c,—c3> 0, the discriminant is negative ; and so there is no 
(real) double line and the involution is called an elliptic involution. 

In an involution let (gis 7.) and (g, 97) be two pairs of corresponding 
lines whose equations are, as before, 

i=, 4 =0 and pl, +l, =0, pi, +vl,=0 
Since (8.4) must be satisfied by the constants (1,0), (0,1) in the ees 
of d,s Ga we must have c,=0. Thus the normal form of the equation of an 


involution is F 
epn taw =O, Get Ay 


and the involution ir hyperbolic or elliptic according as ¢,¢, = W. 


From (8.6) we have 


paf — ejem = ele] i 
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therefore the involution is hyperbolic or elliptic according as py’/w' SO; 
but ym’/vv' has the same sign as (pu fvw" )(v* u") = va luv =(9, ga 9 9’). So, 
the involution is hyperbolic or elliptic according as the cross-ratio 
(9, Jz» 9 9’) = 0, where (g9,, g.) and (g, 9’) are any two pairs of corresponding 
lines. Thus it follows thatinan elliptic involution an y pair of corresponding 
lines are separated by any other pair of corresponding lines, but in a 
hyperbolic involution pairs of corresponding lines are not so separated. 

In a hyperbolic involution, let the double lines be chosen as the 
fundamental lines g,, g, with equations /,=90, 1,=0 and let the lines g, g’ 
with equatinos 

pl, +vl,=0, p'l,+v'l=o 

be a pair of corresponding lines. Since the constants in the equation of 
each of the double lines must statisfy (8.5), we have c,=c,=0. Therefore, 
the normal form of the equation of a hyperbolic involution is, by (8.4), 

pe’ + ev =O, (8.7) 
or vp [pv'=—1; 80 (9, 9,, 99')= —-1 
Thus, the double lines of a hyperbolic involution are harmonically separated 
by every pair of corresponding lines. If, in particular, the double lines are 
orthogonal to one another, then any two corresponding lines are equally 
inclined to the double lines. 

Now, suppose that two involutions have a pair of corresponding lines 
in common. If the equation of one of these involutions be in the general 
form (8.4), the equation of the other can be thrown into the normal form 
(8.6). Let the equations of the involutions be 


a, pu’ +a,(pv' + va") +a,ve'=0 


and bpp’ + baw’ =O 
Put p/v=¢. Then, from the second equation, 
pi fv = —b,/b,€ 


Substituting this value of u'jv' in the first equation, 


ag raf — pee? + 1 } +a( -5 ¢)=9, 


b b aa 
or : -paf +(a, 5h e+e, =0 
The discriminant of this quadratic equation is 


(« )* pha, ; 
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this is positive if 4/6. >0; and b,/b,>0 implies that the second 
involution is elliptic, Thus, fwo concentric involutions of lines, of which 
at least one ia elliptic, have a common parr of corresponding lines, 

Every hyperbolic involution contains just one pair of corresponding 
lines which are orthogonal, namely, the bisectors of the angles between 
the double lines. Ifat least two pairs of corresponding lines of an involu- 
tion are orthogonal, then any other pair of corresponding lines are alow 
orthogonal. For, let the equations of two pairs of corresponding lines be 

{ 


a ha 0,4 = 0 and altel =0, ph tvh =0 
Then the equation of the involution is given by (8.6), namely, 


Caji + vv =) 


But then if the two lines J, = 0, l = 0 as well as the two lines 
pl eel =O, pl, + vl, =0 are orthogonal, we must have ¢,=c,. 
Therefore the equation of the involution becomes 
pp’ +o =0 
which shows that any two corresponding lines are orthogonal. 
This kind of involution is called an orthogonal involution or a circular 
involution, and evidently it is elliptic. 


If two pencils with different centres are projective or, in particular, 
perspective, an involution in one pencil gives rise to a correspcnding involu- 
tion in the other. Every involution perspective to a hyperbolic (elliptin) 
involution is hyperbolic (elliptic). 

Every elliptic involution can be put in perspective to an orthogonal 
involution. For, let two pairs of 
corresponding lincs of a given 
elliptic involution cut a trans- 
versal in the pointe (A, A’), 
(B, B’). Describe two circles on 
AA’ and BA’ as diameters, If 
P be one of the points of intersoc- 
tion of the two circles, the lines 
(PA, PA’) and (PB, Ps) are 
two pairs of corresponding lines 
of an orthogonal involution perspective to the given elliptic involution. 
Every hyperbolic involution is perxpective to a symmetry. 

27. Projective rows. Involution of points. As in the last article, we 
can determine the cross-ratio of any four points of a row of points and can 
establish a projectivity between two rows by choosing any three points Gu, Gy, 
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G, of one row to correspond to any three points G'a, O's, CG. of the other. 
Two pointsa (7, G’ of the two rows correspond to one another in this 
projectivity if 

(Ga Gy, Oe G)=(G", Oy Oe G’) 
Thore is however one exceptions! case as has been noticed in & 7.1. In a 
given projectivity, there are, in general, two particular points, one of cach 
row, for which the corresponding points do not exist. 

Two rows which have the same base are called cobcsal rows. If two 
projective rows with different bases are such that the lines joining the 
corresponding points are concurrent, the rows are said to be perspective, 
Perspective rows are special projective rows. Two projective rows whose 
bases intersect are perspective if and only if the point of intersection of the 
bases corresponds to itself, 

If the projectivity between two coubasal rows are such that a point A, 
other than one of the particular points in the exceptional case mentioned 
above, hos the same corresponding point A’, whether A is regarded as 
belonging to the one or the other row, i.e., if two corresponding points 
correspond to one another doubly, A <——» A’, then the points of every 
pair correspond doubly and the projectivity is called an involution of 
points on a line. In an involution of points, the points are paired off 
in a definite way. There is, however, the exception that in an involu- 
tion there is a particular point whose corresponding point does 
not exist. This particular point is called the centre of the involution, 
Consider an involution of lines in which (a, a’), (b, b’),....+..are pairs of 
corresponding lines and let a transversal p meet a, a’, b, b',......in A, A’, 
Rae i ee wole ae Then-(A, A’), (2, B’),...... are pairs of corresponding points 
of an involution of points. There is, in the involution of lines, a line g' 
parallel to p ; if the line g of the pencil corresponding to g’ meets p in G, 
then G is the centre of the involution of points. 

An involution of points is determined by two pairs of corresponding 
points. Also, as in the last article, an involution of points is of two kinds : 
hyperbolic and elliptic. Hyperbolic involutions have two double points 
which separate every pair of corresponding points harmonically. Elliptic 
involutions have no (real) double pointa and any pair of corresponding 


_ points are separated by any other. 


Tet A, A’, B; BLO, OC" be six fixed pointa of a line and X, X* two 
other points of the same line. Let the coordinates of these pointa from 
a chosen origin on the line ( | 1), be a, a’, D, D, 6, o", w, x respectively. If 
(X, X") be a pair of corresponding points of the projectivity determined — 
by the three pairs (A, A’), (B, B), (C, — 
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(AB, CX) = (AR, CX") 
or START a el ae 
(b—c) (a—2z) (i — e) (aa) 
As the quantities a, a, b. D, ef are constants, the above equation can 
be written as 
Pre tgene +a = UY, (8.5) 
where P; qg, r, à nro constants, This iss projective or homographic trans- 


formation of points on a Jine provided that the left-hand side is not 
resoluble into factors, the condition for which is ps — gr a 0. 


If the projectivity is an involution, then, as in the last article, g=r. 
So, the equation of an involution of points is 
pre +q(z7+x')+4 = 0 (8.9) 


The double points of a hyperbolic involution are given by the roots of 
the equation 


p +2gn+4 = 0, (8.9°) 
provided that the roota are real. Equation (8.9) can be written as 
Pa 
696 — 2*0 
P P P P 


If the coordinate of one of tho points X, X’ is —g/p, the other point 
cannot be determined. ‘Therefore if O be the point whose coordinate is 
—g/p, then O is the centre of the involution. Changing the origin to O, 
the equation takes the form 


— (8.10) 
where kis a constant. Thus, the centre O of an involution has the property 
OA. OA’ =OB. 0B =00. OC’ =....--- i (8.11) 


f y ' ©, are pairs of corresponding points of the 
Nene ag f — Behl in nae eae namely that if (8.11) holds then 
A, A’), (BB), sas o's are pairs of corresponding points of an involution. 
This may be proved by retracing the steps. | 

Uf k is a positive constant, there are two double points given by 
=k, or ret Vf, 
and the involution is hyperbolic. Lot E, Fhe the double points. e 
E, F soparate any two corresponding poiwts ae the centre 
the involution is the middle point of the segment EF an 
ts b= |OEP=\OF- 
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Ifẹ is a negative constant, thora is no (real) double point and the involution 
is elliptic. The centre of the involution lies between any two corresponding 
points. 

Applications. (1) To find by construction an involution when two 
pairs of corresponding points ore given. 


Let (A, A’), (B, B) be two pairs of given points on « line g and P 
a point outside g. Draw two circles through A, A’, P and B, B’, P and 


* 






—— 
Bay 


C 





let the circles intersect in a second point Q. Let the line PQ meet g 
in O. Ifan arbitrary circle of the pencil of circles drawn through the 
points P, Q mect g in C, O’, then 


OP. OQ = OA.OA’ = OB. OB = OC. 00" 


Hence, by (8.11), (A, A’), (B. B), (C, O°) are pairs of corresponding points 
of an involution of which O is the centre. If O lies outside the segment PQ, 
then there are two circles in the pencil which touch g in the points Æ, F. 
The involution is then hyperbolic and Æ, F are tho double points. 
Otherwise the involution is elliptic. 


(2) Since the power of a point on the radical axis is the samo for 
all circles of a coaxal system, any transversal is cut by a system of coaxal 
circles in paira of points of an involution. 

27.1. Involution of conjugate points and lines with respect to a 
nondegenerate conic. The polars of collinear points with respect to s 
conic are evidently concurrent lines and, conversely, the poles of concurrent 
lines are collincar points. Moreover, the cross-ratio of four collinear 
points is equal to the corresponding cross-ratio of their polare with respect 
to a conic. For let 
f A, nas (£; Y)» A, = (z,, Wa)» A= (yt, +Az,, Ti +A), TrA m 1, 
be any three collincar points. If the equations of the polars of A, and A, 
with respect to a conic b> F(x, y) = O and L(+, y) = 0, then tho equation 
of the polar of A with respect to the conic in scen tn be yl,+Al, = 0, 


2a — 





i. 
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whero tho l's are linear functions. This shows that tho polam are con- 
current. Moreover, if 


A" = (yZ tA En yY, +A'y,), y +V=1, 
is any other collinear point, the equation of tho polar A’ ia yl, +A‘l, =0. 
Therefore if a,,a,,¢,a' are the polars of A,, A, A, A’ with respect 
to the conic, then the croas-ratio 
(A,A,, AA’) = (aa, aa’) = Ay [Ay 
Clearly, if the collinear points lie on a line g, their polars pass through the 
pole of g. Now, let (A, A‘), (B. B’) be pairs of conjugate pointa of a 
line g with respect to a conic and let G be the pole of g. If the lines 
a, a', b, b' are the polars of A, A’, B, B’ respectively, then a, a’, b, b 
are the lines GA’, GA, GOB’, GB. We then have 
(AA’, BB')=(aa', bb’) and (aa’, bb’)=(A‘'A, BB) 
Hence (AA', BB')=(A'A, BB) 


In this projectivity, the corresponding points correspond to one another 
doubly. Since this is true for any pair of conjugate points we conclude 
that the pairs of conjugate points with respect to a conic on a line, which is 
not a tangent lo the conic, are pairs of corresponding points of an involution, 

If the line g meets the conic in two points Æ, F, every pair of 
conjugate points are harmonically separated by Æ, F. So, E, F are the 
double points and the involution is hyperbolic. If the lineg does not 
meet the conic, there are no (real) double points and the involution is 
elliptic. 


In a similar manner, since (aa’, 64°) = (aʻa, 6b), the paira of conjugate 
lines with respect to a conic, through a point not on the conic, are pairs of 
corresponding lines of an involution. If the point is outside the conic, the 
two tangents to the conic drawn from the point are the double lines of the 
involution and the involution is hyperbolic, If the point lies inside the 
conie, the involution is elliptic. 





CHAPTER IX 


GEOMETRY IN THE EXTENDED CARTESIAN PLANE 


28. Points and line at infinity. We have up till now been dealing 
with geometry in the ordinary Euclidean plane where there is the basic 
axiom of Euclidean parallelism. In §§ 7.1 and 9 we have noticed that if 
in the cross-ratio (AB, CD)=—A:u three of the four collincar points and 
the ratio À : u are arbitrarily given, then, with the exception of a special case, 
the remaining point can be determined. In 5 13 it has been noticed that 
the polar of a point with respect to a central conic exists, unless the point 
is the centre of the conic. And in § 27 it has been seen that in a given 
projectivity between two rows, the point corresponding to a given point 
can be determined, unless the given point is one of the particular points 
considered there or the centre of an involution. 

In order to avoid these exceptional cases and to make our geometry 
more consistent and useful, we extend the Euclidean plane by introducing 
new clements which are merely our assumptions. These new elements 
are points and a straight line, and they are called the points at infinity 
(or, the ideal points) and the line at infinity (or, the ideal linc), We 
extend every row of points by one point at infinity, the points at infinity 
of different rows being identical if and only if the bases of these rows are 
parallel lines. Furthermore, we assume that the line at infinity passes 
through every point at infinity and through no other point. The plane 
thus extended shall be called extended Cartesian planse, or simply, the 
extended plane. In future, the points and lines of the nonextended 
Euclidean plane shall be called ordinary points and lines. Thus ‘point’ and 
‘line’ in the extended plane may be either ordinary or at infinity. 

The pencil of lines passing through a point at infinity P consists 
therefore of a pencil of ordinary parallel lines together with the line at 
infinity. Thus there exists a one-to-one correspondence between the 
pencils II of ordinary parallel tines and the points P at infinity. The 
line joining an ordinary point P, with P is the line of the pencil IT paw ing 
through P, and obviously there exists one and only one such line. Two 
ordinary points are joined in the extended plane by n line in the same 
manner as they are joined in the nonextended plane, and two points at 
infinity are joined only by the line at infinity. Thus, the extended plane 
has the following two properties, ten oe See oe 
Euclidean plane, namely, we 





P 
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Two diatinel points are joined by one and only one line, 

Two distinct lines intersect in one anad only one point. 

For, 1) the two jines are intersecting in the Euclidean plane, they 
intersect in no other ordinary point and in no point at infinity, os 
the points of infinity of these lines are different ; if the lines are parallel, 
they intersect in one point at infinity and in no ordinary point ; and 
if one of the lines is the line at infinity, they intersect in the only point 
at infinity of the other line. 

The above pair of properties have their implications that we have to 
exnoot by making the extension we have made. Certain notions of the 
Euclidean plane cease to be applicable unreservedly in the extended 
plane. As for example, the distance between two points exists only if 
both the points are ordinary; the angle between two lines exists only 
if both the lines are ordinary. There is no possibility, for example, of 
drawing a perpendicular from an ordinary point to the line at infinity. 

As in § 7.1, consider n pencil of lines with centre S and a line g 
meeting the lines a, %,....0f the pencil in the points A, B,...... If 
the linc p of the pencil is 
parallel to 7, then p and 1) Th OPNA” P 


meet ina point at infinity P. : 
In order to understand the — 
structure of the line, suppose ra * B’ 
AS 


that a line r of the pencil (S) 
starting from any definite 
position rotates about S in T R A B g 
any sense through an angle e 
27, thus describing the whole of the pencil. What happens to the 
corresponding point R on g? It moves ong in a certain direction taking 
up different positions until it coincides with the point at infinity P 
and then it appears on the other side of the starting position and, moving 
in the same direction as before, comes back to the original position. Thus, 
na the line r describes the whole pencil, the point R describes the whole 
line g. So, a line is to be regardet as a closed figure. To assist the idea, 
let a circle be drawn through S and lot the lines a, b, p,......0f the pencil 
meot tho circle in A’, B’, P's If the tangent £ to the circle at S 
meot g in 7’, we denote the point S by the letter 7”. So, to every poin 
R of g corresponds a point R of the cirele, and conversely. Tt can now 
3 ‘be seen that as R’ describes the whole circle, the point R describes the 
= whole line. 
29. Projective penolls and rows. An ordinary point can be taken as 
"dhe centre of a pencil of lines and a pencil of parallel lines has tts centre 


fi i 
f | a n 
l l: ten — 
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in a point at infinity, the line at infinity being a line of this pencil. So, 
every pencil hasa centre. The set of all points (including the point at 
infinity) on a line shal! now form a row. So, every line (including the 
line at infinity) can now be taken as the base of a row, Hence, a row 
can bo obtained as the section of a pencil by a line and a pencil can be 
obtained as a projection of a row from an external point. The rows 
which are the sections of one and the same pencil are perspective and two 
perspective rows have a self-corresponding point, namely the point where 
their bases meet. Two pencila which are the projections of one and the 
same row are perspective and two perspective pencils have a self-corres- 
ponding line, namely the line joining their centres. Conversely, if two rows 
or two pencils have a self-corresponding element, they are perspective. A 
row and a pencil are perapective when the pencil isa projection of the row 
or the row is asection of the pencil. In this case, a point of the row and 
a line of the pencil are corresponding elements if they are conjoint, ie., if 
the point lies on the line. 

Let (A, BCi...... ) or (s) denote rows whose points are A, Bp 
——— on bases — 6128 Similarly, let ( ) or (8) 
denote pencils whose lines are a,, Da ¢;,......through centres S; The 
rows and the pencils are obtained as follows : Project the row (A,8,C,...... ) 


so as to obtain the pencil (a,5,c,....); take the section of (@,),c,......) 
so as to obtain the row (A,B,C,......); again project (A, B,C,...... ) 80 
as to obtain the pencil (a.b.c...) and so on. In this way wo obtain a 


sequence of alternate rows and pencils 


f. (#,), (S1). (82), (S3), ; 

any two consecutive forms being perspective. In this chain of projections 
and sections, to any clement of one form corresponds a definite element 
of another form. For example, to the point A, of («,) corresponds the 
line a, of (S,) and also the point A, of (#,). Since cross-ratio remains 
invariant by projection or section ($ 7.1), any two forms in the above 
chain are projective (§ 25) and the corresponding elements in them are 
determined as stated. In the above chain, the points S; and the 
lines a; need not be all different, Thatis, we may have ——— cobnasal 
rows anil projective concentric pencils. 


Given three elements of one form to correspond —— to three 
Cements of another form, we can determine the projectivity between the 
two forms by the following geometrical constructions : 


TE i) a Given threo points A, B, C on a line a to correspond respeotively 
— oa Bis O pa stow gand Y being, SUNDS: 
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Take two points U, U’ on the line joining any pair of the given 
vorrosponding points, say A, A‘; let the lines OB, UB’ meet in B” and 
UO, U'C' meet in O”; join B”, O” by a line s” to meet the line UU’ in A”. 
Then the rows (A BC....) and (A'B'C’....) are each perspective to the row 
(A"B’O”....) and are therefore projective to one another. To find the point 
1” of (o') which corresponds to a point D of (s), we join U and D to meet s” 
in D”; then D’ is the point of intersection of the lines UD” and a. If D 
is the point at infinity on s, we have to draw the parallel to s through U to 





mect s” in D” and then obtain D'as before. To the point Q= R' in which 
the lines s and s’ meet corresponds the points Q’ and R obtained by the 
same construction. 

In the perspectivity between the rows (s) and (#”), if the point P of 
(s) be such that the line UP is parallel to s”, then the point P”, which 
corresponds to P, is the point at infinity on s”. In any perspectivity 
between two rows there are, in general, two such points P, one belonging 
to each row. 

(2) Given three lines a, Ù, ¢ through a point S to correspond 
respectively to the three lines a’, 6’, c’ through a point 8’, S and §' being 
distinct : In what follows it will be convenient to denote the point of 
intersection of two lines, p and g say, by the notation pg. 

Take two lines u, w’ through the point of intersection of any pair of the 
given corresponding lines, say 4, a’; let the points bu and b’u’ lie on the 
line 6” and lot the points cu and c'u’ lie on the line 0” ; let 4”, o* meet in S” 
and ket a” be the line joining S” and aa’. Then the poneils (abc. ...) and 
(a’b'e’ eee) are each perspective to the poncil (a%b"e"....) and are 

‘therefore projective to one another, To find the line d’ of (5°) which 
corresponds to a line d of (S), we join S” and du by the line d”; then d 


4 F 


4 24 


ie 
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is the line joining S’ and wd”, The line SS’ belongs to both (8) and (5°); 
when this line is rogardod as belonging to one, the corresponding 
line in the other pencil is also 
found by the above construc- 
tion. The nbove construction 
also holds if cither S or 8’ or 
both are points at infinity. If 
S, for example, is a point at 
infinity, a, b, c, d are parallel. 

(3) Given two triads of 
pointe A, B, C, and A’, B', © 
on the same line s. 

In this case we project one 
of the triads A’, B’, C’ from an 
external point so as to obtain a 
triad of lines a’, 6’, c’ and take 
the section of these lines by a 
transversal «' so as to obtain 
another triad of points A”, B”, 

oc”. Then (A'B'O’....) and 
(A” B’C" ....) are perspective. Now (A#C....) and (A” B’C”....) on the 
bases sand s’ can be made projective by construction (1) given before, 
Therefore, we obtain a construction for the projectivity between (ABO...) 
and (A’B’O"....). 


(4) Given two triads of lines a, 4, c and a’, b', ec’ concurring in the 
same point § : 

As in (3), we construct a pencil (a”4"c".. ..) with a centre S” perspective 
to (a‘b’c’....). Then, by the construction (2), we make (abec....) and 
(a"b"c"....) projective. Thus, we obtain a construction for the projectivity 
between (abc... .) and (a’b’e’...-). 

As an application, let us show by geometrical construction that 
(AB, CD\=(BA, DC), as was scen in § 8. 


Draw a line through D and project from an external point Af the 
points A, B,C, D on this line so as to obtain the four points E, F, G, D. 
Let the lines. AF and MC meot in N. Then, projecting from F on the 


(NM, CG)=(FE, DG); and finally projecting from M, (FR, DG)= 
(BA, DC). Thus (AB, CD)=(BA, DC). Similarly, it can be “shown that 
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29.1. Complete quadrangle and complete quadrilateral. Four points 


P, Q, R, S, no three of which are collinear, generate a figure called a 
complele > quardrangle, 


The four points are 
called the wertices and 
the six lines PQ, 
PR, PS, QR, QOS, RS 
joining the vertices in 
pairs are the sides of 
the complete quad- 
rangle. Two sides which 
do not meet in a 





vertex are said to be opposite ; acc rdigaly, there are three pairs of opposite 
sides PQ, RS; PS, QR; PR, QS. Tho three points B, F, G in which the 
opposite sides intersect in pairs aro called the diagonal points and the 
triangle EFG is called the diagonal triangle of the complete quadrangle. 

Before deducing the properties of a complete quadrangle, we first 
notice that if (AB, CD)=(CB, AD), then (AC, BD)=—1, For, the 
equality of the cross-ratios gives 


CA DB AC DB AB 1 DA | 
ab Dan ap DOC ODI po Cegama- 








Now, let the lines PR, QS meet the line ZF in the points M, N. 
Projecting from R on the line QS we obtain (EM, FN)=(SG, QN); 
and projecting from P on the line EF, (SG. QN)=(FM, EN). Accordingly, 
(EM, FN)=(FM, EN). Thorefore (EF, MN)=—1; that is, the 
four points Æ, F, M, N are harmonic points. Thus, if fico opposite aides of 
a complete quadrangle meet in a point Æ, two other opposite sides meet in 
a point F and the two remaining sides meet the line EF in M, N, then E, F 
separate M, N harmonically. In the same way wo obtain four harmonic 
points on cach of tho other two sides FG, GE of the diagonal triangle. 
From this property we obtain a geometrical construction for determining the 
fourth point of four harmonic points whon three of the points are given. 
For, let E, M, F bo given. To find N such that (EF, AIN)=-—1, we 
draw through E any two lines BP and ER and throngh M we draw any 
line meeting EP and ER in P and R respectively ; join FP and FR to moct 
ER an4 EPin Sand Q respectively ; then NV is determined as the intersec- 
tion of the lines QS and BF. It is evident that in whatever way = this 


© 


construction is made, the point N remains fixed, because the cross-ratio 


P 
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Of the three given points £, M, F let M lie midway between EB, F. 
We can take any triangle PEF and take the points Q, S as the middle 
points of tho sogments PE, PF. So, the remaining point R of the 
complete quadrangle is the median point of the triangle PEF. Then, 
since the lines GS and EF are parallel, the point X is the point at infinity 
on EF. Thus, the middle point of a segment EF ie the harmonic conjugate 
of the point at infinity of the line EF with respect to E, F. In this case, 
since the cross-ratio 


(EF, MN)=—1, so NE/NF =1 


Thus, if E, F are two ordinary points and N the point at infinity of the line 
EF, then 


NE/NF =1 (9.0) 

Again, it is obvious that the lines GA and GN are harmonically separa- 
ted by the lines GE and GF. Similarly, there are four harmonic lines 
through each of the other two diagonal points Æ, F. Thus, in a complete 
quadrangle, if E, F, G are the diagonal points, the two sides of the quadrangle 
passing through any one of the diagonal points E are harmonically separated 
by the lines EF, EG. | 

Four lines p, g, r, s, no three of which are concurrent, generate a figuro 
called a — quadrilateral, The four lines are called the sides and the 
six points pg, pr, ps, gr, Q3, T8, 
which are the intersections 
of tho sides in pairs are 
called the vertices of the 
complete quadrilateral. Two 
vertices which do not lic on a 
side are said to be opposife. 
Accordingly, there are three 
pairs of opposite vertices pq, 
rs; ps, qr ; pr,qs. The three lines e, f, g which join pairs of opposite 
vertices are called the diagonals and the triangle formed by e, f, g the 
diagonal triangle of the complete quadrilateral. 

We can deduce the harmonic properties of a complete quadrilateral 
in the same way as obtained for a complete quadrangle. We only 
formulate the results : Jf two opposite vertices of a complete quadrilateral 
lie on a line e, two other opposite verticce lie on a line f and the two remaining 
vertices are joined to the point ef by the Tines m.n, then (of, mn)=—1. 
From this property we obtain a geometrical construction for delermining 
she fourth line of four harmonic lines WERE ROS, OE Oe Hines ral ates). 
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Again, tn a complete quadrilateral, if e, f, g are the diagonals, then the lwo 


vertices of the quadrilateral lying on any one of the diagonals e are harmoni- 
cally separated by the points ef, eg. 


Consider again the complete quadrangle PQRS (sec Fig). Let the 
prira of opposite sides PQ, RS; QR, PS; PR, QS be cut by a transversal 
in pairs of points (A, A’), (B, B"), (0, 0’). Projecting from R on 
the line QS, we obtain the cross-ratios (A°C, BO") = (80, QC’); and 
projecting from P on the line AA’, (SG, QO') = (BC, AC’). But 
(B'C, AC’) =(AC', B'C). Therefore (A'O, BC’) = (AC’, BC). In this 
projective correspondence of points, the points C, O" correspond to one 
another doubly. Hences, by § 27, (A, A’), (B, B’), (0, C’) are pairs of 
corresponding points of an involution. 


Thus, a transversal cuts the three pairs of opposite sides of a complete 
quadrangle in three paira of corresponding pointe of an involution, 

From this property we obtain a geometrical constraction for 
determining the point ©’ which corresponds to a point C In an 
involution defined by two pairs of corresponding points (4, A’), (B, B9 
(one construction has been given in application (1) § 27). For, 
draw any two lines through A, A’ and draw any line through C to 
meet them in P and R; let BR and B’P meet AP and A'R in Q and 
S respectively. Thon the point C’ is given as the intersection of the 
lines QS and AB. It may be of interest to see how by taking different 
positions of the transversal AB we obtain hyperbolic and elliptic involutions 
when the complete quadrangle is given. Lot AF he parallel to @S. Then 
with the same letters as before, we have from similar triangles, 


— — 


Ga GS CA GQ CB GQ CR _ ỌŠ 





— — 
rowe 


Jz Za Ob QP’ OR GQGR' OP UP 
It follows 


GA. CA’=CB. CB 
Hence C is the centre of the involution ($ 27). But since AB fs parallel to 
QS, C corresponds to the point at infinity of AB. Thus, the centre of an 
involution of points on a line corresponds to the point at infinity of the line. 


We can deduce similar involutory’ properties of a complete 
quadrilateral : The lines which join any point with the three pairs of 
opposite vertices of a complete quadrilateral form three pairs of corresponding 
tines of an involution. From this proporty we obtain a method of 
construi - geomotrically the line o which corresponde to n line ¢ in an 
n defined by two paira of corresponding lines (a, 2°), (D, 0°). 
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80. Homogeneous coordinates of a point. In order to take advantage 


of the points at infinity analytically, we introduce a new system of 
coordinates. <A pair of numbers (+, y) has already been used to represent 
the (orthogonal) Cartesian coordinates of an ordinary point P. Let 
(Sy, fz t.) be any three real numbers such that 


x 
r=, y= (9.1) 
is Xs 
or A AD Nee oe. + Sad 


We shall then say that the ordered triad of numbers (x,, za, ©) are the 
homogencous Cartesian coordinates of P. We say homogeneous, because 
it transforms any integral algebraic equation in x, y into a homogeneous 
integral algebraic equation in aw,, 2,, x, the degree of the oquation 
remaining unchanged ; for example, a linear equation in nonhomogeneous 
coordinates ax + by + c = 0 is transformed in homogeneous coordinates into 

ax, + br, + cr,=0 (9.2) 
Thus an ordinary point is represented by three coordinates (z,, £a, x,), 
provided that the last coordinate a, docs not vanish. It also follows from 
(9.1) that we require only the ratio of these coordinates ; that is to say, 
(ta Ea Ty) and (px,, px,, px,), where p is any arbitrary constant not equal 
to zero, represent the same point. We shall express this by writing 
(x,, To %,)=p(z,, za 2%). We shall also, for the sanke of brevity, denote the 
coordinates (#,, a,,2,) by (2), i=—1, 2,3. 

Now, a point lies on a lino if its coordinates satisfy the equation 
ofthe line. If p(t, £a 2,) satisfies (9.2), then, for solutions, three cases 
have to be considered : 

(l) 2, =2z,=—7,=0. This solution is common to all the linear 
homogeneous equations and has therefore no geometrical importance. 

(2) ow,¢0. These solutions furnish, by (9.1), ordinary ponits (x, y) 


‘situated on the ordinary line a,x +b,y+c=0. 


(3) p{4,—a, 0). This solution is independent of c, and is therefore 
a common solution of the pencil of lines parallel to (9.2). On the other 
hand, this pencil is determined by the ratio a:b. Hence we define 
p(b,—a, 0) as the homogencous coordinates of the point at infinity in which 
the parallel lines of the pencil ax4 by +e=0 (c arbitrary) meot, The points 
at infinity satisfy therefore the condition z,=0. Hence (9.2) denotes a 
line of the extended plane also if a = b =—0,¢ 4 0. As every point of 
the extended plane has coordinates and every p(x,, £, 2,) denotes # point, 


exoept for x, = +, = 0, so every equation (9.2) denotes a line if every — 


_ cocflicient is not zero. Given the coordinates p(a,, a,, a,) of a particulae 


re a 
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point, then either a, + 0 and the point is the ordinary point x=a, : a,, 
¥Y=d,:a, Or a=0 and the point is the point at infinity of the pencil 
of parallel lines I for which 
cos (x, /)= 4a,/ y (a, ta") 
cos (y, l) = Fa, ly (a, +a,*) 
Let (@,, G, a,), (6,, bis b,) be two distinct points. If the equation of 
the line joining the two points is (9.2), we must have 
aa, +ba,+ca,=0, ab, +bb,+ch,=—0 


Hence, the equation of the line, obtained by eliminating a, b, c between 
the three equations is 


- Ze Ly 
a, a, a, | = 
BS be o 


As adopted in § 23, let the determinant on the left-hand side be denoted 
by |z a b|. If (cC, ¢,) is a third point collinear with the two given 
points, we must have |a b c| =0. Similarly, if three distinct lines 
di% t bjx, tvm, i=l, 2, 3, 

are concurrent, wo must have |a 6 c| =0. 

30.1. Linear dependence of points and lines. In nonhomogencous 
coordinates, if (a, a’), (5, D) are two points, then the row of points on the 
line joining the two points is given by (§ 6) 


z= ya+Ab 
y+A=zl 
y = ya’ + Ab’ 
Now, from (9.1), ae ee ne BS ew 
And if a:a’:l=a,:a,:a,, 6:6':1= 6,: 6, :6,, 


then putting y/@, =y, 1/6, = A’, 

(ya +Ab) : (ya" + Ab’) : (y +A) =(y"@, +A'D,) : (y'a, +O.) : (y'a, FAO) 
Therefore, the homogeneous representation of the row joining the two 
points (a,, a,, 2,) and (4,, O., ba) is given by 

pe, = pa, + wh, 

px, = pa, + vb, (9.3) 

px, = pa, + vd, 
where is v are any two arbitrary quantities, The points of the row will 
be obtained by pairs of values given to u, v other than (x, v) = (0, 0). The 
values of p which make x, = 0 give the point at infinity of the row. 
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Thus, we may say that any point (z,) of » row can be expressed as a 
linear combination of two other points (a,), ( b; ) of the row. 

Let G,=(a;), Q,=(4), Q= (Ppi), Q =(q;) be four collinear points. 
So we can write 

P= pm + vbn Qi = play + Wbp 
Then, as in § 6, the cross-ratio 
(QQ: OQ") = vp'/v'p 

Let m, n be any two of the numbers 1, 2, 3, (mn). Then 














| Pm Pe pt, +vd,, pa, tv, An, An 
6, 5, b. i O (Oy 
Therefore p = (Pamba = bn Pa) | (Omb z- Öman) 
Similarly v = (Prin Bn Pa) | (Öman — amta) 


u = (Goma — Oma) / (a,,,6, — Oman), v= (Guran ama) j (Onn — mËn) 
Hence, as in § 7, the cross-ratio 


; ’ — (Pinta — aP n) (Imbn — 
Q Q: ee = vp (PO. — — Bin Pn) (Fen Bn — Ar — inn ai 


This also shows that the cross-ratio is independent of m, n 


A number of points (a,), (br) (¢;),-----. are said to be linearly 
dependent if there exist quantities p, g, 7,....,.., not all zero, such that 
the three equations : 

pa; + gbjt Cit»... =0, s=l1, 2, 3, (9.4) 


are satisfied. Ifthe number of points be more than three, the points are 
always linearly dependent ; for, we shall have three equations (9.4) in 
more than three unknowns P, g, 7,...-.-, and so solutions, other than 
— , 0), exist. 

Consider the row (9.3). The equations can be written as 

pa; + vb;—2,;=0, ‘=1, 2,3 
So, if (c )isa point of the row, we have 
pa, + vb; — e = 0 
This shows that three collinear points are linearly dependent. Conversely, 
if three points are linearly dependent, they are collinear. For, let (a;), (4), 
(¢,) be the three points. If they are linearly dependent, three quantities 
p,q, r, not all zero, must exist such that the three equations 
pay + qh + re; = 0 1 
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are satisfied. The condition for this is that the determinant | g bc | = 0, 
So, by the previous article, the three pointa are collinear. It can be 
easily seen that if two points are linearly dependent, they are identical. 
If three points (a; ), (5, ), (c) are noncollinear, it is possible, for every 
triplet d, to solve the equations | 
pa, + qh; + re = di 
by suitable p, q, r. But (d;) can be taken as the coordinates of a point, 
Thus, any arbitrary point of the plane can be expressed as a linear combina- 
tion of three noncollinear points. 
Consider two lines QA=a,2, +a,7,+4,27,=—0 
and B=b, x, +b, +b,7,=0 
A linear combination of the two lines is a line 
ua +v = (pa, +vb,)z, + (a, tvb), + (pe, + vb,)z,=0 
passing through the common point of «=0, 8=0. By giving all pairs 
of values to u, v, other than (y, v)=(0, 0), in 
we obtain a pencil of lines. 
A number of lines a=0, 8=0, y=9,...... are said to be linearly 
dependent if there exist quantities p, g, r,....-., not all zero, such that 
pa+rgitry+....2=0 (9.6) 
vanishes identically, ʻe., vanishes for all sets of values of x,,7,, T,- So, 
the coefficients of x,,z,,27, must separately vanish ; in other words, if 
yE CX, + 0,2, +¢,%,=0,...... , then the three equations, 
pa; +qh+re;+....=0, i=1, 2, 3, 
must be satisfied. It follows that if the number of lines be more than 
three, the lines are always linearly dependent. 
Three lines are linearly dependent if and only if they are concurrent. For, 
if the lines «=0, 8=0, y=0 are linearly dependent, the three equations 
i pa, +qh+re, = 0 
must be satisfied for values of p,q.r other than all zero. The condition 
for this fs that the determinant | a b ¢| =0. So, by the last article, the 
three lines are concurrent, The converse is also true. 
“If two lines are linearly dependent, they are identical. Also, as 
before, any line of tho plane can be expressed as a linear combination of 
three nonconourrent lines. 
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As applications in the ordinary geometry, consider a triangle ABC. 
Let the origin be taken inside the triangle and let the equations of the 
linos BC, CA, AB in Hessian normal forms be 


. S=a,2+ayta,=0, Pebr+by+b,—0, y=o.r+e,y+e,=0 
Then the perpendicular distances of a point (x, y) on the sides 
a=0, 8=0, y=0 are a, 8, y respectively. 
(1) The equations of the lines bisecting the angles of the triangle are 
B—y =Ü, y-a=0, a—@=0. Since these lines are linearly dependent 


(as the sum of these functions vanishes identically), the bisector of the 
angles of a triangle are concurrent., 


(2) Let D, E. F be the middle points of the sides BC, CA, AB 
respeotively. The equation of the line AD is of the form p8 -vy = 0, 
or 8/y=v/u. The perpendicular distances of D from the sides CA, AB 
are halves of csin O, csin B respectively, where c is the length of the 
side BC. 

Therefore sin C/ sin B=v/p 
Hence the equation of line AD is 
B sin B- y sin C=0 
Similarly the equations of BE, CF are 
ysnC-asnA=0, asin A- Basin B= 0 
respectively. Since these lines are linearly dependent, the medians of a 
triangle are concurrent. 

31. Homogeneous line coordinates. In the geometry which we have 
been studying, we have, up till now, regarded the ‘point’ as the fundamen- 
tal element. The line and the curves have been considered as the loci of 
points. So, we have begun with the coordinates of the point. On the 
other hand, there is no reason why the ‘line’ should not be considered as 
the fundamental element. The point may then be defined as the 
intersection of lines and the curves as the envelopes of lines. For this 
purpose, we have to introduce the coordinates of the line. We have seen 
that every linear homogencous equation in z,, Za x, 


U2, + Ur, +u =O, (9.7) 
in which t, ùp, t, are not all zero, represents a line and conversely. If 
ttis U, t, (or quantities proportional to them) are given, a line is fixed ; 
the solutions of (9.7), other than (0, 0, 0), will then give the coordinates of 
those points which lic on the fixed line. On tho other hand, if z,,#,,2, 
(or quantities proportional to them) are given, a point is fixed ; (9.7) may 
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then be considered as an equation in the variables t, w, u, Every 
solution of this equation, other than (0, 0, 0), may then be taken to represent 
a line which passes through the fixed point. Accordingly (u,, u,, i), 
where t, t, #, are not all zero, shall be regarded as the Aomogeneoua 
Cartesian coordinates of a line. Thus, when x,, x,, z, are the variables, the 
equation (9.7) is the equation of the line (u,, u,,u,) in point coordinates 
(Zis Ta, %,); and when u,,u,, U, are variables, then (9.7) is thé equation © 
of the point (x,,2,,x,) in line coordinates (t, Uy, U). It is evident that, 
as in the case of point coordinates, we are concerned only with the ratio 
of the line coordinates, so that (u,, t, u,) and (ptt,, pty, pw,) represent 
the same line. We express this by writing (u,, u,, u,)—p(u,, u,, u,). 
We shall also denote the coordinates (u,, u., u,) of a line by the shorter 
notation ( uy). 


From the definition of line coordinates it follows that the condition 
that a point (x,,x,,z,) and a line (u,, uy, u,) are conjoint (i.e, the point 
lies on the line or the line passes through the point) is u,x, + U,z,+uz,=0. 


Consider the equation (9.7) as the equation ofa line (u,, u,, u,) in 
point coordinates, The equation reduces to z,=0 if (u,, u,, u,)=(0, 0, 1). 
So, the line at infinity has the 
coordinates (0,0, 1). Similarly, the 
lines z,=0 and z,=0 have the 
coordinates (0, 1, 0) and (1, 0, 0) 
respectively. Again, if we regard 
(9.7) as the equation of a point 
(z,, ,,2,) in line coordinates, the 
equation reduces to wu,=0 if 
(z,, z, x,)=(0, 0, 1), reduces to 
“.=0 if (z,,z,,2,) = (0,1, 0) and (26472 (oen) gC 10,0) 
to u, = 0 if (x,,z,,7,) = (1, 0,0). Evidently, we get back the ordinary 
plane if we take away tho line (0, 0, 1) or all points (z,, 0). 


Let (u;), (v;) be two distinct lines. The point (z) common to the 
lines satisfies 


(%,¥= (©,',0) 





Ur, + Ue, + uz, =O 
0,2, +02, +0,2, =O 


Therefore solving the equations, we have, as coordinates, 
uw, — “u,v, 


Vv, Ys V, V; 


u, t 




















(x,, a» z)=( 
v, Us 
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This common point is a point at infinity if the laat coordinate is zero, 
ie; if (w,,u,, u,)=(0, Om), or if (v,, v,, v,)—(0, 0, v,), 
or if w,:u,=wv,:v,. So the two lines meet in a point at infinity 
if either one of the lines is the line at infinity or the two lines are parallel, 
Similarly, let (z;), (4; ) be two distinct points. The line (wu, ) joining 

the points satisfies 

Uz, + UT, +u 0 

UY, + uy, + Uy, =O 
Therefore, as before, 

(this My, Uy) = (FLY, — Yta, FY, — YZ s Z, Y3 — YT) 

Suppose that one of the given pointa is a point at infinity, y, =0 say. 
Then 


(tiy, Uz, u,J=(—2,Y., TY; * Y3 — YT), 


or (w,, Uas A— V. —— ) 


So, the coordinates of the line depend on the coordinates of the point 
at infinity. 

Again, from (9.5), we see that if g,, g, are two lines with coordinates 
(a,), ( Òi), then the coordinates of any line g passing through the common 
point of g,, g, are (sa,;+vb,). So, take four concurrent lines g,, gs g, g’ 
whose coordinates are respectively 

( a, J ( b; ls (ua + vbi), (u'a; + vbi) 

Then, asin § 7, the cross-ratio 

(ga go" )=vp |v p 
As an application of point and line coordinates, let us prove the theorem, 
already given in § 7.1, that the cross-ratio is unaltered by projection or 
section. Let 

P,=(a;), P,=(6;). P=(pa;+vb), P’=(p'a,+v'b)) 

be four collinear points. Then the cross-ratio 

(P,P; PP’)=vp'/v'n 
Let P,=(¢;) be an external point. Join P, with P,, Pa P, P’ so as 
to obtain four concurrent lines p,, Pa pP, p- Then the line coordinates 


are as follows : 
(Papa) eos (PP) 
P,™= Pa" i 
; Om On i)» be bn 
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af -( ee are A p -( 


— Cn | 
| Oo, + vb, i'd +h, 


p 
f 


where (m,n) are to be given the pairs of values (2,3), (3,1), (1,2). Or, 


supposing the coordinates of p,, p, to be (d,), (¢,) respectively, we may 
write — 





P,= (di), P. = (4), P= (pli + vei), p = (pdit v'e) 
Therefore (Pi Pas PP") = vg /v'n 

32. Principle of duality. Let us, for the moment, make no distinction 
between an ordinary point and a point at infinity, between àn ordinary 
line and the line at infinity. That is to say, we suppose that there is 
nothing special about the points and the line at infinity and that all points 
stand on the same footing, so do all lines. 

In the last article we have seen that we can regard either the point or 
the line as the fundamental clement of geometry ; but we may also consider 
point and line as elements having equal right, these elements being 
connected by a certain duality. It is worthwhile to repeat some of the 
ideas discussed in the last three articles in the following manner : 


To every point P there corresponds a triplet numbers 


(z,. Zs» x,) +(0, 0, 0) (9.8) 
determined up to a common arbitrary factor p = 0, and conversely. To 
every straight line p there corresponds a triplet of numbers 


(u,, tg, u,)=(0, 0, 0) (9.9) 
determined up to a common arbitrary factor «0, and conversely. The 
last three numbers are the coefficients of the linear homogeneous equation 

ru, +27,U,+z,u, = 0 (9.10) 
representing the line p. The equation itself can be interpreted in this 
manner : T'he point (z; ) and the line ( u; ) are conjoint. If a particular triplet 
(9.9) is given, the solutions (9.8) of (9.10) are the coordinates of the points 
lying’on p. If, on the other hand, a particular triplet (9.8) is given, the 
solutions (9.9) of (9.10) are the coordinates of lines passing through p. 

In the formulae (9.8), (9.9), (9.10) the notions of point and line 
are playing the same role, and if we interchange these two notions (or 
simply the letters x and u) the system of these formulae will not be 
altered. To every formula derived from a system of points and lines, there 
corresponds another formula which we get by interchanging z and w. Such 
pairs of formulae are said to be dual ; and if the formulae are expressed 
as theorems, these theorems are also dual. In particular, the system 
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composed of (9.8), (9.9), (9.10) is self-dual. For every theorem derived 
from a system which is dual in itself, we can therefore find another 
theorem which needs no new proof. Thus the principles of duality halves 
our labour. It is essential to know that the formulae of the ordinary 
(Euclidean) plane cannot be self-dual, because the coordinates of the points 
as well as of the lines are nonhomogeneous. It is only in the extended plane 
that the principle of duality can hold ; it cannot therefore be directly 
applied to theorems in which notions like ‘‘distance’’, “angle”, “area” eto. 
ocour, as these notions have a meaning only if we restrict our considerations 
to the nonextended plane. The cross-ratio, however, exists for every 
quadruplet of points of a row of the extended plane, the dual notion 
being the cross-ratios of four lines of a pencil. 


a, @ a; 
Let 
Bi Bh Bi 


be a matrix ofrank two; then there exists one and only one solution 
(2,) of the homogeneous equations 


Sa, z,=0, So, z;=0. 
=i 


This algebraic result can be interpreted geometrically in two different 
ways: We may regard first (a;), (4,;) as coordinates of two points and 
(=,) as coordinates of the line joining them and secondly (a;), (6;) as 
coordinates of two lines and (z; ) as coordinates of their point of intersection. 
Thus we get the two dual theorems (already stated in § 28) : 

Two different points are connected by one and only one line. 

Two different lines intersect in one and only one point. 
In both cases the coordinates z; are the minora of the above matrix. 


Let now the three triplets (a;), (6), (¢;) form a matrix of rank 
three. The matrix formed by the cofactors is also of rank three, as its 
determinant is the square of the determinant of the former matrix and is 
therefore not equal to zero. Thus the coordinates satisfying the above 
condition give rise to the two dual theorems : 


If three points are noncollinear, the three lines joining them are non- 
concurrent, If three lines are nonconcurrent, the three points of their 

For the “translation” of a theorem into its dual theorem, the following 
vocabulary is helpful. 
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Point A Line a 

Line AB Point ab 

Collinear (noncellinear) points Concurrent (nonconcurrent) lines 
Cross-ratio of four collinear Cross-ratio of four concurrent 
points lines 


33. Loci and envelopes, The above list can be increased if we 
©xpress geometrical entities of any kind by the help of homogeneous 
coordinates, and interchange the (z;) and the (w;) coordinates. Thus, 
let any curve of order n be expressed by 


Siz. y) = 0, (9.11) 
where f (x, y) is a polynomial of degree n, Put 
p z, r, = | : 
* x. = | = #(z,, x,,2,) ; (9.12) 


then (9.12) is a homogencous polynomial of degree n. If we equate the 
polynomial to zero, namely 
F(z,, Z, 2) = 0, (9.13) 
then F(pxr,, px,, px,) = 0, and conversely. Honce the equation (9.13) is a 
condition to be satisfied by the points (x,, z, x,) of the oxtended plane. 
It is therefore a locus of ordern. If (x, y) satisfies (9.11), then p(x, y, 1) 
satisfies (9.13); but there may be also some points at infinity (a, b, 0) 
which satisfy (9.13). Thus in deriving the homogeneous equation (9.13) 
from (9.11), some points at infinity may have been added to the curve 
(9.11) when it is changed to (9.13). These points cannot be expressed 
by nonhomogeneous coordinates, 
The dual entity of the loous (9.13) is the envelope of class n 
F(u, u,, u,) = 0 (9.14) 
formed by the lines (w,, u,.«,) satisfying the condition (9.14). 
In particular, consider a conic in the Euclidean plane, which is the 
locus of the points satisfying an equation the second degree 
fiz, y) =ax* + 2bxry + cy? + 2dr + 2ey+f = 0 
Put a = ü © = G f= Gs 
6 =a,, = 4,,,¢ =a,, =a,,, ¢ = 0yr = 4,, 
and introduce homogenous coordinates ; then we obtain a locus of the 
F (Zis Xa Ta) = > ais zzy = 0, j= 1,2,3 (9.15) 
R i 
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To this locus corresponds dually an envelope of the second class 


F(u,, Uy, 1) = >, fe st =0,4,j7 = 1,2,3 (9.16) 

f} 
The geometrical connection between loci of second order and envelopes 
of second class will be discussed later on. In the meantime, suppose 
that (9.15) is a nondegenerate conic. Then it follows from (4.13), by 
introducing homogeneous coordinates, that the condition that two points 


( r; ) and (4,) are conjugate with respect to (9.15) is 
> a; 474, = O (0.17) 
fsf 


and from (4.12) it follows that the polar of a point (7;) with respect to 
(9.15) ia given by 


> %ir% = 0 (9.18) 

hj ; 
The equation (9.18) represents also the tangent to the conic at (r;). These 
notions may be dualised : the condition for two conjugate lines and the 
equation of the pole of a line with respect to (9.16) are obtained from (9.17) 
and (9.18) by replacing the point coordinates by the line coordinates. 


d -tear 





CHAPTER X 
COLLINEATION AND CORRELATION 


34. Transformation of collineation. The most general linear trans- 
formation of the homogeneous point coordinates is given by 
px,” = a,x, +a, +a, 
bx, + boar, + ba, (10.1) 
pr, = CF, +O 4, + COT; 
where a;, bi c; are nine arbitrary constants and fp is an arbitrary factor 
of proportionality. Let (a be | stand for the determinant of the coefficients 
and let A, B, C, be the cofactors of a; bip cin fa b ce] #=1,2,3. 
Ifja be| =0, solutions for ris Fa: Fa, Other than (0, 0, 0), of the three 
equations 


i 
I 


> ar, = 0, Sara. > an=0 


fmt i=] s=} 
exist ; so, there are points (x;)of whioh the transforms (æ;' ) are situated 
on a line u,x,’+u,2,'+u,2,/= 0. We shall always suppose that 
la b c| Æ 0, so p = 0. 

Multiplylng the three equations (10.1) by As Bọ Ce we obtain the 

inverse transformation 
pz = Az,’ + Biz,’ + C,z,’ 
px, = Ax,’ + Bix,’ + 0,2,’ (10.1") 
PZ, = A,x,' + Bz,’ + C,z,' 

The determinant | A B C | + 0, because) a b o | Æ 0. 

Now consider all points lying on a line wz, +u,z,+u,z, =0. It 
follows? from tho above inverse transformation that these points ere 
transformed into points lying on a lipa u,’z,'+u,'x,'+u,'z,' = 0, where 

ou,’ = Au, + Ayu, + Ayu, 
ou,’ = Bu, + Bu, + Bou, (10.2) 
ou,’ = Ou, +O, +0,0, 
Since | A B C | Æ 0, (10.2) has ite inverse 
; r'u, = au,’ tH Du, Het" 
T'u, = au," + bu," HOt’ (10.2°) 
r'u, = au,’ tO, HC,” 
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The transformation (10.1) ia a transformation of point coordinates which 
gives rise to the transformation (10.2) of line coordinates. We could have 
also started from (10.2) and obtained (10.1). A transformation of the 
type (10.1) or (10.2), for which the determinant of the coefficients is not 
zero, 18 called a collineation or a projective transformation. ÀA collinvation 
transforms, in general,a point at infinity into an ordinary point and 
the line at infinity into an ordinary line. So, parallelism of lines 
is not, in general, preserved by collinention, Therefore, in a collineation, 
we do not recognise anything’ special about the points ond the line at 
infinity. There is duality in collineation, because we have here trans- 
formations for both point and line coordinates; collinear points are 
transformed into collinear points and concurrent lines into concurrent 
lines. Equations (10.1) and (10.2) represent the same collincation. Tho 
inverse of a collineation is also a collineation. 

Given the nine constans ap b, ca the collineation (10.1) is unique, 
ie., enoh point is transformed into a definite point, whatever arbitrary 
value the constant of proportionally » may have. The quantity p cannot 
be zero, but it should be noticed that it may have different values for 
different pairs of points. Thus, when ( p,) — (qi), we may write 


Pad, = [Opi Pags = E 4p, Pigs = E opi, 
and when (r;) —> (&;), 

P4, = E Gif pafs = E birg P8, = E cir; 
The product of two collineations is a collineation, For, a collincation (10.1) 
transforming ( z; ) —> ( 2,’ ) followed bya collineation 

oe" = La/2,', oz,” = E biz’, oz, = Seiz, | a’ Bb o | + 0, 
transforming ( 2’; ) —- (x;” ) must be a transformation of the form 
oz,” = Eaz, oz,” = 2 b/"2,, oz,” = Ec", 


where Ja" bo" | = “label | a b o | &O 
Therefore the product is a collincation. In order to reduce (10.1) in 
nonhomogeneous form, we may write it as 


a = AZt, +a, 2," _ bZ, +b, +b, 
CG, +6e,4+¢,%, o 6,2, tOO, 


and then apply (9.1) so as tojobtain 


y ve bx +b.y +b, 
CS+CY+C, — Ce+e,y+e, 
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34.1. Properties of a collineation. Let us first prove tho important 
property that the crosa-ratiois preserved by collineation. Suppose that the 
four * points 


— ( Pi P Q = (qj) R = (upi + gi), S = (up, + v'qi) 
are — by (10.1) into the four points 
E = (pi) Q= (gi) P= (rih) E =) 
respectively. Then we must have 


P:P, = E a Pi PPs = E bi Pir PPa = VAP; 
Pli" = E aigi , Pl: =E b; Ji + Pls = E ĉi qi ; 
Therefore, as ¥ alapi tigi) = pE a; pit vE agi = pP, Pi VP» 


Pari = BPP +vp.dy 
Pala = PPP: HVP 
Paa = np, Ps’ =pl 
Similarly for a’ a! 


, 
1+ 335 Sy 


Therefore, the coordinates of the four transformed points P”, Q’, R’, S’ are 


(pi). (¢/ ), ( u z Pi +v rai J (we — +" czar) 
Hence, the cross-ratio 
(PQ, RS) = vuln = (P’Q', RS’). 


Obviously, the oross-ratio of four conourrent lines also preseved. We 
may thus state that 

A collineation of the plane establishes a one-to-one correspondence between 
the points, a one-to-one correspondence belween the lines and preserves 
cross-ratio. 

It should, however, be carefully understood that a collineation does 
not, in general, preserve angle, distance or the ratio of distances. 
The transformation of pointa into points or of lines into lines which 
is geometrically characterised by the operations of projections and sections 
( § 29) is analytically expressed by the collineation. Hence a collineation 
ie called a projective transformation, We next prove the following 
fundamental] theorem. 

THEOREM. There exists a unique collineation by which four given points 
forming a quadrangle are transformed into four other given points forming 
another quadrangle. 

‘We first consider a special case. Suppose that the four polnts 

(1,0, 0), (0,1, 0), (0,0, 1), (1, 1, 1). 
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which evidently form « quadranglo, are to be transformed by a collineation 
(10.1) into four arbitrarily given pointa 


-. 


(Par Qis Fide (Pas Tas Tahe (Pas Gas Tas (Parga Ta) 
respoctively. Then, for the first three pairs of points, we must have 
P=, py, = 5, pyr, =e, 
PPs = Gy, Paga =b, Pir; = 6, 
PaPa = azs Pala = 4,, Paa = Cy 
Therefore, the collineation (10.1) becomes 


P, = CPP, PUM, PB! = E pen (10.3) 
For the fourth pair of points, we have, from (10.3), 
PaPa = E PP, Pi == Pli» Pala = È Piri (10.4) 


Tho collineation (10.3) would be unique if the quantities Pir Par Pa Were 
known except for an arbitrary common multiplier. So, we look for solutions 
of the equations (10.4) and notice that solution (p,, pa, pa) + (0,0, 0) 
exists if none of the four doterminants 


P: Ps Pi | 
qs qs Ta | 


Pi Ps Pa P, Ps Pi P: Ps Ps 





Fi Gs We 7, We Wa GY. f2 Ge 
Ts Ta fi) | Pi Fe Peh VAR Pek VO Fe OF 

is zero. Therefore, the oollineation is unique if no three of the four 
arbitrarily given points are collinear. 

Now suppose that any four given points P,, Pa P, P, forming a 
quardrangle are to be transformed into four other given points @,, Q., Q.. Q, 
forming another quadrangle. Let the four points (1, 0, ©), (0, 1,0), (0,0, 1), 
(1, 1, 1) be denoted by A,, A,, A,, A, respectively. We have just scen 
that there is a unique collineation by which 

(A, A,, Az A,)— (Q. Qs, Q, Q.) 
Again, since the inverse of a collineation ia a collineation, thero exists a 
unique collineation by which | 

. (Ps Pai Pgs Fe) —> (455 Aer Ay, Aa) 

Combining the two, it is seen that there is a unique collineation by which 

(FP Pi Pas P.) — (Q, Qi: Q,, Q,), 
because the resultant of two collineations is a collineation Thus the 
theorem is proved. | 

That the collinestion is unique may also bo seen from the following 
consideration. Since the pointe P,, P,, P,, P, are transformed respectively 
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into the points Q, Q: Q, Q., it follows that the three lines P,P, P,P,, 
P,P, are transformed respectively into the three lines QQ. Q.Q.. QQ 
Thereforv, there is a unique projectivity between the pencils of lines (P,) 
and (Q,) with contres P, and Q,. Similarly, there are unique projectivities 
between tho pencils (P,) and (Q,), between (P,) and (Q,) and between 
(/7,) and (Q.). Now any point P may be defined as the intersection 
of two lines of any two of the pencils (P,), (P,), (Pa) (2). Therefore 
the transformed point Q must be the intersection of the two corresponding 
lines of the two corresponding pencils among (@,), (Q,), (@,),(@,)- Hence 
Q is uniquely determined when P is given. Thus to each point 
corresponds a definite point and hence to each line (join of two points) 
corresponds a definite line (join of two corresponding points). We may 
state the dual theorem thus ; 

There exists a unique collineation by which four given lines forming a 
quadrilateral are transformed into four other lines forming another 
quadrilateral. 

Let us finally enquire if there are points which are left fixed by a 
given collineation. If there are fixed points of a given collinestion (10.1) 
we must have the three equations 


(a, —p)z, +42, +4,7, = 0 

ba, + (b, -prt 4,2, = 0 

6.x, +¢,%,+(¢,—p)7, = 0 
satisfied simultaneously by values of z,,7,,z, other than all zero, In 
order that this should be so, we must have 


a,-p @, S 
b, b-p 4 |=9 


C Cy QGP 

This ia a cubic equation in p, and so there is at least one real solution. 
Thus, every collineation has at least one fixed point and there cannot be more 
than three independent fixed points. 

$5. One-dimensional linear transformations. In building this geometry 
we begin by choosing the fundamental element which, as we have noticed 
in § 31, may be the point or the line. A row of points and a pencil of 
lines are called one-dimensional elementary geometric forms with respect 
to the point and the line clement respectively, All points and lines 
lying in a plane constitute a plane field; a plano field is called a 
two-dimensional elementary geometric form. (The transformation which 
‘establish a one-to-one correspondence between the points of two rows or 


J 
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between the lines of two pencils are called one-dimensional transformations 
The transformations which establish a one-to-one correspondence between 
the points and between the lines of a plane field are called two-dimensional 
transformations, ©.g., the transformations (10.1), (10.2). 

If the coordinate system on a line, as givenin § 1, be made homo- 
geneous by writing = z, :2,, then a one-dimensional collineation or 
projective transformation of points is given by 
a, @, 


px,’ = b,x, +b,2, 6, D 


the points (z,, x,), (#,", 2,') being corresponding points of two rows, either 
distinct or cobasal, The point at infinity (1, 0) is transformed into the 
point (a, 4,), In nonhomogeneous coordinates the above transformation 


is written as 


px,’ = a2, +a,2, 





= Ô, 





z hrt a : 
bath, 





or ber -a gz + b'a, = 0 
If the two rows are cobasal, this collineation is an involution provided 
that 6, =—a,. So the involution is given by 


< e eean 
Changing the origin to a,/b,, the equation of the involution can be 
written as 
ar’ = C, 
where the point with coordinate a,/b, is the centre of the involution. 
(The resulta obtained here may be compared with those given in § 27.) 
One-dimergional affine transformation is obtained by specialising the 

above collineation, by putting 6, = 0, as 

PE, = ar, +42, 

px,’ = 6.2, 
In nonhomogeneous coordinates, this affinity is 


æ’ a Deti 


* 
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If the two rows are cobasal, this affinity isan affine involution provided 
that b,=—a,. So, the involution is given by 


z+ = a,/b, 
or (2—a,/2b,) + (2 —a,/2b,) = 0 


Changing the origin to a,/2b,, the equation of the affine involution takes 
the form 


t+2/=0 


Therefore, if C isthe point with the coordinate a,/2b, and (P, P) a pair 
of corresponding points, 


OP + OP’ = u, 


So, C is the middle point of the segment PP., Thus, the affine incolution 
of pointe is always hyperbolic, the double points being O and the point at 
infinity of the row. 


In the equation of a pencil of lines asl, +vl,=0, (u,v) may be 
regarded as the homogeneous coordinates of a line of the pencil, because 
they specify the line. So, a one-dimensional collineation of lines is given by 


pu = Gy +a,y a, 4, 
pw = but dy O b 


where (u, v), (u’, x’) are the coordinates of the corresponding lines of the 
two pencils. Finally, we may state the obvious theorem that a projective 
correspondence between two one-dimensional geometric forma ta uniquely 
determined by three distinct pairs of correaponding elements. 


36. Generalisation by collineation. A number of important generali- 
sations of theorems in’ the extended Cartesian plane can be obtained by 
projective transformation, or, as we may say, by projection. 


Consider the triangle whose vertices A,, A, A, have the coordinates 
(1, 0, 0), (0, 1, 0), (0, 0, 1) and let A, be the point (1, 1, 1). Take æ point 
B, not on any side of the triangle, with coordinates (x,,2,, *,). Let M, and 
B, be the points where the lines AA, and A,B meet the line A,A,- 
Similarly, let A. B, be the points where the lines A,A, A,B meet A,A, 
and M,, B, the points where the lines A,A, A,B meet 4,A,. Also, let N, 
be the harmonic conjugate of M, with respect to A,, A,; V, the 
harmonic conjugate of Af, with respect to A,, A, ; and N, the harmonic 
conjugate of M, with respect to A,, A,- 

16—2100B 
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The equations of the sides A,A,, A,A,, A,A, of tho triangle are 
respectively z, = 0, z, = 0, 7, = 0; the equations of the lines <A, A, 
A,A,, A,A, are respectively 

z-z% =0, z,-z,=0, zrn = 0. 

So, the coordinates of W, are (0,1, 1) and the: coordinates of B, 
are (0, z,,2,) (for, the equation of the line A,B ia x,x,—x,2, = 0; 
therefore z,/z, = z,/z, ; and B, lies on the lines A,B and x, = 0). 

Thus, if ( p;), (g:), (7), (4;) denote the coordinates of A,, A,, M, B, 
respectively, wo have 


= Pt+q, & = =z,P;+%,9;, =l, 2,3 


Therefore the cross-ratio 
e 
(A,A,, M,B,) = #,/z,. 
Similarly 


(4,A,, M,B,)=2,/x, and (A,A,, Mf, B,) = <,/z, 


Accordingly 
(A,A,, M,B,) (A,A,, M,B,) (A,A,, M,B,) = 1 (10.5) 
Again, by hypothesis, 
(A,4,, M,N.) = (A,A, MN.) = (A,A,, M,N.) = -1 
So, the coordinates of N,, N, N, are respectively 
, (0,1, —1) (-1,0,1), (ìl, —1, 0) 
(for, if (r’;) denote the coordinates of N, r’; = p; — q; ). Hence, the three 
points N,, N,, N, are collinear and lie on the line z, tr, +x, =O. 
But from (8.1) we havo the relations 
(A,A, B,M,)(A,A,, M\N,) = (A,A,, B.N,) 
(A,A, B,M A,A, 4,N,) = (A,A,, B.N,) 
(A,A,, BLM ,)(A,A,, M,N ,) = (A,A; B,N,) 
Therefore, multiplying these three relations we have from (10.5), 
(A,A,, B,N,)(A,A,, B,N A,A,, B,N,) = —1 (10.6) 
Now, a collineation carries concurrent lines into concurrent lines, 
into another quadrangle and preserves cross-ratio. Therefore, ar 
a collineation, the results (10.5) and (10.6) may be generalised into the 
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Theorem I. Let P., Py P, be the vertices of a triangle and Q any 
point not lyiny on any side of the triangle. Also, let P,Q, P,Q, P,Q meet 
the opposite sides of the triangle in Q,, Q,, Q, respectively. Then, if R is 
any other point not lying on any side of the triangle and if P,R, P,R, P,R 
meel the opposite sides of the trianglein R,, R,, R, respectively, 

(P,P, Q,R,(P, P, QR, P,P» Q,R,) = 1. 
Conversely, if the product of the three cross-ration is equal fo unity, the 
lines P,R,, P,R,, P,R, ar: concurrent. 

By dualising the above theorem we obtain the following : 

Theorem I’. Let Pı, Pa p, be the vides of a triangle and q any line not 
passing through any vertex of the triangle. Also, let the lines joining the 
points p.q, p.g, p,q, with the opposite vertices of the triangle be q,» Qs» Js 
respectively. Then, if r is any other line not passing through any vertex of 
the triangle and if Fi» Ty, F, are the lines joining the points p.r, Par, Par with 
the opposite vertices of the triangle, 

(PsP s+ Os" (Ps Po Usa Pi Pas gars) = 1: 
and conversely, if the product of the cross-ratios is equal to unity, the points 
Pio Pas) Pif, are collinear. 


Theorem LI. Let P,, P,, P, be the vertices of a triangle and Q,, Vs, Qa 
the points on the sides P,P,, P,P, P,P, respectively such that P.Q,, P iQ» 
P,Q, are concurrent in a point not lying on any side of the triangle. Then, 
if a transversal not passing through any vertex of the triangle meets the sides 
PP,, P,P,, P,P, inthe points R,, R, R,, respectively, 

(P:P, Q, R,P P, Q,8,)(P,P,,Q,R,) = — 1. 
Conversely, if the product of the cross-ratios is equalto —1, then the points 
R,, R,, R, are collinear. 
By dualising the theorem II we obtain the following : 


Theorem II’. Let Pis py, Pa be the aides of atriangle and q,, Qi, a 5 
the lines passing through the vertices p pP, P Pı» p,p, respectively euch that 
Pilis Pais PY, lie on a line not passing through any verter of the triangle. 
Then, ifa point not lying on any side of the triangle be joined to the vertices 
PPs» PsP, P:P: by the lines fi, Yy, 7, respectively, 

(PaPas 0r ⏑ Ce MP Pr Gls) = — 1; 
and conversely, if the product of the cross-ratios is equal to —1, then the 
lines r,, Fy, T, are concurrent. 


From the theorems I’ and Il we obtain, by specialisation, twa 
important theoreins, 
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In theorem J’, let P; be the vertex opposite to Py Q, the point pg 
and A, the point pr, i= l, 2,3. Then the result is 
(PPa QBP Po QRP, P QLR) = 1. 
Let us now suppose that one of the lines g, r, say r, is the line at infinity ; 
then since (§ 20) 





PR, = PR, _ PR, R, = | 
P,R, P, R, PR, 

the above result becomes 

Pa: P,Q; P,Q, = l, 
PQ, P,Q, g 2 

We thus obtain the following theorem : 

Theorem of MENELAUS. If a line not passing through any vertex of 

the triangle ABC meet the sides BC, CA, AB in A’, B', C" respectively, then 

BA 


Ba’ OB’ AC’ 
CA’ AB’ BC’ 
Again, in theorem II, let us suppose that the transversal is the line at 
infinity. We have then the following theorem : 

Theorem of CEVA. If A’, B’, C’ ave points on the sides BC, CA, AB 
of a triangle ABO such that AA’, BB’, CC’. meet in a point not lying on 
any side of the triangle, then 











— 


= 1, and conversely. 


BA OP AC _ _ a 

— ——— 
A number of theorems of the ordinary geometry are immediately seen to 
be particular cases of the above two theorems. Thus, the theorem that 
a line drawn parallel to one side of a triangle cuts the other two sides 
proportionately is a particular case of Menelaus’ theorem (for, if the line 
is parallel to BO, BA'/CA’ = 1). The theorems that the medians of a 
triangle are concurrent. the perpendiculars from the vertices on the opposite 
sides of a triangle are concurrent are particular cases of Ceva's theorem, 

The theorem of proportion follows from the fact that the cross-ratio 
remains invariant by projection. In this case, there are two pencils of 
lines, the centre of one being a point at infinity. 3 

DESARGU ES’ theorem on coplanar perspective triangles. If two triangles 


> 


ABO and A’B‘C’ are auch that the lines AA’, BB’, CC’ joining the three 
paira of vertices are concurrent, then the three paira of corresponding sides 
BC, B'O' ; CA, 0’ A’; AB, A'B’ meet in three collinear points. Conversely, 


if the three paira of sides BO, BIC’ ; CA, C'A’; AB, A’ BY meet in three 
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collinear points, then the lines AA’, BB’, CO’, joining the three paira of 
corresponding vertices, are concurrent. 

Let the lines AA’, BB’, CC’ meet in a point S, and let BC, B'C' 
meetin L; CA, C'A' meetin M ; AB, A’ BR’ meet in N. 

Suppose, in the first place, that S ia a point at infinity. If then two 
pairs of corresponding sides are parallel, the remaining two sides are also 
parallel. Hence L, M, N lie on the line at infinity and the theorem holds. 
Secondly, suppose that S is an ordinary point. If now two pairs of 
corresponding sides are parallel, the remaining two sides are also parallel, 
so that L, M, N lie on the line at infinity and the theorem holds. 

Now, for the general case, we observe that parallelism of lines is not 
conserved by collineations, Therefore, the general theorem follows by 
applying a collineation. 

The converse theorem is easily proved by the indirect method. Let 
L; M, N be collinear and AA’, BB’ meet in 8. Then if CC’ does not 
pass through S, SC will cut B’C’ in some point D’ distinct from C’. It 
follows from the general theorem just proved that the two triangles ABC 
and A’B’D' are such that the pairs of corresponding sides meet in three 
collinear points. This means that A’D’, AC meet LN in the same point ; 
but this is impossible unless D’ coincides with C’. 

The two triangles of Desargues’ theorem are called two perspective 
triangles, The point S is called the centre and the line LMN the aris of 
perspectivity. The theorem and its converse are dual in the plane. 
A purely projective proof of the theorem will be given later. 

Theorem of PAPPUS. If A,, B, O, and A,, B,, O, are two triads of 
pointa on two lines and if the lines B,C, C,B, meet in A, ; C,A,, A,C, 
meet in B,; A,B,, B,A, meet in C,, then the three points A,, B,, C, are 
collinear. 

Let A, B,, ©, lie on s line s, and A,, B, C, lieons,. We shail, 
as before, consider initially the particular case where 8,0, is parallel to 
C,B, and C,A, parallel to A, C, First suppose that a, and +, are parallel. 
Since BC; C, B, are parallel and C,A,, A,C, are parallel, 80 B,A,, A,B, 
are also parallel. Hence A, B,» C, lie on the line at infinity and the 
theorem holds. Secondly, suppose that #,, s, mest in an ordinary point S. 
Here also A, B,, C, are, as before, collinear and the theorem holds. 
From the particular case the general theorem follows by collineation. 
A purely projective proof of the theorem of Pappus is the following : 

Let A,B, meet s, in A and A,B,in P. Then we are to show that P 
coincides with C,. If C,A, meet B,C, in B, and C,B, meet 4,0, in C, 
then, denoting projectivity by the symbol ^, 
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CO, BB,A, “ C,A,CB,, projecting from C, 
and C,A,CB, A AA, B,P, projecting from A,. 


Therefore C,BB,A, A AA,B,P. 

In this projectivity, B, is self-corresponding ; so it must be _—s perspectivity 
(§ 29). Hence the lines ©,A, BA,, A,P, joining corresponding points, 
must be concurrent. But C,A, BA, meet in B, ; so P lies on A,B,. 
Accordingly, P coincides with C,,. 

Let us consider the configuration of Pappus formed by the nine 
points A, B, Ca, i= 1, 2, 3, and the nine lines each of which contains 
three of the points. The points on a line are either A;, Ba C; or A; Bj, Crs 
i Æ j + k, and through each point pass three of the lines. All the triangles 
contained in the figure may be arranged in different sets, each set 
containing three triangles, in the following way : 

We first define inscribed and circumscribed triangles. A triangle A 
is ssid to be inscribed in a triangle A’ when the vertices of A lie on the 
sides of A’, one on each ; in this case we also say that A’ is circumscribed 
tod. From this point of view, three triangles 4,, A,, 4, of the Pappus 
configuration form a set when A, is inscribed in 4,, 4, is inscribed in 4, 
and A, is inscribed in A,. Take, for example, the triangle A,B,C,. On 
the sides A,B,, B,C, C,A, of this triangle lie respectively the points 
C, A, B, forming another triangle inscribed in the given triangle. 
On the sides O,A,, A,B,, B,C, of the second triangle lie the points B,, 
O,» A, which form another triangle inscribed in the second. The triangle 
inscribed in this third triangle is the triangle A,B,C, with which we 
started. | 

From the above consideration we are led to enunociate the following 
theorem + 


\ 
If a triangle A is inscribed in a triangle A’, then there are an unlimited 
number of triangle: which are simultaneously inscribed in &' and circumes- 
cribed to A. . 
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The proof of this theorem depends on the fact that it is possible td 
make an unlimited number of constructions of Pappos configuration with 
the six given vertices. For, let A and A’ be A, B,O, and C,A,B, respec: 
tively. : Through A, draw any line sand let A,C,, A,B, meet s in B,, O, 
respectively. If now C,B, and B,C, intersect in A,, then, by Pappus 
theorem, A, is a point on B,C, Hence B,C,A, is one of the required 
triangles, 

37. Correlation and Polarity. Consider a transformation of the form 

pu, = Gt, t a, t ar 

pu, = ba, + by, + bz, |abe|+0,- (10.7) 

pu, = CX, + Cr, + Cyr, 
transforming a point (x,, x,,2,) into a line (w,, #,, u,). Since | abe | #90, 
(10.7) has its inverse which transforms lines into points. By (10.7), 
a point (p,;) is transformed into the line whose coordinates are (Ya;py, 
Lb py, Ecjpı) Denote these line coordinates by (p/); similarly, denote 
the coordinates of the line into which a point (gq; ) is transformed by ( q/ ). 


Then, as in § 34.1, the point (up; + vg,) is transformed into the line whose 
coordinates are 


(24i( Ps + vgy)» ZoluPi + vgi), 2AYP: + M. 


that is, into the line whose coordinates are (up/ + vg/). This shows that 
collinear points are transformed into concurrent lines, and that the cross- 
ratio of four points is equal to the cross-ratio of the four corresponding 
lines into which the four points are transformed, and vice versa. 


A transformation of the form (10.7) is called a correlation. Thus, a 
correlation transforms points into lines, hence lines into points, and 
preserves cross-ratio, The inverse of a correlation is also a correlation. 
If a correlation (x,, X, ,)—>(¥,, Uy ,) is followed by a correlation 
(tis Wps W) —> (Z T'a 2,), the product is a collineation (x,, £4, T4) —> 
(£i 2g, T'a): 
Take a point (£¢;) on tho line (w;). Then, S£;w; = 0 and hence, 
by (10.7), Erv = 0, where 
ov, = 4,£,+5,6,+6,€, 
ov, = Af, +5,€, +s (10.8) 
OV, = dyf, + bsfg + CÉ, 

the v's” being thus dependent on the ¢'s. So, for different points (¢;) on 


‘the line (up), we obtain different lines ( v) through the point (2). The 


transformation (10.7) and (10.8) are, in general, different as the two 
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matrices of the coefficients in the two transformations are. in general, 
different. The transformation (10.7) would transform (¢,) into a line 
(w,) which would be generally different from (¥v,). Now, suppose that 
the two transformations (10.7) and (10.8) are the same ; that is, suppose 
that the two lines (v;) and (w,) coincide. The condition for this is that 
the two matrices of the coefficients should differ only by a common factor. 
So we may put 

a, =O. d, = Cia b, = cy. (10.9) 


‘When this is satisfied, the transformation (10.7) is called a polarity. In 


a polarity, the corresponding point and line, i.¢., a point and the line 
into whith the point is transformed, are called the pole and the polar 
respectively. And we have just seen that if a point ( £;) lies on a line (wu, ), 
then the polar (v,) of ( £;) passes through the pole (z,) of (u,;). The pointa 
( €,) and (2;) are called conjugate points and the lines (wu; ), (v;) are called 
conjugate lines. These statements agree with what has been said in § 13. 
When (10.9) is satisfied, (10.7) gives a polarity even if | abe | =O. A 
polarity may accordingly be written as 


pe, = G2, +4, 6%, + a, 7, 
pl, = AT, + 4,7, + 4,,2, Gy = ji (10.10) 
pu, = AZ, + 4,4, + 0,52, 


or, in the compact form, 


pu; = Gij Ti i= l, 2.3 
f 
The polarity is said to be degenerate or nondegenerate according aa the 
determinant | a;; | of the coefficients does or does not vanish. Suppose that 
the polarity is nondegenerate, so that | aj; | 0. Then the inverse of 
(10.10) is the polarity (cf. the inverses in § 34) 


s 
m > Ant, i= 1,2,3, Ay = Ay, 
— 
whore A;; are the cofactors of a, in the determinant | a; |. It can be soen 
that the resultant of two polarities transforming (z,, z,,2,) into (w,, ty, ™,) 
and then (u, tg, “,) into (x,’,z,’,x,") is a collineation. In a polarity the 
cross-ratio is preserved. 

If a triangle be such that each side is the polar of the opposite vertex, 
then the triangle is called a polar (or self-polar or seif-conjugate) triangle. 
In constructing a polar triangle, — ee eee 
on p take any point Q ; then g, the polar of Q, must pass through P; let 





= 


2 
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Pp and g intersect in R: then r, the polar of R, must be the line PQ. Thus 
PQR isa polar triangle. 

Let us now suppose that a point (2z,) lies on ita own polar ( «;). Bo, 
2% 2; = 0. Therefore, from ( 19.13), we have 


s 

Dayzz = 0, ay = aij 

ije 
This equation is the same as (9.15), Hence the locus of (z; ) is a curve of 
the second degree or a conic. This conic is called the mucleuse of 
the polarity (10.10). The nucleus is a conic locus or a conic envelope 
according as we consider the conic as the locus of the points conjoint with 
their polars or the envelope of lines conjoint with their poles. 


Conversely, suppose that we start with a nondegenerate conic 
DjX = 0,a,; = a, and lot P=(£,) be any point. The polar of 2 
with respect to the conic is, by (9.18). 


>a izy = 0 


i j 


or (2ts£) + (228) Tat (22:38) z,=0 

or Ut, + 0,7, + 0,27, = 0, say, 

where PUV; = —A — aj; = Ay, ¢= i, 2, 3. 
2 


This is the polarity (10.10). Thus, the conic gives rise tọ a polarity. Wo 
can therefore speak of pole and polar with respect to a polarity transforma- 
tion or with respect to a conio, and we say that a polarity generates a polar 
field in the sense that to each point there corresponds a polar and to each 
line there corresponds a polo. We shall take up the discussion of polar 
field in a subsequent chapter. 

Consider two triangles A BO, A’ B'C’ such that the polars of the vertices 
A, B, C of one triangle are the sides B'O’, O'A’, A'B’ respectively of the 
other. It follows that the polars of A’, B’, O’ are BC, CA, AB 

. Two such triangles are called relative polar triangles. 
Referring to Desargues’ triangles of the last article, we have the following 
theorem : 

Two relative polar triangles are perspective. 

Let (10.10) be the polarity and let the coordinate system be so 
‘chosen (by collineation) that the coordinates of the vertices A, B, C 
——— 17—2100B 
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mi e: one triangle are (1,0,0), (0,1,0), (0,0,1) respectively. Then 
ib 
L the coordinates of the sides B’C’, C'A’, A'B' of the other triangle are 


1i i ~ — Osi a,,), (ain Ass, a,,), (4,5, Haar @,,) 








i Therefore the coordinates of the vertices A’, B’, ©’ are repectively 
fi (Aii As Ass), (Aia Agar Ans), (Ara Azs Ass) 

j where, as above, Ay are the cofactors of ay in | ay |. Hence, the coordi- 
nates of the lines AA’, BB’, CC’ are respectively 

Rs tL “ (0, A aut *8* As) C= Asy 0, Ais) (A,,, — A,,, 0) 
Accordingly, since the determinant of the last set of coordinates 
i 0 A, —Ay, Onis!’ 3 <4 

a te S N A A at yl Mond ae: 

> me A,, —A,, 0 1 -l 0 


Pe ‘the three lines 44’, BB’, Go” are concurrent and so the three 
j |) intersections of paire of corresponding sides are collinear. ~ 
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CHAPTER XI 
GEOMETRY IN THE PROJECTIVE PLANE 


38. Projective coordinates. The homogeneous Cartesian system of 
coordinates (z,, 2, z,) introduced in § 30 has been derived directly from 
the nonhomogeneous system (z, y). The nonhomogeneous system on 
the other hand, depends directly on the notion of distance, and so in the 
homogeneous system thus derived there are special points and a special 
line. Now, we have seen in § 34.1 that under projective transformation 
(i.¢., collineation), the distance does not remain invariant and so there is 
nothing special about the points and the line at infinity, as has been 
noticed in §§ 32,36. But, under this transformation, although the ratio 
of distances docs not remain invariant, the cross-ratio does. Therefore, 
in tae projective geometry, it is natural to look for a system of coordinates 
which would depend not on the notion of distance directly but on the 
notion of cross-ratio. It may be remarked here that the cross-ratio, as 
defined in § 6, depends, on the notion of distance but that it is possible to 


avoid this notion by introducing the 
cross-ratio in a different manner, However 
we do not propose to do so here. 

Let P,, P,, P, be the vertices of a 
triangle and Q a point not lying on any 
side of the triangle. Let P,Q, P,Q, P,Q 
meet the opposite sides in the points Q,, 
Q,, Q, respectively. Take any point R, 
and let P,R, P,R, P,R meet the opposite 
sides in the pointe #,, R,, R, respectively. 
We now introduce three real numbers x, x,, x, such that the cross-ratios 


have the following values 
(P,P,, Q.R.) =z,/x,, (P,P,. Q,R,) = «,/2,, (P,P: Q,R,) = z,/z, (11.1) 
The ordered triad of numbers (z,, z,, z,) are called tde projective coordi- 
nates of the point R with reference to the traingle P, P,P, and the point 
Q. It is‘evident that the projective coordinates are homogeneous coordi- 
nates and it is to be noticed that the product of the cross-ratios given 
above is equal to unity. 
In justifying the definition (11.1) of the coordinates of a point, let us 





show that given the triangle P,P,P, and the point @, we can always 
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find three numbers z,, x,, x, for every point R of the plano, and conver- 
sely when the three numbers are given, R is determined uniquely. 

Firstly, suppose that R does not lie on any side of the triangle 
P,P,P,. Then each of the cross-ratios (Palas OLR), (PoP, QE), 
(P,P,, Q,R,) is defined and the product of them is equal to unity. 
Consequently, we can solve the three equations (11.1) for the unknowns 
Tir Za X, none of which can be zero; the general solution is given by 
(p=, Pz: px,), p0. Conversely, if three numbers x,, x,, 2,, none of 
which is zero, sre given, then the cross-ratios are known; that is, the 
points #,, R,, R, are known. And, since the product of the cross-ratios 
ia equal to unity, the lines P,R,, P,R,, P,R, are concurrent (Theo. I 
§ 36) in the required point R not lying on any side of the triangle. In 
partioular, if R coincides with Q, each of the cross-ratios is equal to unity 
and the coordinates of Q are therefore (1, 1, 1). 

Secondly, suppose that R lies on one side of the triangle, say on P,P,, 
not coinciding with any vertex. Then R, coincides with R, R, with P, 
and R, with P,. So, - 


z,/z, = (PPa QR), =z,/z,= 1/0, 2z,/e, = 0/1 


Therefore, z, = 0, z, + 0, z, + 0 where z,/z, is defined by the cross-ratio. 
Thus R has the coordinates (0, £i» z,), where x r, 3 0. Conversely, given 
three numbers (0, z,, z,), zx, =Æ 0, the point R is determined on the side 
P,P,- Similarly, if Risa point of P,P, or of P,P,, otber than a vertex, 
its coordinates are (z,, 0, z,), 7,2, + 0 or (z,, x,, 0), z,2, + 0, respectively. 

Lastly, suppose that R coincides with a vertex, say with P,. Then 
R, is undetermined, R, and R, coincide with P,. So, 


z,/x, is undefind, z,/z, = 0/1, x,/z, = 1/0. 


These equations are satisfied if we take z, = 1, z, = 0, z, = 0. Thus 
the coordinates of P, are (1,0,0). Conversely, given three numbers 
(p. 0, 0), p + 0, the point R coincides with P,. Similarly, the coordinates 
of P,, P, are (0, 1, 0), (0, 0, 1) respectively. á 

Thus the justification for the definition of projective point coordinates 
is established. It follows that the equations of the lines P,P,, P,P,, 
P,P, are z, = 0, x, = 0,z, = 0 respectively. 

We introduce projective line coordinates in exactly the same way as 
has been done in § 31. If (z,, z,, z,), (u,, 4,,™%.) are the projective 
coordinates! of n point and a line respectively, the condition that the 
point and the line are conjoint is 


UZ, + Ur, + U2, = 0. 
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So the coordinates of the lines P,P, P,P,, P,P, are (1, 0, 0), (0, 1, 0), 
(0,0, 1) respectively, and the equations in line coordinates of the pointa 
P Po P, aro w, = 0, u, =0, u, = 0 respectively. The points 
(0, 1, —1), (—1, 0, 1), (1, —1, 0) on the three sides P,P, P,P, P,P, 
respectively of the triangle lie on a line q (say) whose equation in point 
coordinates is 

z æ, tz, = 0. 
So, the coordinates of the line q are (1, 1, 1). 

The triangle P,P,P, is called the triangle of reference or the 
fundamental triangle; the point Q with coordinates (1, 1, 1) is spoken 
of as the unit point and the line q with coordinates (1, 1, 1) the unit line. 

It follows from above that given four points forming a quadrangle, 
we can introduce a system of projective coordinates by taking the triangle 
formed by three of the points as the triangle of reference and the remaining 
point as the unit point. We may build the theory of projective line 
coordinates independently (by dualising the theory of projective point 
coordinates) as follows : 

Let P, Par Pa be the three sides of a triangle and g a line not passing 
through any vertex of the triangle. Let g,,¢,,q, be the linea joining 
the points p,q, 7.97, p,q with the opposite vertices of the triangle. Take 
any other line r and let r,, r,, r, be the lines joining the points p,r, Par, p,r 
with the opposite vertices. If now we take three numbers u,, t, t 
such that 


(P2P 9:71) = Uzu, (PrP IWsFs)=Uy/%,, (P Por l:a) = t,t; » 


then (u,, u,, u,) are called the projective coordinates of the line r with 
reference to the triangle p,p,p, and the lineg. It follows from the 
definition that the projective coordinates of the lines p,, Pa, Pı, q are 
(1, 0, 0), (0, l, 0), (0, 0, 1), (1, 1, 1) respectively. 

Thus, given four lines forming a quadrilateral, we can introduce a 
aystem of projective coordinates by taking the triangle formed by three 
of the lines as the triangle of reference and the remaining line as the unii 
line. 

In view of the relation (10.5) in § 36, it may be seen that the 
homogeneous Cartesian coordinates are special projective coordinates, one 
side of the fundamental triangle being the line at infinity. If then, we 
make no distinction between an ordinary line and the line at infinity, 
between an ordinary point and a point at infinity, all results that have 
been obtained in §§ 33, 34 in homogencous Cartesian coordinates hold also 
in projective coordinates. 
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The projective coordinates of the points of a row are obtained by 
taking three points P,, P., Q as the fundamental points of the row. If 
P is a point of the row and the cross-ratio 

(Ps F«. Q P) =- oN e 


then (x,,z,) are the projective coordinates of P. In particular, the 
projective coordinates of Pe» Pa, Q are (1, 0), (0, 1), (1, 1) respectively. 

Similarly, the projective coordinates of the lines of a pencil are 
obtained by taking three lines p., po, gq as the fundamental lines of the 
pencil. The projective coordinates (u,,u,) of a_line p of the pencil are 
then given by 

(PePe: 7 P) = u, |u, 

The projective coordinates of the points of a row or of the lines of a 
pencil belong to one-dimensional projective geometry (§ 35). 

$8.1. Transformation of projective coordinates. Collineation. Let 
us take a triangle of reference P,P,P, and a unit point Q, and let the 
projective coordinates of a point R with reference to the triangle and the 
unit point be (2,'). Also, let the homogeneous Cartesian coordinates of 
Ras a, Ra Q and R be (ai), ( bi), (ci ), (di) and (zi) respectively, The 
coordinates of the lines P,Q and P,P, are then 

(a,d,—d,a,, a,d,—d,a,,a,d,—d,a,) and (b,c, —¢,6,, b,c, —¢,b,, b,c, —¢,b,) 

respectively. Therefore, the coordinates of Q,, the point of intersection 
of these two lines, are 


(ub, +ve,, pb, +ve,, nb, +ve,), 


where 
Cc, C3 Cy a, a, a, 
p= |a, a, a,| = |cad|, v=| 6, 6b, b| =|abd}. 
di d, d, d, d; d, 


Similarly, the coordinates of R,, the point of intersection of the lines P,R 


and P,P, are- 
. (pb, +v'c,, p’b,+v'cy, p'b, +v'e,), 


where, in accordance with the above notation, 
p =jere|, v = |abz]. 


„a“ |abd||caz| 
AE ai aaee aa STE 
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Or, by (11.1), z’ _|zca) . |zabj 
x," dea) i jdabl 
Similarly 
— 2 , |abe| x,’ _ lxbel, con 
z (dabi \dbc| xz, |dbc| (dca 
Hence 
—|ebe| zea jzab| 
piim 1 mie asal al l N 


The transformation (11.2) is a transformation from homogeneous Cartesian 
to projective coordinates. Since the a's, b's, c's, d's are constants, the 
numerators are linear homogeneous functions of the z's and the 
denominators are constants, different from zero. Therefore (11.2) is a linear 
homogeneous transformation of the form (10.1) and is thus a collineation, 
It follows that the transformation from homogeneous Cartesian to projective 
is a collineation, and so is its inverse. Hence, the transformation from one 
system of projective coordinates to another is a collineation. 

Let the points P,, P,, P,, Q be transformed by a collineation into 
the points A, B, 0O, D respectively. Then any point with projective 
coordinates (x,,z,, z,) = (a, b, ¢) is transformed into a point which has 
the coordinates (a, b,c) with respect to ABC as the triangle of reference 
and Das unit point. Therefore, every collinealion represents a tranaforma- 
tion of projective coordinates, 

Hence, a collineation of the projective plane is of the same form 
as (10.1), and can be written as 


= Sajt i = 1,2, 3, | aj] #0 (11.3) 

in point coordinates, In line coordinates, (11.3) is 
ou’ = SAye, t= 1,2,3, | Ay| #0, (11.3") 
where A;, are the cofactors of aj, in | ay|. The inverses are respectively 
pæ = SAh o'i = Daj v's (11.3*) 


Sometimes it is useful to write these equations in the matrix form as shown 
in next article. 

We have seen in § 28 that a line in the extended Cartesian plane is to 
be regarded as closed’; this is also true in the projective plane, where, 
as we have said in § 32, Rea annie no distinction between an ordinary point 

a point at infinity, So, the nature of the plane, whether extended 
or projective, remains the same. 
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In order to understand the nature of the projective plane, consider a 
figure formed by the three nonconcurrent lines. If the plane were just 
the ordinary (Euclidean) plane, a 
triangle would divide the plane 
into seven regions, I, II, WU’, III, 
Itt’, IV, IV’ as indicated in the 
figure. But in the projective plane, 
since a line is closed, the regions 
Ti and II’ together make up a 
triangle and so constitute one 
region. So do IH and OT’, also IV 
and IV’. ‘Thus the three nonconcurrent lines divide the plane into four 
regions only. Further, since two lines a,b in a projective plane always 
intersect in only one point, the intuitive conception of a projective plane 
may be assisted by a model of one-sided surface due to Möbius. The 
model is constructed by cutting out a rectangular strip of paper, giving it a 
half-twist and pasting together the two ends, as is shown in the diagram 
below : 








39. Classification of polarities and conies in the projective plane. Let 
us start with a point-to-line correspondence defined by the equations of 


the form (10.10), namely 
pu = Seat, t= 1,2,3, Cm = Crp (11.4) 


These equations may be written in the matrix form as 
| (tm) = (Cy) (Tk) 
Applying an arbitrary collineation of the form (11.3), namely 
(2°) = (aaa), (w) = (Aad) 
and using the inverse, we obtain 
o(aj)(4)) = (Ca)(An=,)- 


Hence 
o(A,)(a)(u’)) = (Alle MAW ) 


w(u) = (c'az), where n = F Ay Cada ee 
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and w isan arbitrary constant, But 


Om = SA CaAw = SArcyudA,, = Cn 
and the rank of (cœ) = the rank of (c’,,), since | do | #0. Thus we state : 
The correspondence (11.4) is transformed by an arbitrary collineation 
into a correspondence of the same kind, the symmetric matirx (c) being 
réplaced hy a symmetric matrix (c't). Further, the rank of the matrix of 
the correspondence is not altered by collineation. 


Corresponding to the notions given in ¢ 37. we shall oall the corres- 
pondence (11.4) a polarity of the projective plane ; the point (x,, x,, z,) 
and the line (u,,u,,u,) are pole and polar, 

Let the point (¢,, £, €.) be situated on the polar of (z,, z, x); 
Then 
0 = Séu = Sey Eiti = Deeg, iT, 


From the symmetry of this equation, it follows that if a point Q is situated 
on the polar of a point P and if Ọ has a polar, then P is situated on the 
polar of Q. It may happen that Q has no polar when its coordinates 
substituted in (11.4) make u, = u, = u, = 0. This cannot occur indeed 
if [ca |0. As in § 37, the condition that the point (z; ) is situated on 
its own polar is 

DLA ETE =) (11.5) 
This condition is both necessary and sufficient for those points which 
have polars. The equation (11.5) is a homogeneous equation of the 
second degree and every such equation can be written in this form : the 
coefficients C = Cy are given uniquely (there being only a common 
arbitrary factor). Thus, the polarity (11.4) and its nucleus (11.5), ie., 
the conic generated*by the polarity, determine one another uniquely. 
Every invariant of one of them is an invariant of the other. Hence, 
the rank of the matrix (àp) is an invariant of the conic (11,5) for every 
collineation, 

The above consideration leads us to classify the polarities and the 
conics simultaneously from the projective point of view as follows ; 

(Ll) Rank of (ey) = 0. In this case every coefficient cn = 0; so, 
no point has a polar and every point of the plane satisfies (11.5). This 
is a trivial case. 

(2) Rank of (cy) = 1. In this case the homogeneous equations 
Secure = 0, i= Le 2, 3, have two independent solutions other than 
(0, 0,0). All the solutions therefore form a row of points, these points 
having no polar. As in the derivation of (11.4), we now apply a collinea. 
tion transforming the given polarity into another such that the base of 

18—2100B 
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this row of points is the line z’, = 0, ùe., the transformed polarity is anol 
that for every point (z’,, z’,, 0) we shall have nu’, = u =u’, = 0. Then 
the coefficients of tho first and the second rows of the transformed matrix 
(c'a) will be zero, as c’,, = C's C'as = C's Therefore, only c’,, shall be 
different from zero ; and, without loss of generality, we may Sat C5, = 1. 
Dropping the dashes, the transformed polarity takes the normal form 


t = U, tg = D pu, = x, 


That the polarity can in this case be so transformed depends on the fact 
that the rank of the matrix remains unaltered. 


Hence, in this case there exists one line «uch that the pointe of this 
line have no polar, whereas every other point has this line as ita polar. 
The equation of the nucleus conic is therefore transformed into the 
normal form 

m” = () 

(3) Rank of (ca) = 2. In this caso, tho equations Sey, 2, = 0, 
i= 1,2,3, have only onè solution other than (0,0,0); that is, there 
exists only one point which has no polar. As before, we apply a suitable 
collineation so that this point is the point (0,0, 1). So, the polarity can 
he written as 

free, = CT +CT c 
Py = Cigt, Osga 
pu, = 0 
Hence, every polar passes through the point (0,0, 1) and the points of 
every line passing through (0,0, 1) have the same polar. Thus the 
polarity can be regarded as a correspondence between the lines of the 
pencil with centre (0,0, 1). The nucleus (11.5) is, in this CARE, 


Ctt + 20,.t,%, + CaTa = 0, Cfa — C,," fe O 
By a suitable transformation, not altering r, we can transform this 
equation into either of the normal forms 


7 fis 


0 








Cia Osa 


z tr = 0 or zz = 0 
corresponding to the sign of C,,Css— C, which cannot be altered. In the 
first case the nucleus has no real branch and the polarity is represented 
by the normal form 

pl, = Xi, pt, = Xy pa, = U, 


This polarity generates an elliptic involution in the lines of the pencil 
with centre (0, 0,1). In the second case the nucleus consists of the two 


2-—2,=0, z tr; =O 
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intersecting in the point (0, 0, 1) and the polarity is represented by the 
normal form 


pu, = 2, pt, = [= E] a =0 


This polarity generates hyperbolic involution in the lines of the pencil 
with centre (0,0, 1); the double lines are the two lines of the nucleus. 
[See the two possibilities under (8.5)) 

(4) Rank of (cn) = 3. Iv this case there is no solution of the 
equations Xc,2, = 0, í = 1, 2,3, other than (0,0,0); so, every point 
has a polar, We introduce a triangle which is self-polar with respect to 
this polarity. There is no such triangle in the eases (1), (2), (3) above, but 
such a triangle exists here, because the nucleus-conic is nondegenerate. If a 
self-polar triangle is chosen as the triangle of reference, i.e., with vertices 
(0, 0, 1), (0, 1, 0) (1,0, 0), the equation of the nucleus is reduced to the 
form 

Citi tOr +c¢,,4," = 0 
Put Gi =t; r= +6", O= te, 
and, without loss of generality, assume that at least two of the signs are 
positive and that they are the signs prefixed to a” and b”. Then putting 


ar, = AT br, — en Lo, = x 


and dropping the dashes, we get the equations of the nuclei in the normal 
forms 
27 +2,° +z," = 0 


anc "Paa ete ee 0 


_ The corresponding polarities are 


Pu, = Dis pu, — T,» Pia — T, 


and m= 2,, Pih =X Ph =r, 


In the first case however the nucleus is without real trace. All cases have 
now been considered. There exists therefore the following classes of 
polarities and their corresponding conics (nuclei) : 


Cases Ranks of Polarities Conics 
matrices 
1 1 t, =u=0, p =, z,? = 0 (11.6) 
2 2 pu, = ty, pl, = Zy wy = O rpt = 0 (11.7) 
3 = pl, = E, pl, = —Ty Hs = 0 m*ar, = 0 (118) 
4 3 piy = E, py = Ty PU, = *, z +a ta = 0 (11.9) 
5 Bp = SPs = yp Py Sw, +e," — 2," = O (11-10) 
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From (11.10) it follows that all nondegenerate (real) conics are equivalent in 
the projective geometry in the sense that one such conic can be transformed 
into any other by a suitable collineation. We may express this by 
saying that all circles, ellipses, Ayperbolas and parabolas are projective 
fo each other. Therefore, we do not discriminate between these curves. 

The equation of a nondegenerate (real) conic can be put into another 
form. Let 

aa; tj = O, ayy = ay, 

be the equation of a conic in projective coordinates. Take three points 
A, d, A, on the conic forming a triangle. By a collineation, transform 
the coordinates (z,, x., x,) into (z',. x°., x',)so that A, A, A, becomes the 
triangle of reference; so, the equation of the conic takes the form 


dd 


ji 
Às the conic passes through the vertices of the triangle of reference 
whose coordinates are (1, 0, 0), (0, 1, 0), (0, 0. 1), we must have 


i “ 
=a TEILE — U, ij = & 


— — 
ay, =a, =a4,,= 90 


So, the equation of the conic takes the form 
A gh Eg 4+ O42 8448 5,2 ,2',=0 
None of the coefficients is equal to zero as the conic is supposed to be 
nondegenerate. We can therefore apply the collineation 
t l ; , eg ; 
prey, =| ty PVS- * 


l 

mon 

F 3 ; SL are nada, 
G as Eis @ 43 


The equation of the conic reduces to the form (dropping the dashes) 
Lt, +22, +27, = 0, (11.10°) 
The equation (11.10) is the required alternative form of (11.10). 

Dual polarities, Let us now consider a line-to-point correspondence 
and discuss polarity and nucleus arising therefrom. For this purpose 
we have only to interchange the «— and the n— coordinates in our 
disoussion of the point-to-line correspondence (11.4) given before. When we 
do so, we obtain, as above, five normal forms of polarities and their nuclei ; 
the nuclei are here envelopes of the second class. It must be noticed 
that in the first three of the five cases, the interpretation of the polarities 
are different in the two dual cases. E.g., in the first cense (11.6), 
where the rank of the matrix is one, there are an infinity of points 
(x, #0) which have the same polar and the corresponding nucleus- 
conic is a line (repeated twice); but in the corresponding dual case only 
onè point (0,0, 1) is a pole and the nucleus-envelope is the pencil which 
‘as this point as the centre. Howeyer, in the non-trivial cases, the dual 
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polarities furnish the same correspondence between points and lines, The 
nucleus-envelope consists therefore of the polars which pass throngh their 
poles, Thus, in the cases (11.9) and (11.10), where the rank of the matrix 
is three, the normal forms of the envelopes are u?+u,?+u,? = 0 which 
contains no real line and n,” +w,” --n,” = 0 which consists of the tangents 
to aA — = Q, 

When the equations are not given in the normal forms we have the 
following results : 


Let Cy, be the cofactors of ci = cr; in | ca | and let the rank of (ca) be 
three. Then 


Polarities Nuclei 
p; = Sone Same, = 0 
rc; = Ca Wy SCa “ju, = 0. 


40. Quadratic dependence of points. Consider a conic given by the 
general equation Sa;jr;x; = 0. The six products 
EE yy Pp Ty Tp FA, TA, 
depend on the three quantities 2,,7,,2, and so they are not arbitrary. 
Let Q, with coordinates (c,,,¢,,, Ca) be six points for » = 1, 2, 3, 4, 
5, 6(c,;is not necessarily equal to c); and let | c,c¢,| stand for the 
determinant 


Cir, Oey Ogg Ciais ē Cuis Ĉar Građ: 
Cola, Cs1Ĉs3 Čas psa ČsĈss Canes 


— 


Ca ar Caes Cebes Cabes “ones Corea | 


Then, if the six points Q, lie on the conic, we shall have the six equations 
bs | 
a, C Cj = 0, y = | > Se . | 
ipo t 
satisfied simultaneously. Since a;; cannot all be zero, the condition that 
the six points lie on the conic is 
C čj | = () 
On the other hand, suppose that Q, is a variable point (r,, r,, 7,) ; then 
developing the determinant | c,,¢,, | in terms of the elements of the sixth 
row, we have 
Ch a yt, + Cia Tt; + Cy, 24%, t C,, titt Caa #,7,+C,, 2,7, = 0, 
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where Cy are the cofactors of c, Cay in the determinant leucy |. This is an 
equation of the second degree unless each C; is zero. Hence, the five 
points Q.. Q. Q,’ Qe Q, determine a conic uniquely if the rank of the 
following matrix is equal to five 





Oy Oy, Oyiga “ev © @ ee ss Ciara 
E TUT C3,€ 23 ceeeeess C2033 
PEET Čs: 33 se ee SE S EE Csglss 


A number of r points P, = (£p Zyn Zr r= 1,2, 3,... are said 
to be quadratically dependent if the r rows 


Zep Fey Zep See Beg Fey Fey Fen Fra Fen Fea Fe 


are linearly dependent, that is, ifit is possible to find r constants Ap, Ky 
s.. &,, not all zero, such that the six equations 


*. Tii Bis + Bg Bey Fei +, =, 2,7 ‘eee # $ + ky a -PT — U 
V, Zir Tiat Es Zar 23s +E, Fy, Beg t -ssss +k, 2,, Ery = 0 
ki Zia Tis +h, Tins Mag + hy Bay Mag to esses +h, Trs Zr = 0 


hold. In this case, we also say that any one of the r points is quadrati- 
cally dependent on the remaining r—1 points. Otherwise, the r points 
P, are quadratically independent. From this definition, it follows that the 
r points P, are quadratically dependent if the rank of the following matrix 
is less than r 


Lifir Tiia Visia Vitis Tisis  ~sa% ia 






Zaan aa Tayn “n'n 


(11.11) 


Tri Brites Cryfry Erry *5 

Since the matrix has always six columns, ite rank can never be 
greater than six and consequently is always less than r when r is greater 
than 6. Hence, ifr > 6, the r points are always quadratically dependent. 
>. If + = 6, the points are quadratically dependent if the determinant 
‘lauty | = 0. So, six points are quadratically independent if there exists 
no conic passing through them, * 
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If r< 6, it is always possible to find a point Q = (#,,2,,%,) 
quadratically independent of the r points P,. For, in the matrix 


Pfi Piro ss + ** 
ete! Bi siti Trte 
—— * * 


it is always possible to choose z,,27,,2, such that there fs at least one 
(r+ 1) —rowed determinant which is not zero. 


If r = 5, the r points are quadratically dependent if the rank of the 
matrix (11.11) is lesa than five. We may therefore state the result, 
obtained before, as follows - 


Five quadratically independent points determine a conic tniguely, 


The geometrical meaning of a point Q quadratically dependent on 
(or independent of) five quadratically independent points P., P,,.... P, 
is that @ lies (or does not lie) on the conic through P,, P,,.... Pa 
Through four given points which are quadratically i endent there pasa 
a system of conics. These conics cover the projective plane in such a 
manner that through any point which is quadratically independent of the 
four given points there passes just one of these conics. . - 

We now consider the significance of quadratic dependence. It should 
be noticed at the outset that, by a transformation of projective coordina- 
tes, a quadratically dependent system of points is transformed into a 
quadratically dependent system of points. 

(lL) A point quadratically dependent on a given point. Let the 
coordinates of the given point be (1, 0,0) and those of another point 
(as Ap A). Tithe two points are quadratically dependent, the rank of 


the matrix 
|! 0 E i) 0 D ) 
nae aa, G am, aa, a,” 


must be one. So, all seoond order determinanta must be zero, i.e., 

ana, =a,' = 4,4, = G,a, = a,° =” 
These are satistiod if and only if a,=a,=0. Therefore two quadrati- 
cally dependent points are coincident. 


2) A point quadratically dependent on two given points. Let the 
a ch ike too wren points be (1, 0, 0), (0, 1,0) and those of 
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another be (a,, a,,a@,). If the three points are quadratically dependent, 
the rank of the matrix 
l T i 0 T 


= 


3 . 
a, afr a, 


ada, daa, a,’ 

must be less than three. So, all third order determinants must be zero. ie., 
ag, = a0, =a, = a,“ = f) 

or a,=aa, = 0, 

So, either a, =a, =0 or a,=-a,=0, 

Therefore the point ( a;) must coincide with one of the given points. 

(3) <A paint quadratically dependent on three given points. 

(i) Let the three given points be noncollinear and, without loss of 
generality, let their coordinates be (1.0, 0), (0, 1,0), (0,0, 1) and those 
of another point be (@,,a,,a,). If the four points are quadratically 
dependent, the rank of the matrix 

l L U D 0 0 


io © i} O 0 l 


E me FH 
a,” aas a.* aa, aa, 2, 
must be less than four, So, all fourth order determinants must be zero, 
KF 
aa, = 4,a, = a,a, — 0. 
So, a =a =O or a,=a,=0 or a, = a, = 0, 


Therefore the point (a; ) must coincide with one of the given pointa. 

(ii) Let the three given points be oollinear. Without loss of 
generality, let their coordinates be (1, 0, 0), (0, 1, 0), (0,0, 1). Then the 
rank of the matrix 


* 





aed 1,” @@, a," 4,4, a,a, 4a," 
must be lees than four. So, - 
J Ga, = a, =a," = U), or a, = 0. 
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Therefore the point (a,) must lie on the line joining the three given 
points. In other worda, all points of a line are quadratically dependent. 
(£) A point qurtratically dependent on four given pointa, 
(f) Let no three of the four given points be collinear and let their 
coordinates be (1, 0, Ô), (0, 1,0), (0,0, 1), (1, 1,1). Then the rank of the 


5-rowed matrix, constructed in the same manner as in the previous cases, 
must be less than five. That is, the rank of the matrix 


— 


must be less than two. Hence we must have 
aa, = 4,4, = 4,4, 
So, G, = A; = 0, or a,=a,=0 or a,=a,=0 o a, =a, = 0. 
Therefore the point ( a; ) must coincide with one of the four given points. 
(ii) Let three of the four given points be collinear and the coordina- 


tes of the four points be (1, ©, 0), (0, 1, 0), (1, 1, 0), (0, 0, 1), the first 
three being collinear, Then, it may be seen, as in the case (i) above, that 


the rank of the matrix 
—— 
-os 3 A * 
a4, 94,0, QA oe i * 


must be less than two. Hence we must have 





aa, = a,a, = 0. 
So either a, = 0 or a, =a, = 0. 


Therefore the point (a;) must either lie on the line of three of the given 
pointa or must coincide with the remaining given point. 


(5) <A point quadratically dependent on five given points. 


(i) If the five points are quadratically independent and the sixth 
point is dependent on them, then the rank of the matrix (11.11) is equal to 
five. That means that the coordinates of the sixth point must satisfy a 
quadratic equation in which every coefficient cannot be ` te, the 
sixth point lies on a conic uniquely defined by the five given points. On 
the other hand, the five given different points are quadratically indepen- 
dent if and only if no four of them are collinear ; and six points on a conic 
are always quadratically dependent. Hence, if no four of five given 

a 


fe- =- 


ie— 1008 








-s ; 
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points are collinear, there exists one and only one conic passing through 
them. If this conic is degenerate, three of the pointe must be collinear, and 
conversely. 

(i) If the five given points are quadratically dependent, the six 
points are also quadratically dependent. In this case four points are 
collinear and there exist an infinity of (degenerate) conics passing 
through the five given points, at least one through every point of the 
plane. 


41. Projective theory of conics. (I) Projective generation of conica. 
Suppose that we are given any three rays a, b, c of one pencil of lines 
(GDGs views ) with centre S to correspond respectively to the three rays 
a’, b', c of another pencil (a'b’c’....) with centre S’, which is supposed to 
be different from S. We can then establish, by geometrical construction, a 
definite projectivity between the pencils in which (a, a’), (b, b") (c, c’) are pairs 
of corresponding rays. The construction has already been given in (2) § 29, 
and it need not be repeated here, The only thing we have to note 
is that there is here no distinction between an ordinary point and a point at 
infinity, an ordinary line and the line at infinity. 

Referring to the construction and the property of the cross-ratio in 
determining a projectivity, the two fundamental results which should be 
emphasized are first, any three distinct rays of one pencil may be related 
to any three distinct rays of the other pencil by at most two perspectivitics 
and secondly, a projectivity between two pencils is uniquely determined 
when three pairs of corresponding rays are given. 

We now recall, what has been shown at the end of § 24, that the points 
of intersection of corresponding lines of particular projective pencils lie on 
certain conics. That idea shall now be generalised. 

Consider the locus of the points in which the corresponding rays 
of two projective pencils intersect. If the two pencils are perspective, 
then the ray SS’ of the pencil (8) corresponds to the ray S'S of the pencil 
(8') ; hence every point of the line SS’ belongs to the locus ; moreover, 
corresponding rays meet on a line (the axis of perspectivity), Thus the 
locus consists of two lines and is therefore a degenerate conic. To consider 
the general case, let us use analytic method. Three different rays a, b, c 
of the pencil (S) can always be represented by 

L(x, Za 2a) = O, L. Zas 2a) = 0, pL, (x,, x, x) + gL, (x,, Xy £) = 0, 
where the functions L, and L, are linear in x,,x,,z, and p + 0,q #0 
pL, (x,, Tas Z3) = 1,(z,, £as £3), gL,(z,, Tar X3) = la(s 2, AE 
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we got the rays a, b, c, represented respectively by 
ll Za r) = 0, L(x,, x,, z,) = 0, U(z,, Za z,) + L(%, %,, 2,) = 0. 
An arbitrary ray d of the pencil (S) is then represented by 
Yh lZ Ta %,) + Al(x,,x,.2,) = 0, and their croes-ratio is (ab, ed) = +a. 
Let a’, b’,c',d’, be the raya of (S') which correspond to a, b, c,d; then 
(a'b', c'd') = (ab, cd) = ¥/A. We can now represent the rays a‘ b’ c' by 
bi (£; T.» x.) = 0, be (Xr, Zs x,) = 0, k (ae Fyr £) + li (Zis F, z,) = 0, 
where /''s are also linear functions ; then d’ must be represented by 
Yh (Ti Za 2) + Al,'(z, z,,2z,) = 0 
The point of intersection of d and d’ satisfies therefore the two equations 
v1, (2, Zar X3) HAL (Ti, 5, Z3) = 0 
yh (Zis Ber Z3) + Al, (Zis Tar Z,) = O 
On the other hand, let (x,,z,,2z,) be a point in which two corresponding 
lines of the pencils meet. Then there exist values of y, A for which the 
above equations hold, and this is possible if and only if 


LEs Bas Hy) o Cys Has Be) 


l (Z %q,%,) Uj(2,,2,,%,) 

This is an equation of the second degree. Hence the points of the 
locus must satisfy an equation of the seoond degree, and every solution 
(£ Ta %,) of this equation is a point of the locus. An equation of second 
degree either represents a conic or is an identity, every coefficient being 
zero. But since S and S’ are supposed distinct, every point of the 
projective plane does not belong to the locus and the locus contains 
at least five points which are not situated on a line. Hence the locus is a 
conio which is either nondegenerate or is a pair of distinct lines. We 
therefore state the following theorem : 

If there is a projectivity connecting two nonconcentric pencils of lines, 


the locus of the points of intersection of the corresponding linea is a conic 


which is either nondegenerate or consists of a pair of lines. 

Let now five points be given which are quadratically independent 
and let them be denoted in an arbitrary manner by S, S’, A, B, C. If there 
are three collinear points among them, we will suppose that A, B, C are 
collinear and that neither S nor S’ is situated on the line ABC. At any 
rate, the lines 

ga =a, SB = b, SC=c, S'A =a, S'B =b, SO ac 
— 
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are all distinct. If the rays a, b, c of the pencil (S) correspond to the 
rays a’, b,c’ of (S’), then the locus of the points in which corresponding 
rays meet is a conic which obviously passes through A, B, C. The conic 
passes also through S, 8" since the line SS’ of the pencil (S) meets tho 
corresponding line of the pencil (8’) in the point 8’, and similarly for the 
point S. In the preceding article it has been proved that there exista only 
one such conic passing through these five points. Thus every nondegenerate 
comic and every pair of distinct lines can be generated by two nonconcentric 
projective pencils. 

On the other hand, let S and S be two arbitrary different points of a 
nondegenerate conic which are the centres of two pencils of lines. If we 
set up a correspondence between those rays of S and S which intersect 
on the conic, then quadruplets of corresponding rays have the same 
cross-ratios. For, if A, B, C, D sre four points of the conic, different 
from S and S’, the locus generated by the pencila whose corresponding 
rays are SA, S'A; SB, S'B; SC, S’'C is a conic passing through S, S’, 
A, B, C and is therefore identical with the given conic. Hence SD 
corresponds to S’D and the following cross-ratios are equal, namely 


(SA SB, SC SD) = (S'A S'B, S'C S'D) 


Suppose, for the moment, that the conic isa circle. Then œ ASB = <— AS'B 
for every pair of points A, B of the circle, and the two pencils (S) and (S°) 
are therefore congruent. Hence we may get an alternative proof of the 
projective generation of a nondegenerate conic by ‘“‘generalisation by 
collineation,” as in § 36. 

Consider dually two rows of points (ABC. .) and (A’B'C’. .) on different 
lines a and s’ and establish a projectivity between the two rows, as in (1) 
§ 29. The lines joining corresponding points of the rows generate an 
envelope. To investigate the nature of this envelope, we need only repeat 
the above investigation regarding two projective pencils, using always the 
dual terms. i.e., the coordinates (z, z,, x,) of a point have to be replaced by 
the coordinates (u,, u,, u,) of a line, and conversely, It would follow that 
the envelope is of the second olass and is elther nondegenerate or consists 
of two points. We therefore state the following theorem : 

If there is a projectivity connecting two rows of pointa which are not 
cobasal, the envelope of the lines joining correaponding points is a conic which 
is either nondegenerate or consist of a pair of pointa. 

Strictly speaking, a degenerate conic locus is a pair of rows of points 
and a degenerate conic envelope is a pair of pencils of lines. The conio locus 
and tho conic envelope are also called the point conic and the line conic 
respectively. The diagram given below shows the conics when they are 
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—— To the rays SS’ of (5) and (8') correspond respectivel 
p angents at S and S. To the points as’ of (s) and (#') —— 
respectively the points of contact on «’ and a. 





(II) Theorems on conica and hexagons. Let A, B, O, D, E, F be six 
points, no three of which are collinear. By ‘the hexagon ABCDEF’ we 
shall mean the figure obtained by drawing the lines AB, BC, CD, DE, 
EF, FA. These six lines are called the sides and the six points the 
vertices of the hexagon. Cyclical permutations of ABCDEF and 
FEDCBA (such as CDEFAB, CBAFED, ete.) represent the same 
hexagon and any other permutation represents a different hexagon. 
Hence, from the six vertices we obtain sixty different hexagons. The 
sides of the hexagon ABCDEF are grouped into three pairs of opposite 
sides: AB, DE; BC, EF ; CD, FA. 

We have just seen that five points, no three of which are collinear, 
determine a nondegenerate conic uniquely. The following theorem gives 
the necessary and sufficient condition that six points should lie on the same 
conic, 

PASC AL'S theorem. If the six vertices of a hexagon ABCDEF lie 
on a conic, the pointa of intersection of the three pairs of opposite sides 
AB, DE; BO, EF; CD, FA are collinear. Conversely, if the hexagon is 
such that the three pairs of opposite sides intersect in three collinear pointa, 
the six vertices of the hexagon lie on a conic, 

Proof. Let the points of intersection of AB, 
DE; BO, EF and CD, FA be P, Q and R res- 
pectively. Also, let 2D and AF intersect in M, 
= OD and EF intersect in N. Suppose that the six 
points A, B, C, D, E, F aro points of a conic. 
The pencils A(EDBF...-) and C(EDBF....) 


tive, because the corresponding ray AE, CE, 
etc. intersect on the conic. Therefore the 
rows (EDPM....) and (ENQF....) in 
which these two pencils are cut by the lines 
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ED and EF respectively are projective. But these two projective rows 
have the point # as the self-corresponding point and hence the rows are 
perspective ($29). Therefore the lines DN, PQ, MF are concurrent ; 
that is, the lines CD, PQ, AF are concurrent. So, tho lines CD and AF 
intersect on the line PQ ; that is, the point R lies on the line PQ. 

Conversely, suppose that the points P, Q, R aro collincar, Now the 
five points A, B, Q, D, E determine a conic. If the point F docs not 
lie on this conic, let EF intersect the conic in the point F’. Also, let CD 
intersect AF’ in R’. Since ABCDEF' is a hexagon inscribed in the 
conic, the three points P, Q, R’ are, by what has been proved above, 
collinear. But, by hypothesis, P, Q, R are collinear and so R and R’ 
lic on PY. Also, by construction, they lie on CD. Therefore R’ must 
coincide with R and hence F” must coincide with F. Accordingly, the 
six points 4, B,C, D, E, F lie on a conic. 

The line PQR is known as a Pascal's line. From six points on a 
conic we obtain sixty Pascal's lines. 

Let a, b, c d, ¢, f be six lines, no three of which are concurrent. By 
‘the hexagon abcdef’ we shall mean the figure whose sides are the six lines 
and whose vertices are the six points ab, be, cd, de, ef, af. There are 
three pairs of opposite vertices : ab, de; be, ef and cd, fa. Cyclical 
permutations of abedef and fedcba represent the same hexagon and other 
permutations represent different hexagons. The dual of Pascal’s theorem 
is then the following : 


BRIANCHON'S theorem. If the six sides of a hexagon abcdef are 
tangents to a conic, the lines joining the three pairs of opposite vertices ab, de ; 
bc, ef ; od, fa are concurrent. Conversely, if the hexagon is such that the lines 
joining the three pairs of opposite vertices are concurrent, the siz sides of the 
hexagon touch a conic. 

The proof of this theorem is obtained by dualising the proofof Pascal's 
theorem, The point of concurrence of the lines joining the opposite vertices 
of a hexagon circumscribed about a conic is called a Brianchon's point. 
From six lines touching a conic we obtain 

sixty Brianchon's points. 

The following are some of the interest- 
ing corollaries of tho above two theorems 
which are obtained by supposing one or more 
pairs of vertices or sides of the hexagon to 
coincide, 

Cor. (i) If A, B, C, D, E are five 
points on 4 conic, the point of intersection 
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of the tangent at A and CD ia collinear with the intersections of AB, DE 
and BC, HA. (Suppose F = A). 

Ifa, b,c, d,e are five tangents to a conic, the line joining the point 
of contact of a and cd is concurrent with the lines ab, de, and be, ea. 


(ti) If A, B,C, D are four points on a conio, the point of intersection 
of the tangents at A and C is collinear with the intersections of AB, CD 
and BO, DA, (Suppose the hexagon is AABCOD). 


If a, b, c, d, are four tangents to a conic, the line joining the points 
of contact of a and ¢ is concurrent with lines ab, cd and be, da. 


(iis) If A, B, C, are three points on a conic and a, b, c are the 
tangents thereat, the points of intersection of a, BO ; 6, CA and c, 
AB are collinear and the lines joining A, be ; B, ca and C, ab concurrent. 
(Suppose the hexagon is AA BBOCC). 


We have all along been supposing that the conic is nondegenerate. 
In Pascal's theorem, let us suppose that the conic is degenerate and 
consists of the two lines ACE and BDF. It is then immediately seen 
that Pappus' theorem is a particular case of Pascal's theorem. 


As an application of Pascal's theorem, suppose it is required to 
construct a conic through five given points, no three of which are 
collinear. The construction may be given as follows : 


Let A, B, C. D, E be the five points. Draw any line g through one 
of the points, A say, not passing through any of the remaining points. 
Let the point of intersection of AB, DE be P, of g, CD be R and of PR, 
BC be Q ; finally, let EQ meet gin F, Thus ABCDEF is a hexagon such 
that the three pairs of opposite sides meet in three collinear points P, Q, 
R. Therefore F must lie on the conic through the five given points. 
Now, by taking different lines g through A we obtain different points F ; 
and so, by constructing a sufficiently large number of points F, the 
conic can be constructed. 


Similarly, given four points and a tangent at one of them or three 
points and the tangenta at two of them, no three points being collinear and 
no point being situated on the tangent at a different given point, the conic 
can be constructed by the help of Pascal's theorem. , 


(111) i io and a point 
Synthetic treatment of pole and polar. Take a conic and a po 

P not lying on the conio. Through P draw any two lines meeting tho 
conic in A, Band O, D respectively. Lot AC, BD mect in Q and 4D, 
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BC meet in R, Finally, let the line QR be denoted by p. If the 
lines AB, p meet in P’, then, 
from the complete quad- 
rangle QCRD, the points P, 
P" are harmonically separated 
by A, B (§ 29). Similarly, if 
CD, p meet P”, then P, P” 
aro harmonically separated by 
C, D. Therefore the line p is 
the polat of the point P with 
respect to the conio. 


By Pascal's theorem Cor. (ii), the tangents to the conic at A and 
B intersect on p. Similarly, the tangeote at Q, D also intersect on p. 
Thus, if through P we draw any number of lines to mect the conic in 
distinct pairs of points (A, B), (C, D), ..., the following points le on 
the polar of P (points conjugate to P); (i) the meet of AC, BD and 
the meet of AD, BC, (ii) the point on every line AB which is harmoni- 
cally separated from P by the pair (A, B) and (iii) the meet of the 
tangents at every point pair (A, B). 

It follows that the polar of Q is the lino PR and tho polar of R is 
the line PQ. Therefore the triangle PQR is a polar triangle. But this 
triangle ia the diagonal triangle of the complete quadrangle ABCD. 
Thus, the diagonal triangle of a complete quadrangle whose vertices lie on a 
conic is a polar triangle with respect to the conic. Conversely, every 
triangle which is polar triangle with respect to a conic can be considered 
as a diagonal triangle of a complete quadrangle whose vertices lie on the 
conic. It follows that all conica which pass through the same four 
points, no three of which are collinear, have a common polar triangle. 

Applying the principle of duality, we take a line p which does not 
touch the conic and draw distinct pairs of tangents (a, b), (c, d),....from 
points on p. Then the following lines pass through the pole of p (lines 
conjugate to p) : (i) the line joining ac, bd and the line joining ad, be 
(ii) the line through every point ab which is harmonically separated from 
p by the pair (a, b) and (iit) the line joining the points of contact of every 
tangent pair (a, b). 

Also, the diagonal triangle of a complete quadrilateral whose sides touch 
a conic is a polar triangle with respect to the conic. ! 

STAUDT'S theorem. Let the three vertices of a triangle ABO lie ona 
conic and S be the pole of BC with respect to the conic ; then any line throwgh 
S meets AB and AC in conjugate points. 
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Proof. Letany line through S meet AB, AC in P, Q respectively 
and let CP meet the conic again in D; also, let BC and AD meet in R. 
Now, the four points A, 
Bo ©; D are on the 
conic ; 0, by Pascal's 
theorem or by the 
construction of pole and 
polar given above, the 
point of intersection of 
the tangents at B and 
C is collinear with the 
points of intersection of 
AB, DC and of BD, OA. 
Therefore, BD meets (A 
in Q. Hence POR in * 
the diagonal triangle of the complete quadrangle BCAD and is therefore 
a polar triangle with respect to the conic. Accordingly, P and @ are 
conjugate points, 

Applications. We now establish a few theorems which follow from 
the projective properties of conics given so far. 

(1) The complete quadrangle formed by four points ona conice and the 
complete quadrilateral formed by four tangents thereat have the same diagonal 
triangle. 

Let A, B, C, D be four points on a conic and a,b,c,d the tangents 
to the conic at these points respectively. Also, let the point of intersec- 
tion of AB, CD be P, of BD, AC be Q, of AD, BC be R; the line 
joining ab, cd be e, joining ùd, ac be f and joining ad, be be g. Then, 
PQR is the diagonal triangle of the complete quadrangle ABCD and efg 
the diagonal triangle of the complete quadrilateral abed. 

Now, by Pascal's theorem Cor. (fi), the points P, R lie on f. Also, 
if the points A, B, ©, D are taken in different orders then, from ABDC, 
the points P, Q lie on g, and from ACBD, the pointe Q, R lie on e. 
Hence the theorem, 

(2) If two complete quadrangles have the same set of diagonal points, 
thetr eight vertices lie on a conic. 

Let ABCD, A’ B’C’ D’ be two complete quadrangles and let the lines 
AB, CD, A'R’,C’D’ meet in P; BC, AD, BC', A'D' meet in Q; AC, 
BD, A’C!, BOD’ meet in R, Also, let PA’ meet GR in Æ. Now, the 
five points A; B,C, D, A’ determine a conic I. Since PGR is the 
diagonal triangle of the complete quadrangle A'R’C'D', the points P, E 

20—2100B 
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are harmonically separated by the points A’, B'. But PQR is a polar 
triangle of the conic T and A’ is a point on I"; therefore B’ must also 
be on D. Similarly O’, D' must also be on F. Hence the theorem. 


(3) If two conica are inscribed in the same quadrilateral, the eight points 
of contact lie on a conic. 


Let a,4,c,d be the four sides of the quadrilateral and A, A’ the 
points of contact on a; B, B’ onb; C, C’ one; D, D'on d ; the points 
A, B.C, D lie on one conic and A’, B’,C’, D’ lie on the other. 
Now by (1), the complete quadrilateral abcd has the common diagonal 
triangle with both the complete quadrangles ABCD and A’B'C'D’. Hence 
the complete quadrangles ABCD, A’ B'C'D' have the same set of diagonal 
points, Therefore, by (2), the eight pointa A, B, C, D, A’, B,C’, D lie 
ona conic, 

The derived conics in (2) and (3) may be line pairs. The dual theorems 


of (2) and (3) may be stated and proved in the same way by dualising. 
(4) If two triangles are both self-polar with respect to a given conic, 


their siz vertices lie on a conic and their six sides touch a conic. 


Let ABC, POR be two triangles self-polar with respect to a conic. 
Let BC meet PO and PR in Q’ and R’; QR meet AB and AC in B’ and 
Oo’. Now, Q’ is the meet of PQ and BC 
q whose poles are R and A; therefore the 
polar of Q’ is AR. Similarly, the polar of 
R’ ia AQ. Hence, we have the equal cross-ratios 
A(BC, QR) = (CB, R'Q’) 
(because, by § 27.1, the cross-ratios of polars 
and corresponding poles are equal) 
= P(CB, R'Q’), by projection from P, 
= P( BC, OR’) = P(BC, QR) 
So, A(BC, QR) = P( BC, QR). 
So, by (I) of this article, the six pointa 
A, B,C, P,Q, R lie on a conic, Similarly, 
(BC, QR’) = A(CB, RQ) = A(C’B’, RQ) = (C'B’, RQ) = (B'C’ QR) 
So, (BOC, QR’) = (B'C', QR). 
So, by (I) the four lines BB’, CC’ QQ’ RR’ touch na conic which is also 
touched by the bases BC, QR of the projective rows. But the four lines 
are respectively AB, AC, PQ, PR. So, the sides touch a copio. 
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By the theory of pole and polar, a given conic I’ sets upa polar 
correlation (P, p) in the plane. To a line PQ corresponds the point pg 
and if P, q are conjoint, then p, Q are also conjoint. Thus the principle 
of duality may be justified in this way. 

Suppose a conic I’, is generated by two projective pencils. Then 
the polar reciprocal (§ 22) of I’, with respect to T is a conic D, generated 
by two projective rows, the bases of the two rows being the polars 
of the centres of the two pencils with respect to I". Let the polars of two 
points P, Q with respect to T be p, q. We then have the following 
properties : 

(#) If P, gare pole and polar with respect to T, then p, Q are polar 
and pole with respect to I’,. 

(ii) If P, Q are conjugate points with respect to T',, then p, q are 
conjugate lines with respect to L’,. 

From these properties the following theorem may be deduced : 

(5) Any two conics and the polar reciprocal of one with respect to the 


other have a common self-polar triangle, 


(IV) DESARGUES' theorem on involution. If K, L, M, N are four points 
on a conic, any transversal cuts the conic and the pairs of opposite sides of 
the complete quadrangle KLMN in pairs of conjugate point: of an involution. 


Proof. Let a transversal « meet the conic in P, P’ and the three pairs 
of opposite sides KL, MN ; KN, LM ; KM, LN of the complete quadrangle 
KLMN in the three pairs of , 
points (A, A’), (B. B'i, (C, ©’). 
Now, since the six points K, L, 
M,N, P, P' areon the conic, 

K(LN, PP’) = M(LN,PP') 
or. (AB, PP") = (B'A', PP") 
(by section by u) = (A’B', P'P) 
So, (AB, PP") = (A'B', P'P) 
In this projective correspon- 
dence, the points P, P’ correspond to one another doubly. Therefore 
(4, A’), (B. B'), (P, P’) are pairs of conjugate points ofj an involution. 
Similarly, it may be seen that (B, B’), (C. C"). (P, P') are pairs of 
conjugate points of an involution, But two pairs (B, B’), (P. P^) 
determine an involution uniquely. Hence (A, A‘) (B, B’) (C, C’), (P. P’) 
are pairs of conjugate points of an involution, 
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The dual theorem may be stated thus - 

if k, l m n are four tangents to a>conic, the two tangents to the 
conic from any point and the lines joining the same point to the three 
pairs of opposite vertices of the complete quadrilateral klmn are paira of 
conjugate lines of an involution, 


The proof of this theorem is obtained by dualising the proof given 
above, 

The set of all conics passing through four points form a pencil of conica 
and the set of all conics touching four lines form a range of conice. 


Let K, L, M, N be four points forming a quadrangle and wu a line not 
passing through any of these points. In the pencil of conics through K, L, 
M, N there are either two conics which touch u or none at all. For, the 
pencil of conics determine an involution on u. If this involution is hyper- 
bolio, there are two double points P and Q, say ; then the conic of the 
pencil which touches w at P is one of the conics while that which touches wu 
at @ is the other. If the involution is elliptic, no conic of the pencil can 
touch u. Dually, in the range of conics touching four lines k, l, m, m, form- 
ing a quadrilateral, there are either two conics which pass through a given 
point, not situated on any of the four lines, or none at all. Strictly speak- 
ing, a pencil of conics is a pencil of conic loci and a range of conics is a 
pencil of conic envelopes. 


42. Pencil of conics. Pencil of conic loci. The set of all conics 

defined by, 
yh, +Ad, = O, (11.12) 

where D = 2G; 4 Xj X; = 0, | = DAE TET S ij = ay; by; = by, 
are two given conics and y, A take all values, excepting both zero, 
is said to form a pencil of conic loci. Two conica of the pencil 
yo, +AD, = 0 and +’, +A’, = 0 are distinct if +A'—y’A +0. Any conic 
of the pencil is linearly dependent on P, = 0 and P, = 0 and is therefore 
linearly dependent on any two distinct conics of the pencil. And, since 
the pencil is known when &, and 4, are known, &, = 0 and p, = 0 may 
be called the hase conics. In fact, any two distinct conics of the — may 
be taken as base conics. All conics of the pencil pass through the points 
of intersection, real or without real trace, of the base conics. 

Let (x';) be any given point and let 

H = Eagair wy = Shy x'er’s 

If a conic of the pencil passes through (x’;), y/A must satisfy yu, + Ap, = 0. 
Hence, through a given point there passes just one conic of the pencil wnlesa 
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Hi =u =0 IfA = = 0, the given point is a point of intersection 
of the conios @, = Ô, AG = 0, and all conics of the pencil pass through 
the given point. So, if the conics P, = 0, b, = Odo not intersect in any 


real point, there is just one conic of the pencil which passes through the 
given point, 

Lot two points (x,;), (2’;) be conjugate with respect to both the 
conica D, = 0, p, = 0. So 

24,,;2,;2;=2 0, Xbyrzj = 0 

Each of the two conics determines an involution of points formed by pairs 
of conjugate points on any line. If the involutions determined by both 
the conics on a line, say r, = 0, are the same, the two equations 
0 
U 


I! 


, # 
Aist; +d,,(2,%, +2*,%4') +4,,%,T, 


ly 


5 —— +h,,(x x," + a) + 6, .x,x," 
must be the same. So, the rank of the matrix 


oy —* 


bis bn 6.. 
must be one. Now, the rank of the matrix remains unaltered if we 
replace bi; by yayj+Aby. Hence, if two conica of a pencil generate the same 
involution on a line, then every conic of the pencil generates the same involu- 
tion on the same line. 

Let us, for the moment, suppose that our coordinates are special 
projective coordinates, fe., homogeneous Cartesian coordinates, and let us 
consider a circle 

x,” +z, +da x, + 2ex,x, + fr," = 0 
The involution generated by the circle on the line at infinity x, = 0 is 
given by the equations , 
z¢,’+e27,'= 0, 7, =z, = 0 
Since this is independent of the constants d, e, f, any other circle will 
generate the same involution on the line at infinity. Conversely, every 


conic generating this involution is circle, For, in the equation of tho 
involution we would have the coefficient of 2,2’, equal to the coefficient of 


a,x," and the coefficient of (xx, + x7,7,') equal to zero. 


Let all Gonics of the pencil (11.12) pass through four pointa 


K. L, M, N and w be a fixed line. Also, let P bo a variable point on u 
and P“ the point conjugate to P with respect to two (and therefore 
all) conics of the pencil, If S, and Se ee 
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to two arbitrary conics of the pencil, then tho lines S,P’ and S,P' are the 
polars of P with respect to these two 
conics. Therefore, the pencils of 
lines S,(P’) and S,(P’) with centros 8, 
and S, are both projective to the row 
of points (P) on w (§ 27.1) and are 
therefore projective to one another. 
Hence, by (I) of the last article, the 
locus of P" is a conic, |’ say, passing 
through 4,,8,,... 

Let KL moct u in H and let H, be the harmonic conjugate of H with 
respect to K, L. So, the conic I" passes through the six such points H 
on the six sides of the complete quadrangle KEMN. Again let E, F. G 
be the diagonal points of the complete quadrangle KEMN and let G' be 
the point of intersection of EF and u. Then, since EF is the polar of 
G with respect to all conics of the pencil, G, G' are conjugate points with 
respect to all these conics. So, l passes through the point G and, for 
the same reason, throngh E, F. Finally, ifthe conics of the pencil meet 
u in the pairs of points (A, A’), (B, B’),...., then, by Desargues’ 
theorem of the last article, these pairs of points form an involution on u. 
If the involution is hyperbolic and U, V are the double points of this 
involution, D passes through the points U, V. Thns the conic [I` passes 
through the nine (eleven) fixed pointa, Hg, E. F. G, (U, V). 

Let us, for the moment, suppose that the line u is the line at infinity. 
So, the points S,, S,,....are the centres of the conics of tho pencil, 
Hence I is the locus of these centres, Further, the point H, is now the 
middle point of the segment AL and, as before, E, F, G are the diagonal 
points of the complete quadrangle KLMN. The locus |’, of the centres, 
which passes through these nine fixed points is accordingly called the 
nine-point conic. 

Degenerate conics of the pencil, In the pencil of conics (11.12) 
supposd that one at least of the conics is nondegenerate, say 2, = 0 is 
nondegenerate, i.e., | a, | + 0. If then there is any degenerate conic in the 
pencil, +0; and for these degenerate conics y/à should be such as to 


| (y/Ajay + by | = 0 


This is a cubic equation in y/A. Hence, there are not more than three 
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through the four points XK, L, M, N. The different degenerate casea that 
may arise are the following : 


(a) If the four points are distinct there are three distinct degenerate 


conics, each consisting of a pair of opposite side of the complete quadrangle 
KLMN. 


(b) If two of the points are coincident, say A, 5E coincident at K, all 
conics have simple contact at K. There are two distinct degenerate 
conics, one consisting of the tangent to all the conics at A and line 
MN, and the other consisting of the lines KM, KN. 


(c) If two pairs of points are coincident, say A, L coincident at K 
and M; N coincident at M, all conics have two simple contacts, one at 
K and the other at M or, as we say, double contact at K, M. There 
are here also two distinct degenerate conics, one consisting of the tangents 
at K and M and the other consisting of the line KM counted twice, 


(d) If three of the points are coincident, say K, L, M coincident at K, 
all conics have three-point contact at K. There is here one distinct 
degenerate conic consisting of the common tangent at K and the line KN. 


(e) If the four points are coincident at K, the conics have four-point 
contact at K. There is here also one distinct degenerate conic consisting 
of the common tangent at K counted twice. 


Singular points. A point on a conic is said to be a singular point 
of the conic if every line determined by it and any other point of the 
conic is contained in the conic. It is evident that only degenerate conics 
have singular points. If the degenerate conic consists of two distinot 
lines, the point of intersection of these lines is the only singular point ; and 
if the degenerate conic consists of two coincident lines, every point of the 
line is a singular point. 

Let (r;) be a given point and (2,;) any other point of a conic 
Sey x2) = 0. An arbitrary point ( wr; + vr, ) of the line joining the two 
points ia a point of the conic if 

peg ry ty + uric rey tw Lye, x = 0 
The first and the last terms are, by hypothesis, zero; so the condition 
reduces to Seyray = 0. But as (2,) is any point on the conic, the 
coefficients of x,,x,,2, must be separately zero, ŭe., 


Dci n = 0, j = l; 2,3 (11.13), 


Thus, (11.13) is the condition that ( r; ) is a singular point of the conie. 
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Now, we have seen that the degenerate conics of the penoil (11,12) 
will be given by those values of y, A as satisfy 
| yap + Aj | = 0, 
where, as before, we suppose that | aj} #0. For such values of y. Ay 
there must exist quantities r,, r.. r, satisfying the three equations 


> (v0 Aban = 0, 7 — 1,23 (11.13) 


It therefore follows from (11.13) that (r;) is a singular point of a degenerate 
conic of the pencil. 

Further, for arbitrary values of y, A, the polar of a point (r;) with 
reapect to the conics of the pencil are 


D> (ris + Abari = 0 


These polars are the same for all conics of the pencil if y, A exist such that 
(11.13%) is satisfied, that is, if ( r,) is a singular point of a degenerate conic 
of the pencil. Hence, the singular points of the degenerate conics of a pencil 
are the only points whose polars with respect to all conica of the pencil are the 
same. It may be noted that the polar of a point with respect to a conic 
is undefined only when the conic is degenerate and the point is a singular 
point of the conic. 

Equations of pencils. Consider a point and a line which are pole 
and polar with respect to all the conics of the pencil (11.12) ; the point 
is therefore a singular point of a degenerate conic of the pencil, The 
polarity determined by an arbitrary conic of the pencil is 


rey => (yas + Ada): j = 1,2,3 
d 


For pole and polar, two cases may arise: (I) the pole conjoint with its 
polar and (IT) the polo disjoint with its polar. 

(I) Let the coordinates of the pole and the polar be (0,0,1) and 
(1,0, 0) respectively. Since this polarity is to be satisfied by an arbitrary 
conic of the pencil, we must have 

a,, = 6, = Ap, = bp = 
Therefore the discriminant 
, | yay +Aby | = (yaa +A5,5)7*( 42, + Ab,,) 
For the degenerate conics of the pencil, we shall have this discriminant 
equal to zero. Two cases may again arise : (1) both the factors of the 


— 
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discriminant are zero for the samo value of y/A and (2) there are two values 
of y/A for each of which the discriminant is zero. 

(1) Here —yiA = 6,,/a,, = 6,,/a,, = p (say) 

Since thero is this one value for y/A, there is just one degenerate conic, 
and we take it as one of the base conics. As 

Aa = Op = Öss = 6,, = 0, b,a = Piy Öss = pass, 
the equation of tho pencil (11.12) can be written as 
yla, T,” + 2a,,7,2, + 2a’,,2,2, + a’,,r") + Alb T,” + 26,,x,2,) = 0 

Two sub-cases arise : 

(1) òa =0. The equation of tho pencil now takes the normal form 

yla z,” + 262,27, +2c27,2,+dz,7) + Ax? = 0; (11.14) 

and the equation of the degenerate conic is now z,* = 0. 

(fi) ôa. #0. We apply the collineation 

ox’, =Z, oz’, = b,,2, + 2b,,7,, oz’, = 2,. 
The equation of the pencil now reduces to the normal form (dropping 
the dashes) 
ylar’, + 2b2,2, + 2c2,2,+dz*,) + Artz, = 0; (11.15) 

and the equation of the degenerate conic is now z,7, = 0. 

(2) Here —y/A has two values 6,,/a,, and 6,,/a,,. Let 

615/415 = Pis Osaa: = Pa 
Since there are these two values of »,;A, there are two degenerate conics, 
and we take them as the base conics. As 
Gi, = Gj = b,, = bss = 0, bs = Ps b. = Petes» 

the equation of the pencil (11.12) can be written as 
y(a,,2", + 2a, E op 2a" sas x.) + Alb, z? +2, 2,2, +b sa? a) = 0, a 8 *0 
Apply the collineation 

ox’, = Zas oz’, = (b,,/6',,) =, + Fa ox, = 4,2, + 2a,,%, + 20',,%, 
The equation then reduces to the form 

ve. + bx" ,*) = 0, b = bs 0 
Finally, apply the collineation 
oz", = yilar oz", = VILDI o =r, 
21—2100B 
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The equation of the pencil now takes one of the three normal forme 
(dropping the dashes) 


77,7, + Al, + z*,) = 0, e= 1,0, -—1; (11.16) 
and the equations of the two degenerate conics are now r,r, = 0 
and ex’, + x’, = 0, « having the corresponding value. 

(IT) Lst the coordinates of the pole and the polar, whichare now 
supposed to be disjoint be (0,0, 1), and (0, 0, 1). Since this polarity is 
to be satisfied by an arbitrary conic of the pencil, we bavo 

a,, = 6,, = a,, = b,, = 0. 

A degencrats conic of the pencil may be obtained by supposing b,, = 0, 
as this makes | by | = 0, and let us take this conic as n base conic. When 
6,,=", we must have a,,+0, as otherwise it would make the 
discriminant of the equation of the pencil zero. Without loss of generality 
Wo may assume a,, = — l. 

The equation of the pencil (11.12) can now be written as 

Y(T, + 2a s.r, +AT —2,*) +A(5, z? + 26, x 2, +6, ,7,’) = 9 
As before, the coefficient of A can, by the application of a _ suitable 
collineation, be reduced to z,*+ez,*, «=1,0,-—1. So, the equation 
reduces to the form 
Pliit +20, 57,2, Cr”, —%,") + A(z," +err") = O 

There are three cases according as «= 1,0, — 1. Takinge = 1 ond 
applying an orthogonal transformation in z,, z, (a particular case of 
collineation), the coefficient of z, z, may be made to vanish while z,” +r," 
remains invariant, The equation of the pencil then takes the form 


(ax ,* + br, —z,?) + Alr" +r) = 0 (11.17) 
Similarly when « = 0, the equation takes the form 
ylar, + bx,* —2,7)+Az? = 0 (11.18) 


When « = — 1, the equation, by suitable change of coordinates, can be 
put in the form 

ylax,? + 2bz,7, + cx,- z,")+Azz7, = 9 (11.19) 
There are various subcases for each of the equations /11.17), (11.18), 
(11,19) and the equations can be put in simpler normal forms. 

From the point of view of singular points, pencils of conics can be 
of the following five types : (a) pencil having three singular points, when 
there are throo degenerate conics, (b) pencil having two singular points, 
whom thors are two degenerate conics each consisting of a pair of lines, 
(c) pencil having ono singular point, when there is one degenerate conic 


. 
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consisting of a pair of lines, (d) pencil having a row of singular points, 
when there is one degenerate conic consisting of two coincident lines and (e) 
pencil having one and a row of singular points, when there sre two 
degenerate conics, consisting of a pair of lines and the other consisting 
of two coincident lines, 

We havo hitherto boen dealing with conic loci. We may dualise all 
that we havo said and obtain properties of a pencil of conio envelopes. 
When a degenerate conic envelope consists of two distinct points, tho 
line joining these points is the singular line of the conic and when It 
consists of two coincident points, every line passing through the point is 
& singular linc. Wo state briefly some of the dual properties. 

Pencil of conic envelopes. The set of conics given by 


Ly, + fy, — 0, (11.20) 
which are linearly dependent on two distinct conics 
Y, = Iajuuj = 0, yY, = Thyuaty = 0, 

is said to form a pencil of conic envelopes. As in the case of a pencil of 
conic loci, a pencil of conic envelopes possesses the following properties : 
tl) Any two distinct conics of the pencil may be taken as the base conics, 
(2) there is a unique conic of the pencil which is tangent to a given linə 
(i.¢., contains a given line asa line of envelope) other than the tangents 
common to all conics of the pencil, (3) if any two conics of a pencil 
generate the came involution of lines through a point, every conic of the 
pencil generates the same involution through the same point and (4) there 
are not more than three and not less than one distinct degenerate conics 
in the pencil. > 

Let the conlcs of the posncil (11.20) be tangents to four lines £, I, 
m,n (i.e.,tho four lines are linos of envelope of all conics) and let the 
equations of the points En, im, kl, mm bea = 0,8 = 0,y= 0,58 = 0 
respoctively. 

(a) When ths four lines aro distinct, there are three distinct degenerate 
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vo Zee € 





164 PLANE GEOMETRY 


conics, each consisting of a pair of opposite vertices of the complete quadri- 
lateral kimn. The equation of the pencil can be written as 
LaS+ ys = 0 
(ò) When two of the lines are coincident, say k, n coincident with &, all 
conics have simple contact at the same point on k. If the equation of 
this point is a, = 0, the two distinct degenerate conics are a,8 = 0 
and yj} = 0. The equation of the pencil can therefore be written as 
KaB + £5 = 0 
(c) When two pairs of lines are coincident, say k, mn coincident with È 
and I,m coincident with /, all conics have two simple contacts at two points 





P:c k — — 
on k and Í, one on each. Ifthe equations of this two points are a, = 0, 
and §, = 0, the two distinct degenerate conics are 4,8, = 0 andy? = 0. 
The equation of the pencil can therefore be written as 
KaB +t Ey = 0 

(d) When three of the lines are coincident, say k, m, n coincident with 
k, all conics have three-point contact at the same point on k. If the 
equation of this point is a, = 0, the one distinct degenerate conio is 
a, = 0. If y = 0 be the equation of one of the nondegenerate conics 
' of the pencil, the equation of the pencil can be written as 

t+ {a8 = 0 

(e) When all the four lines are coincident with k, all the conics have 
four-point contact at the same point on k. If the equation of this point is 
a, = 0, the one distinct degenerate conic isa,? = 0. So, if the equation 
of a nondegenerate conio of the pencil is ý = 0, the equation of the 
pencil can be written as 

hy + a," = 0 

Confocal conics. In connection with the theory of the pencil of 
conics, it may be advantageous to consider some properties of confocal 
conics. For this purpose, suppose that the equation (11.17) of the pencil of ` 
conio loci is given in homogeneous Cartesian coordinates. The equation of 
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the pencil of conic envelopes of the same type will be given by an equation 
of the form 


X(au,? + bu,?—w,*) + ¢(u,* + u,") = 9 


or (au,” + bu," —u,*) —p(u,*+u,”) = 0, 
where p is an arbitrary constant. In point coordinates, this equation 
becomes 

0 S. & B 


or Eea N — r = 0 
at b—p 

In nonhomogeneous coordinates we get 
— Ales N, (11.21) 
a—p b-p 


Let us interpret this equation geometrically, We have seenin § 14.1 that 
a focus of a conic is the point of intersection of two nonparallel isotropic 
tangents to the conic. Inthe case of a central conic we have four foci ; 
and so a system of confocal conics consists of the nondegenerate conics of 
a pencil of conio envelopes which touch four , isotropic lines, two of each 
kind (i.¢., the four isotropic lines are lines of envelope of all these conics). 
Let the coordinates of two real foci F, F’ be (+c, 0); then those of 

the two imaginary foci G, G’ are (0, + ic), P =-1. Therefore the 
equations of F, F’, G, @' in nonhomogeneous line coordinates are 

az oeu+l = 0, B=cu-l1=0 

y =iw+l = 0, '=icv-1=0 
Hence the equation of the pencil in nonhomogeneous line coordinates is 

pa — ryð = 0, or p(c*u?—1)+v(c*e" +1) = 0 





or Sh wt T oe =], pr(p—v) Æ 0, 
where p, v are arbitrary constants. In point coordinates, the equation 
becomes s 


* BV ae n 
creer: ae 
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c’ 3 

Put — a — So, m a—p—c* = b—p (say). 

The above equation therefore becomes (11.21) where, since b = a-c, a> b. 
Hence the equation of a pencil of confocal conics is (11.21). For values of 
p lying between a and b, the equation represents confocal hyperbolas ; for 
P < b, the equation represents confocal ellipses; and for p >a, the equa- 
tion represents confocal conics without real trace. A system of confocal 
parabolas, in line coordinates, is a pencil of conic envelopes of the type (b) 
above. 


42.1. Invariants of two conics, As in the last article, consider the 
conics 


I) 


D, = Xazraj = 0, D, 

Yı = Auu = 0, y, = I Bj u;uj = 0, 
and È (ya;y +Ab;j) Trzy = 0, 
where Ay, By aro the cofactors of a,j, by in | apl. | 3, | respectively. 
The conic loci $, = 0, P, = 0 are respectively equivalent to the conic 
envelopes y, = Oand y, = 0. 

Expanding the discriminant of the last equation os a cubic in yand A, 
it may be seen that 
| yap + Abii | = | ay, | HOVA t Oy + | By | A 

where 6, = 2A;;6,, ©, = ZB; ,0;;. 

; Apolar conics. Assume that P, = 0 and P, = 0 are nondegenerate 
conics and lct us, without loss of generality, make a special choice of the 
coordinate rystem. Let the triangle of reference A,A,A, be so chosen 
that it is self-polar with respect to ®, = O and that its two vertices A,, 
A, lieon d,=0, Then P 

D, = =a; (x; and Dii = b,, = 0 
So, O, = A,,5,, 
Since A,, + 0, ©, = O if and only if b,, = 0, that is, when and only when 
A, lics on P, = 0. We have thus the following properties : 

The necessary and sufficient-condition that there exists a triangle 
which is self- polar with respect to @, = O and whose vertices lie on 7, = 0 
is ©, = 0. Similarly for ©, = 0. Again, since ©, and ©, are dual, wo 
have the following: The necessary and sufficicnt condition that 
there cxists a triangle which is self-polar with respect to y, = O (i.a, P, = 0) 
and whose sides are lines of envelope of y, = O (i.e, touch d, = 0) is O, = O. 
Similarly for ©, = 0. We have therefore the following theorem : 


= Dij z= 0, 
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The necessary and sufficient condition that there exists a triangle which 
fa self-polar with respect to one conic and inscribed in a second conic ia that 
there existsa triangle which is self-polar with respect to the second conic and 
circumscribed nbout the first. 

Two conics which are so related are said to be apolar. One or both of 
two apolar conics miy be degenerate. The relation between two apolar- 
conics romsins unaltered by collinzation. 

| Harmonic conics. As before, let d, =O and f, = 0 be two conics. 
Take as the tranzle of reference tho triangle which is self-polar with 
respect to both the conics. Then the equations of the conics can be 
reduced to the forms : 

V, Sar,*+6r,’+cz,° = 0, Dar? +r trt =O 
And so, in line coordinates, the first conic has the equation 
Y, = bcu," +cau,"+abu,*? = 0 

Let us find the locus ofa point P = (r,’, z,’, 7,) tuch that the tangents 
from P to one of the conics $, = 0, P, = 0 are ha-monically separated by 
the tuagents from P to the other conic. The condition is the samo as 
that the tangents from P to the conic O is apolar to the conis y¥, = 0. 
Now, the equation of the pair of tangents to W, = Ois 

(2° +2," +2,*)(z,* +2,"* +2z,"") r, tre ar)’ = 0 
or wv, "(2 + 2,") +2,"(z," + 2,"7) +2, (2,7 + z,") 
— 2(£,7,7 x," +%,27,%, 2,’ +2,z,7,'2%,') = 0 
The condition that this degenerate conic should be apolar to ¥, = O is 
belz, +ab(r, 7 +27,") = 0 
Hence the locus of P is 
Faa(b+c)z,7 + (e+e) z,?+e(a+b)z,* = 0 (11,22) 

Tho locus is therefore a conic; it is called the harmonic conic locus of 
D, * 0 and P, = 0. 

Similarly, it can be shown that the envelope of a line which is cut 
harmonically by the two conica D, = 0, $, = O is a conic envelopo whose 
equation is 
4 = (b+c)u,"+(c+a)u,*+(a+b)u,* = 0 (11.23) 
This conic is called the harmonic conic envelope of P, = 0 and D, = 0. 

It may be seen that the points of contact of common tangents D, =0 
and qd, = 0 lie on (11.22) and that the tangents to , = 0 and P, = O at 
their common points are tangents to (11 23). Also, these four conics 
hays a common self-polar triangle. If therefore we apply a collineation 
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of the plane, then the conics into which F-conic and dD-conie are trans. 
formed will remain respectively the harmonic conic locus and the harmonio 
conic envelope of the two conics into which @, =0 and t. =0 are 
transformed. 


43. Affine transformations in projective geometry. Consider a 
collineation 


pa = $ lir 2, ‘= | 2, 3, | air | $ 0 
` 


and let us suppose that this collineation leaves a particular line, say 
z, = 0, fixed. Thon 
a,, = Gy, = 0, | ay) | =(a,,4,,—a,,a,,) a,, 
Hence a,, #0 and we may assume, without loss of generality, that 
a,, = 1. The collineation therefore takes the form 
pz,” = G,,7%,+4,,7%, tanur 
a, G 


Pa = @,,7,+4,,7,+4,,7, ~ 0 (11.24) 








5 Gs, 3; 
Px, = X, 
[in nonhomogeneous coordinates, this transformation may be written as 
x =a tay +a, 
= y = a, assy tais 

These equations describe the transformation of all points which are not 
situated on the line z, = 0 and it has the form of an affinity (7.1). 
Hence the oollineations (11.24) of the projective plane, for which a 
particular line remains invariant, are in a one-to-one correspondence with 
the affinities of the Euclidean plane and constitute the affine transforma- 
tions of the projective plane. We can therofore investigate affine geometry 
in the projective plane. For this purpose we distinguish one particular 
line and consider only those collineations for which this particular line 
remains invariant. This invariant line is u ually called the line at infinity. 

Two figures have been called projective (affine) if there exista a 
collineation (an affine transformation) which carries one figure into the 
other ; e.g., two real nondegenerate conics are projective. It follows that 
two affine figures are projective, but two projective figures are not 
necessarily affine ; e.g., two projective figures, one of which meets the 
line at infinity while the other docs not, cannot be affine. In particular, 
a pair of distinct lines is projective to every figure of the same type, but 
no two of the pairs of lines 

zz, = 0, 2z,(x,+2,)=9, 2%, = 0 

(xz, =0 being tho line at infinity ) are affine. 
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Two affine conics are projective and the matrices of the corresponding 
polarities must therefore be of aqual rank. We shall consider here only 
the cases where the rank is three and see how the two classes of projective 
conics are split up into classes of affine conics. 


Let the equation of a conic be 
Dey tye Ez AF Cij = Cis 


and that of the line at infinity be z, = 0. Two cases arise according as the 


line at infinity does not or does pass through its pole with reapect to the 
polarity generated by the conic. 


(1) When the line at infinity does not pass through its pole, there 
exists a polar triangle A,A,A,, where the points A,, A, are situated on 
the line at infinity. If this polar triangle be taken as the triangle of 
reference, the equation of the conic is transformed as 

CyT, + Cag yg” + Cys” = VO, Cy lg yg, +0 
Putting Ca = +a", Ca = +, 6 = +2 
and applying the affine transformation 
as, =u i @&=z,, t% =z; 
and finally dropping the dashes, we obtain for the conic the equation 
tz in =z" (11.25) 
We may interchange xr, and rs. but moe £ (or E) and Cpe asr, = 0 should 


remain invariant. It follows from (11.25) thst the given conic is affine to 
one of the following conics ; 


















: Intersections with Nonhomogeneous 
Projective forms | the line at infinity forms | Types 
r tr, = x,’ nil : rx? +y"* = | ellipse (circle) 
2,*—z," = =z," (is 1, 0), (1, =1, 0) | y=! hyperbola 
—x,"—x,* = 7," nil —z*-y* = l no real trace 








Obviously no two of these three types of conics are affine, 


(2) When the line at infinity passes through its pole, let the 
coordinates be so chosen that the pole A, of the line at infinity x, = 0 
has the coordinates (0, 1,0). As this pole is a real point of the nucleus, 
the line z, = 0, which passer through this point, must intersect the conic 
in a second point A, which we choose to be (0, 0,1). Let the coordinates 


22 - 21008 
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of the pole A, of z, = 0, which lies on z, = 0, be chosen as (1, 0, 0). 
Then 


— A — 


Cia = Cp = Sis = Cis = Ogg = CL, =O 

Furthermore, let A be any point on the line at infinity ; its polar passes 
through A, and intersects the line AA, in s point B which we choose as 
the unit point (1, 1, 1). Thus A is represented by (1, 1, 0) and its polar 
A,B by (1,0,-—1). So 

Cas = Cis = — ©, 
The equation of the conio therefore reduces to the form 

z,*—2z,z, = 0 (11.20) 


Thus the given conic is affine to the following conic : 











: | Intersection with | Nonhomogeneous 
Projective form | the line at infinity form Type 


i 





* = - 


2,3 = 22%, | tangent æ = 2y | parabola 





From these considerations it follows that 
(a) Nondegenerate conics without real trace are affine. 


(b) Real nondegenerate conics (which are projective) can be divided 
into three types of conics : ellipses (not intersecting the line at infinity), 
hyperbolas (intersecting the line at infinity in two points) and parabolas 
(osculating the line at infinity). Conics of the same type are affine. 


It is seen from above that the affine classification of conics depends 
on their relations with the line at infinity. We have seenin § 29.1 that 
the middle point of a line segment is the harmonic conjugate of the point 
at infinity of the line with respect to the two extremities of the segment. 
It follows that me polar of the centre of a central conic with respect to the 
sonic is the line at infinity. So, when the line at infinity does not meet 
the conic, the centre is inside the conic and the conic is an ellipse. When 
the line at infinity mects the conic in two distinct points, the centre is 

“outside the conio and the conic is a hyperbola; there must therefore 

‘exist two tangents to a hyperbola drawn from its centre ; they are the 
asymptotesa which touch the curve at the pointa where it is intersected by 
the line at infinity. Finally, the line at infinity touches a parabola at the 
point whore it is intersected by the axia of the curve. 
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Two conjugate diameters of a central conic have been defined in 
S 24.1 as two diameters each of which contains the middle points of a 
system of chorde parallel to the other. Let a, 6 be two conjugate 
diameters. All lines parallel to b meet in the point at infinity of b. So, 
the pole of a is the point at infinity of b and the pole of b is the point 
at infinity of a. Therefore two conjugate diameters are conjugate in the 
sense that each passes through the pole of the other. Hence, it follows 
from § 27.1 that the pairs of conjugate diameters form an involution of 
lines. This involution is hyperbolic in the case of a hyperbola, the 
asymptotes being the double lines ; and the involution is elliptic in the case 
of an ellipse. In the case of a parabola, this involution does not exist, 
A diameter of a parabola (a line parallel to the axis) and a line parallel 
to a chord bisected by the diameter are conjugate lines. 


44. Metrle properties in the projective plane. Consider a polarity 
transforming points into lines and its dual transforming lines into points. 
It has been seen in 6 30.that if the rank of the matrix of the polarity is 
three, the two polarities are not distinct. 


Consider the case where the rank is iwo. Obviously the transforma- 
tion ofa matrix to a normal form does not depend upon the variables 
which are to’ be transformed by the matrix; they may be denoted by 
(z,,x,, x,) to represent points or by (u,, u,, u,) to represent lines, We 
take the case of the polarity as a line-to-point transformation for which, 
by (11.7) and (11.8), there are two normal forms. We have for these forma 
the following scheme which is explained below it 


— — — — — — ç — — — — — — 





px, = Up Pr, = vu. PE, = 0 pr, = U PX: = — Wy Pë, = 0 
uo tum = 0 up un = 0 
n a E = 0 u,*—u,* = 0 











zi+e,'=0, 2, = 0 : ri-z,* = 0, zx = 0 
(1,6, 0), (1, —#, 9) | (1,1, 0), (1, —1, 9) 


— — — — — ee 


The first line gives, in normal forms, the two polarities; in both cases 


all the poles are situated on the line x, = 0. The second line gives the 
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condition that the line (w,, ©,, v,) passes through the pole of (u,, Wi u,). 
The third line contains the equations of the lines conjoint with their Soles : 
they form a pair of pencils. The equations of the centres of these pencils 
are given in the next line and the coordinates of the centres are contained 
in the last line. 

We shall consider the scheme on the left side only. The equation 
ue, +u," = 0 can be interpreted in Euclidean plane geometry and in 
(orthogonal) Cartesian coordinates as the condition of orthogonality of 
the two lines 

Ur+uytu, = 0, Ute pyton = 0 
Now take a collineation. By (11.3), 11.37), the collineation and ita dual 
ean be expressed as 
{ = Sax. ou = Saws, $= 1,2,3, | ay, | =O 
Let the line z, = 0 be left fixed by the collineation and let this line be 
regarded as the line at infinity. So 
a,, = a,, = 9 
Further suppose that this collineation preserves the polarity which we are 
considering (on the left side of the scheme). Hence orthogonality is 
preserved, So, u,r,+u,e, = 0 is transformed into u,v, + u,n, =U. 
Comparing coefficients, 
a, +a," = @,,°+a4,,", @,,4,,+4,,0,, = 0 
Therefore we may put 
G, = c¢cos6, G, = csin é 
a, = Fesin, a,, = +c 008 4 
Thus the collineation reduces to the form 
pz,’ = ccos Êz, +c sin 6 r,+¢,7, 


pz,’ = Fcain z, +e cos z, + e, (11.27) 
Ps * Tı , 
It can be so arranged that outside the line at infinity the coordinates 
x = x,/r,.y = t,x, are the (orthogonal) Cartesian coordinates. Hence, in 


nonhomogeneous coordinates, the transformation (11 27) is a ‘similarity 
‘tfansformation (of the form (5.6) ) 
z' = c¢(cos@x+sin 6y+d,) 
y = +c¢(—s#in 6 z+ cos # y +d,) 
of the Euclidean plane. Using complex coordinates (§ 14.I) we may 
arrive at the same result also in the following manner : 


invariant, the points x,2+z,’ = 0, z, = © remain fixed. Hence every 
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isotropic line is transformed into an isotropic line. ‘The angle between two 
(real) lines p,, p, has been represented, by (4.21), as log (p,p, prp,)/2i 
where p;, p; are the isotropic lines passing through the intersection of 
Pı» Pa- Hence, if the two kinds of isotropic lines (or alternatively, the 
two pointe (1, i, 0), (1, —#,0)) are interchanged, then either the angle 
remains invariant or it changes its sign’ The transformations (i.¢., the 
affinities) are therefore the similarities. 
Every conic can be represented by 
7 (X,, X,) + Hb a Zy,%,) = 0, 
where Q (E, £4) = 
and b (Eir Zar Hy) = 20,57, + Wey yXy + Cyst, 
are a quadratic and a linear form respectively. Two points (a,,a,,() and 
(6,,6,,0) of the line x, = 0 are conjugate with respect to the polarity 
generated by the conio if 
Ciad, +0,,(a,6, +4,6,) +0,,4,6, = 0 
The involution generated by the polarity on the line z, = O therefore 
depends only on the quadratic form g(z,,z,). On the other hand, the 
quadratic form is determined, up to a factor +0, by that polarity. It 
therefore follows that the conics, which generate on the line at infinity 
x, = 0 the same involution as does the polarity which we are considering 
in the above scheme, are those that are given by the equations 
v,? +2," +2, | (z,, 2, T) = 9, 
where / is an arbitrary linear form. Going back to the system of non- 
homogeneous coordinates, it is seen that these conics are circles so far as 
they have real traces. Thus, all circles generate the same involution on the 
line at infinity. This result has already been obtained before in § 42. 
The points of intersection of a circle and the line at infinity are 
given by the last two lines of the scheme, namely 
zit+2,' = 0, z= 0; he, (1, #, 0), (1, —#, 9) (11.28) 
It follows that all circles pase through the same two (conjugate imaginary) 
points (11,28) of the line at infinity. These points are therefore called the 
circular points at infinity. One the other hand, every conie which passes 
through the two circular points at infinity is a circle. For, the points of 
intersection of a conic Se,, 2,7, With the line at infinity are given by - 
0, 2)" + 26,42, % + ots = 9, 2 = 9 


Ch, = Cp YU. =O 
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Therefore the conic is a circle, Also. it is evident that if a eonic passes 
through one of the circular points, it passes through the other. 


If the equations of rigid motions (3.1) are written in homogeneous 
coordinates, then, for these transformations, the circular points will 
remain fixed. The metric properties of conics in the projective plane have 
therefore to do with the two circular points at infinity which are denoted 
by the letters 7, J. The two isotropic lines through an ordinary point 
P are the lines joining P to / and J. 


The equations of the tangents to a circle 
v, +2," +2e 4,0, +err, +e? = 6 


at the pointe / and J are 
(x, +err.) +1 (4, +e) = 0, (s, +¢,9,)-—t (zx, + C.) = 0 


These tangents evidently pass through the centre of the cirele. The 


isotropic tangents to a circle are therefore sometimes called the asymplotes 
of the circle. ; 


The axis and the tangent at the vertex of a parabola are orthogonal. 
So, they are harmonically separated by the two isotropic lines through the 
vertex of the parabola. Hence the pole of the axis of a parabola is the 
harmonic conjugate of the point at infinity of the parabola with respect 
to I and J. Also, the lines joining / and J to the focus of a parabola are 
the isotropic tangents to the parabola. 


We have seen in § 14.1 that there are four isotropic tangenta 
to a central conic and any two nonparallol isotropic tangents intersect in 
a focus, there being four foci, two 
real and two conjugate imaginaries. 
Let F, F’ be the real foci and G, @ 
be the conjugate imaginary foci of 
a central conic and let / and J be 
the circular points, Then the F 
parallel isotropic tangents FG, F'G’ 
intersect in a circular point Z, the 
two other parallel isotropic tangenta 
FG, F'G intersect in the other 
circular point J. The two lines FG, 
FQ’, as also the two'lines FG, F’G’, are conjugate imaginary lines. The 
lines PF’ and GQ’ are the axes and their point of intersection, O, is the 
centre of the conic. 





f 
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CHAPTER XII 
THE EUCLIDEAN SPACE 


45. Points and vectors. In space, there exists one and only one 
straight line passing through two distinct points and one and only one 
Plane through three distinct noncollinear pointe or through two distinct 
intersecting straight lines or through a straight line and a point outside 
it or through two parallel straight lines. Through a point outside a given 
plane, there exists one and only one plane parallel to the given plane ; 
and any straight line drawn on one of two parallel planes is parallel to the 
other, 

Lemmas. All straight lines perpendicular to a given straight line 
at a given point of it form a pencil of lines and lie in a plane. 

The given straight line and the plane are said to be perpendicular or 
normal to one another.” 

Lemma II. Through every point of space there exists one and only 
one straight line normal to a given plane. 

Any plane passing through a normal to a plane is said to be normal 
to the given plane. 

By using the above two lemmas we can, through every point of space, 
construct, in an infinite number of ways, three and only three straight 
lines which are mutually orthogonal. The three planes passing through 
the three pairs of three such mutually orthogonal straight lines are 
mutually orthogonal and they divide the space into eight regions, 

Let us take three fixed mutually orthogonal straight lines, ealled 
the x-, the y- and z- ares of coordinates, through a point O, called 
the origin. The origin divides each of the axes into two half-rays. We 
then choose, in an arbitrary but fixed manner, the positive (and therefore 
also the negative) half-rays of the axes. Having thus chosen the positive 
and the negative directions along the axes, let us view the (y, z)- plane 
from a point of the positive x-axis and imagine the positive half-ray of 
the y-axis to rotate about the origin in the (y, #)- plane in the positive 
(ùe, the counter-clockwise) sense through an angle «/2. We then say 
that we have a right-handed system of axes if, after rotation, the 
positive half-rays of the y- and the r-axes coineide, otherwise the system is 
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left-handed. When the system is right-handed, the positive z-axis, after 
rotating about the origin through +-/2 in the (z, x)- plane coincides with 
the positive z-axis when viewed from a point of positive y-axis: and 
similarly, the positive x-axis coincides with the positive y-axis when 
viewed from a point of the positive z-axis, We shall suppose that our 
coordinate system ia right-handed. 

If now we choose three congruent unit segments on the three axes, it 
is seen, asin Chap. I, that to every point of an axis there corresponds a real 
number (the coordinate) and. conversely, to every real number there corres- 
ponds one point of cach axis. Let P be any point of space and through P 
let three planes parallel to the (y,2)-, (z, 2)- and (x, y)- planes be drawn 


to meet the x-, y- and z- axes in the points Pr, Py, Pa respectively. Then 


the position of the point P is uniquely 
determined by the coordinates x of P,, 
y of P,, = of P, of the axes. Thus, to 
every point P of space there corresponds 
a triplet of numbers (z, y. =), called its 
coordinates, and oonversely. To denote 
a point by its coordinates, we shall write 
P = (z, y, 2) 
The distance between the two points 
P = («, y, z) and O = (0, 0, 0) 


is given by 





(12.1) 


| OP | =| v( +y*+2*) | 
As in the plane geometry, we introduce directed segments and vectors 
in space. If P, = (x, 4,.2,) and P, = (f, ¥,,2,) are two points, then 
the coordinates of the directed segment P,P, will be given by the coordi- 
nates of the three directed segments which are the orthogonal projections 
of P,P, on the three axes, de., thoy are given by (7,—%,. ¥s-¥u 
=,—2,) ; and so its length is, by (12.1), given by the distance 
| PP, | = | V {(x,—2,)’ + (y: 9)" +(2,—-2,)"} l 
Directed segments with the same coordinates represent tho samo vector 
and a vector has the same coordinates and the same length as those of 
any one of the directed segments representing it. Thus, we may write, 
as vectors, 
z P,P, = (ZZ Vy Hy 241) (12.2) 


If we draw through P the straight line parallel to tho z-axis to meet the 
(=, y)- plane in Q, and complete the rectangles PQ,P,Q,, PQ.Q,Qy 


— 
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to have, as vectors, 
OP, = nO, = QP = PQs; 
OP, = sda = Q,P = is We 
OP, = 2.0, = Q.P = P,0.; 


Let P,, P,,...., Pa be any n points in space. We define addition of 
vectors by 


PLP, + P,P, +....+P._,P, = P,P. (12.3) 
If PiPii, = (fi Tii u). i= l, 2, n=l, 
m-t -1 e= 
then P,P, = ( Se Dw Du) 
J i=j =] 


Hence the addition of two vectors is commutativo and obeys the parallelo. 
gram law. 

It follows that if P, = (z,, Y,» 7,), then 

P, = (z, + S Eo Yi + ris 2, +t 5.0 
Let a voctor v have coordinates (¢, +, ¢). Then 
Jolt = Santen 
and ê= |v] cos(z,v), n= |v |cos (y,v), Ñ = | v | cos (z, v), 
where | v | is the length of the vector and (z, v), (y,#) (s.v) are the 
angles between the positive axes of coordinates and the vector v. Squaring 
and adding the last three relations, 
| vi" = |v |" {cos* (x, v) + cos? (y, v) + cos? (z, v`} 

Therefore cos’ (z, v) + cos? (y, v) +cos" (z, v) = 1 (12 4) 
Ths anglos (z, v), (y, 2). (=, v) aro called the direction-angles and cosincs 
of these angles the direction-cosines of the vector v. 

45. Scalar product of two vectors, Area of a triangle. Let P,, P, 
P, be three points and let the following vectors have the coordinates 


Py’ F lE, Tre Sade Ppa (£55 Yin: Cs) 
So bey ae = = (é, —€.)’ + (ra TI +i i T? 
am (Ere tu Al + 9" t — MEE + na * bike) 
But j | P,P, ; ‘= €,7 ey +h" | PPa l 7 = £5" + v5" tia" 
and | P,P!" =| PLP is | PiP. -21 P,P, || P,P, | cone, 
where @ is the angle between tho vectors P,P, and P,P, 
-Bowe 
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Therefore | P,P, || PsP, | cos 0 = €,6, + Tata +o, (12,5) 
The left-hand side of (12.5) is called the scalar product of the two 


vectors P,P, and P,P, and shall be denoted by P,P,. P,P From 
(12.5) we get 


Lifa + mY Tis ttita 
on 6. ee —— —— YA be 
| v ilé" ia vi J RS +n tini | 


(abs = tial a) + (ala Erfa)? —A 

gin’ § = af} b> BE) A zeae TF Maes MT L 

ot Etn Hu NEF TTa ta 

Tho condition of orthogonality of the vectors P,P, and P,P, is therefore 
ifa t nTa tig = 0 


„and that of parallelism is 


(niis 7 Rair - + (TE, —t.,) + (Eia — Eaa)” = 0 


Now let A denote, in absolute value, the area of tle triangle P,P,P,. 


| 2A =|] P,P, || P,P, | sino] 
Therefore 4A? = (mins 1) + (£ Ss — (Cira = far) 
If P, = (2. Yp 41), Ps = (T3. Ys 2s), P, = (Z; Ys» 23) 


then, since 
Éi = 2-7, m =Y ti = 2-25, 


és =g Ty Ta = Va — Var cs = Ig — Far 








we have 
vm z 
YY a= 
Tats Tat = = | Vs a 
Ya Y: *2—*s 
r V, 3 
similarly for ; 
a (laisi and £ha fs : 
An skceady adopted fn § 23, ib will be convenient to denote 
TIY t Yi By 1 : < 
Ja — for 2b] by 1% 4.1 Jorly=11 
vi | V 7s È * 


——— 


shov 





~ 


> Se ° 
4ar= inepaicensieat AL eA trl z * AEA 
K ; inci ‘ gr re of th = ea ta cqual to 


n: 
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47, The straight ling, Let (x,. Y.. 2.) be a given point on a straight 
line g and (£, 4, {) bea vector parallel tog. A point (z, y, z) of g is then 
given by 


r= +p, Y= Http rn = 2 +P le (12.7) 
where p is a parameter. By giving different values to p we obtain different 
points of g and so the equations (12.7) constitute the parametric representa- 
tion of g. 

We can associato with every line g one of two directions along it, 


and speak of the line as a directed line. If the directed line g and the 
vector u = (f, n, |) have the same direction, the quantities 


es ed eg ak, Pee 
| J (67 + 7,7 +0?) |’ / J (£2 +7 +07) i’ | MOETET 
which are the direction-cosines of u, are also called the direction-cosines of 


the directed line g. The direction-cosines of an oppositely directed line 
are obtained from the above by changing the signs of £, n, L- 
Eliminating p, the equations (12.7) reduce to 
(x-x,) : (v—y,) : (=-3,) =: 
Hence two straight lines which are parallel to the vectors (£,, 4,,¢,) ami 
(ts, tay $s) are orthogonal if 


Eis + Mms + {t = 0 
and parallel if 
€, in, 20, = h 


If (x,’, Y,’ 2") is a point of the straight line g, 
(x,°— Ze) : (Y — Yo) = (2o°—2,.) = Ez yeh 
Therefore, eliminating č, m, { between these equations, the equations of g 
can be written as 
z-z, = A(z," —%»), Y-Y, = A(y,’—y,). ay — A(z," — 2), (12.8) 
where A is an arbitrary constant. Therefore the equations of g may also 
be written as 
£ = yf * Ax,’ 
Y= y%+tAYe yraml (12.9) 
z= yz, + Az,’ 
Two straight lines in space may be either coplanar or skew. If they are 
coplanar, they may be either intersecting or parallel, Let the two straight 
lines 





z= z+ pf, z= 2z,+¢ef, 
y = Vi tP and y= ¥,+°%; 
a= s, +P 2= 4 to) 
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havea point in common, Then for some particular values of p and e we 
must have 

x, +p, = 2, +0, 

Yit Pri = Y, ton 

etp = z +o 
We can therefore eliminate p and o between these equations and obtain 
the condition of intersection of the two straight lines as 


e 2 €, &, 
z,-2, £, $ 
Yi Ys Mı T3 
Y- Ys ma As | = O, or = 0 (12.10) 
j S & & te 
2-23 h b 
l 1 0 0 


Shortest distance between two skew lines. Given two skew lines p, and 
P+ there always exists a straight lino which intersects the given lines 
orthogonally. For, through one of the given lines, say p,, construct the 
plane o parallel to p, and through p, construct the plane @ perpendicular 
toa ;if 6 meets p, in M, then the line through M, which is perpendicular 
tò a (and therefore lies in €) is the required line. If this common per- 
penmlicular meets p, in M., then | M,M, | is the shortesi distance between 
p, and p,. 
Let P, = (7,, y,,2,) and P, = (z,. Y, z,) be two points on p, and p, 
and let these skew lines be parallel res- Ro 
pectively to the vectors 


(£5, Tis Sade (Ese Far Èa) 
The thortest distance d is the orthogonal 
projection of the segment P,P, on the 
lino Af, Af, If (A, p,) are the coordi- 
nates of the vector M,A, 4 
P,P, . al 4M, = (zr,—2z,)\+(y,—9,)p + (#,—7,)° 





Ms 





* (x,—2z,)A + (Y, — Y.) + (z,—2,)}» 
Therefore d= | MM, | — — Fa —— — (12.11) 
But, since M,M, is psrp2adicular to both the given lines, 
Ag, +p tot = 0, Aft pnta = 0 
whence Armive (Indl lrei: lEn] 
Substituting there proportional quantities for A, p, v in (12.11), we obtain 
the required cxpression for the shortest di:tence. 
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58. The plane. Asa plane a may uniquely be defined by anv three 
Moncollinear points lying on it, let P, = (£as Yo. £e). P, = (£i: Y, 2), 


Pa = (7, Y,- 74) be any threo non-collincar points of a. Then, by (12.7), 
‘he pointe P,. P, of the straight lines P,P,, P,P, can be expressed as 
= 2+P§, Z, = 2%, +0'Ss 
w= ¥%+e'%, end ë y= +u'ns 
fj =7,+P%, 7, = +o C5 
By (12.9), any point P = (z, y.z) of the straight linc P,P, is given by 
T= 7% + Ay. Y = VY, + AVgs = = Ye FATE YAH 
Therefore, eliminating z,, Y,- Z, %y- Uy. 2, from the above equations, we 
obtain the parametric equations of a as 
== z,+pi,+ef, 
Y= Y+ prs * ons (12.12) 
f= At yt as 
wheoro p and ~ are two parameters. The above equations can be expressed 
directly in terms of the coordinates of P,, P,, P, Take 
Éi = %,—-%.) h = Yi Mer Sa = 2 —%e 
fs = T,- Zy Ty = Vs- Vor s = iata 
and write p, » for p, æ respectively. Then the equations take the form 
g = Af, t pTi to, 
y= Ay, + uy, +Y At+tptya=l (12.13) 
Z= Àz + pz +7, 
The only supposition made abcut the three given points is that thry are 
noncollinear ; that is, the vectors (ĉ,, mp» t) and (stata) im (12.12) 
must satisfy 
Intl El lEn] E0 
It is evident that tho following vectors are all parallel to the plane a : 
(PE, tela Partana Abs + cs) 
Now lot a vector v = (¢,. ¢,.¢,) bo orthogonal to both the vectors 


lêr Tt» $s) and (fs Ts: ta). TLen 

Cif, tte tos = 0, cfa tenté, = 0 
The vector v is therefore orthogonal to all vectors parallel to the plano ; 
for, by the above two relations, wo havo 


elpis tots) + lem + Tra) + elat tot) = 9, 
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showing that v is orthogonal to the plane. 


Maltiplyi the equations 
(12.12) by ¢,, ¢,, c, respectively and adding, * 


C.z2+C.y+c,2+¢, = 0, » (12.14) 
C, = — (Ta tC + €,z,) 
Tius the coordinates of a point of the plane satisfy tho linear equation 


(12.14), Conversely, suppose that we are given a linoar equation (12.14). 
If (zx,’, y," =,) is a solution of this equation, then 


where 


CT + ¢.y,’ +C, te = 0 
(= -2,)+¢,.y—y,')+¢,(z—2,') =—0 
This shows that (xz, y,:) aro coordinates of n point of any straight 


line through (z,’, Y4’, 2, ) perpendicular to the vector v. Hence any linear 


equation of the form (12.14) representa a plane unless c, = c, = c, = 0. 
Putting 


Therefore 


a= c,//(¢,7+¢,?+¢,") 6 = o,//(¢e,7+¢,"+¢,*), 
c = e| vlet tee), d= c,//(c,7+¢,*+¢,"), 
the equation (12.14) can bo put in the Hessian normal form as 
ax +by+cz+d = 0, a'+b'+ ceml (12.15) 


The quantities (a, b, c) aro the coordinates of a unit vector normal to the 
plans, and so they represent the direction-cosines of this normal vector. 


If the equation 
gar +oby+ocz+o0od = 0, « $9, 


which represents the same plane as given by (12.15), is also given in 
Hessian oormal form, then 


a'a’ + b+) l. So, o=+1 
Hence there are two Hessian normal forms differing only in sign. 


Significance of a, b, c d and of the two Hessian normal forma. 


We have 

af, +b, +c}, = 9, af,+or,+c4, = 9, 
whoro (ĉi ma ti) (fa ta: ts) are two nonparallel vectors parallcl to the 
plane (12.15). So, 

a:jatil=o:[t€l=e:leal 

thi v{(nii?+ IVE! lat 
Hiatle vini PARER leak) 
titél vel ashe iter lea’) 
lénin tEn lEn i 
By 012. 0), the quantity Pv¢.nSP+ Sele len 


Therefore a 
4 
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represents twice the area of a triangle P,P,P,, say, where P.P, , PP, 
represents the vectors (Eis ni Ñi). (Cs mas 64); and the qmantitið + [9 tf], 
EISEl. + l En] represent the orthog mal projections, with esch a sign, 


of this aros n the (y, z)-, (z, x)-, (z, y)- planes respectively. We may thus 
state the following theorem ; 


The quantities a, b, c, which are the cosines of the angles between the 
normal toa given plane and the positive area of coordinates, are proportional 
to the orthogonal projtctions, each taken with a certain sign, of the areca of an 
arbitrary triangle in the given plane on the three courdinate planes. The sign 
of a projection is to be regarded as positive or negative according a> the 
sense of going round the projection agrees or does nol agree with the positive 
sense of rotation in that coordinate plane with reference to the right-handed 
system. 


Again, let P’ = (z’, y', 2’) be the foot ofthe perpendicular drawn 
from the origin to the plane (12.15) and u the vector (a, D, c). 


Therefore u. FO =—(axr’ + by +’) 
But —(ar+by+er)ad 
Hence d=. PO0=+34|FP0O|, 


according as u and P'O have the same or the opposite directions. Thus, 
d is th: psrptadiou'ar distance of the origin from the plane, and thia distance 
is positive or negative according as the vectors u and P'O have the same or the 
opposite directions. 
Take a straight line through a point P, = (z,. y,,z,) anda plane given by 
Z= rtp Y= Yor pn == tP} 

and aur + by +cz + d = 0 . 
The point of intersection P, of tho straight line and the plane will then be 
given by the value of p satisfying the equation 

(ax, + by, + cz, +d) + pla f+ by, +c) = 0 

(1) Ifag+bn+ct +0, there is a definite value of p which is to be 
substituted in the equations of the straight line to obtain the point P, and 
therefore the distance | P,P, |. In particular, if (ax, +by, +cz,+d) = 0, 
so that (Tas y,,2,) is a point of the plane, we have p = 0. 

(2) If af+by+¢eF =0, the valuo of p is undetermined. It is 
evident that in this case the straight line is parallel to the plane unless 
ax,+by,+cz,+d=0, If moreover ar,+by,+cz,+d = 0, tho straight 
line lies on the plane ` 
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Consider now a plane and a vector normal to the plane. With 
reference to the direction of this normal vector, we shall associete with the 
p'an2 a positive sears of rotation in ths plan» deñnel thus: The direction 
of the normal shall bear to the positive sense of rotation the same relation as 
the direction of the translational motion of a right-handed screw bears to 
ils posilive sense of rofation. We shall then connect, for the sako of 
convenience, with each of the two Hessian normal forms of the equation of 
the plane, an oricntation in the plane such that the direction of the 
normal given by the coefficients anid the orientation rosult in a righs 
handed screw. Such a plane shall bo called an oriented plane. 


Let ar- by+cz+d=0 be the equation, in Hessian normal form, of 
an oriented plano, P, = (*,, Y». z,) be an arbitrary point of the space 
and P, = (z,,y,,2,) the foot ofthe perpendicular from P, to the plano. 
The two vectors P,P, and (a, b,c) are then parallel, and so their scalar 
product gives the distance of P, fromm the given oriented plane. This 
distance is an algebraic quantity and is given by 


a(x, —2z,)+ bly. —y,) +c(z,—2,) = ar, + by, +e7, +d 


Thus. if ar +by+cz+d =0 is the equation in Hessian normal from ofan 
oriented plane, the perpendicular distance of an arbitrary point P, fiom 
the plane is o!ained by suSstituling the coordinates of P, for z, y,= in 
the expression ax + by + cz +d. 

The angle between two oriented nlanes is defined as the angle between 
their normals. ) 

Finally, it follows from (12.14) tiat the equation of a plano passing 
through three nuncollinear prints (x, Ya 2), i= 1, 2, 3, can be put as 
the vanishing of a dsterminwnt : 

|2£y,z,1]=0 (12.16) 


The equations (12.12), (12.13), (12.14), (12.15), (12.16) may be compared 
with (1.5), (1.9), (1.6), (1.7), (1.8) respectively. 


48.1 Vector product of two vectors. [et v, = (f{,.9,,¢,) and 
v, = (f,. %5-¢.) be two nonparallel vectors, and let the vector (£, n, |) be 
orthogonal to both the vectors v, oud v,. Then 


Eée+5.7+8s = 0, {sf tranti = 0 
ba * €, Ms 
ee 7a 
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The vector whose coordinates are the expressions on the right-hand side 
is called the vector product of the two vectors v, and v, and shall be 
denoted by the notation v,xv,. Thus, 

0,*0, = (naime Saba Esker Erna NE) (12,17) 
The Hamiltonian notation for the vector product is ‘/u,v,. The vector 
v, xw, has the following properties ; 


(1) It is orthogonal to both v, and v, and is therefore normal to any 
plane which is parallel to both v, and v,. 


(2) The product is noncommutative: It is evident from the defini- 
tion that the vectors v,xv, and v,xv, have the same length but opposite 
directions, So we may write 

lo xo, | =] vxo, |, ¥,*e,=—v,x9, 

(3) The direction of v, x», is uniquely defined by v, and v,. For 
example, if v, and v, are unit vectors in the directions of the positive z- and 
y- axes respectively, so that v, = (1,0, 0), v, = (0. 1, 0), then v, x v, has the 
coordinates (0, 0, 1). That is, v, xv, is the unit vector in the direction of 
the positive z- axis. In general, if v, and v, are orthogonal vectors, then 
U, v, and wv, xv, form a right-handed system through a given point ; hence 
if we put v xo, = Vv, then r,t, = v,, 0, xv, = v, 

(4) If the unit oflength changes, $e., if we multiply v, and v, by a 
constant factor c, then v, xv, is multiplied by c*. As a matter of fact, 
ifv, = P,P, and v, = P,P,, then the equation (12.6) giving the area of 
the triangle P, P,P, can be written as 

24 = |v, x», | 
And if two skew lines p, and p, are parallel to the vectors v, and v, and 
P,, P, are points of p,, p, respectively, then the equation (12.11) giving 
the shortest distance between p, and p, can be written as 


— P,P, . (w x vs) | 
49. Intersection of planes. I. Consider the two planes 
a,z+by+ez+d, = 0 
, a,z+by+cez+d, = 0 
(1) If the rank of the matrix 


— b, “| 


da 6, 6, 
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3 
is two, the planes intersect in a straight line, In this oase, if (Ear Yor Za) 
is a point common to both the planes, wo get 
as tH’ Y tes td, = 0 
a,x, +0.y, tC td = 0 
Subtracting from the corresponding equations of the planes, we have 
a(x- z.) +O y- y) +e z-z) = 0 
a,(z—x,)+b.(y—y,) +c(2—z,) = 0 
Solving for the ratios of x—z,, YY, =~2,, wo obtain 





ee At E 
b,e,—¢,b, Ca, = t,i, * a,b,—b,a, — 
as the equations of the line of intersection of the two planes. 
(2) If the rank of M, is one, two cases may arise according as the rank 
of the following matrix is two or one : 


—— be, o) 


a, 0 a dh 

(i) If the rank of M, is two, the two planes are parallel. 

(#8) If the rank of M, is one, the two planes are coincident. 

If. Consider now the three planes 

axz+by+e724+d,= 0, i= 1,2,3 

(1) The three planes will meet in a point if the three linear equations 
have a solution. The necessary and sufficient condition for this is that 
the rank of the matrix 


a, & a 
M, = a 0, €, 
a & e 


is three. The point of intersection is then given by 


2S a pees es ae 12.19 
|bcd| [ade] [dab] [abc] ( ) 
‘2) If the rank of M, is less than three, ʻ.e., if | a b o | =0, two cases 
añay arise according as the rank of matrix U, is two or one : 
(¢) If the rank of M, is two, the three planes are parallel to one 
straight line and may form a prism provided that the rank of the matrix 


a, b a h 
M, = a, b, Cy d, 
a, b o d, 





i 
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is three. If the rank of Af, is also two, the three planes intersect in a 
straight line, 

(ei) If the rank of M, is one, the three planes are parallel provided 
the rank of M, is two. If the rank of Af, is one, the three planes are 
coincident. 


III. Consider the following equations of four planes and the matrix 
of their coefficient : 


ajxz+by+ez2+d=0, + = 1,2,3,4, 


Gi (Ba Or ihe 
Among the different cases that may arise, we notice the following : 

(1) If the rank of M, is three, the planes mect in a point or have no 
common point. 

(2) If the rank of M, is two, the planes have a line in common or 
have no common point. 

(3) If the rank of M, is one, the planes are coincident. 

50. The tetrahedron. A tetrahedron is a figure formed by four 
noncoplanar points, no three of which are therefore collinear. The four 
points are called the vertices, the six lines joining every pair of the vertices 
are called the sides, and the four planes, each passing through three of the 
vertices, are called the faces of the tetrahedron. 

Let Pi = (£i Yi» AF >=], 2, a; be three distinct points. If 
ax+by+cz+d = 0 is the equation of the plane passing through these 
three points, we have the three equations 


arty tcez +d = 0, i= 1,2,3 (12.20) 
Whence a:bte:d= |yzl|:|æz1z|:|læy|:|zay] 
So, alzyz| +d|y21| =0 


b(xzye| +d [ez 12|] =0 
e|xyz|+dl/ixzy| =0 
Two cases may arise : 

(i) if|zy=z|+#0, the three determinants 
fyei|.jels|,|22y] cannot all be zero. 
So the ratios a/d, b/d, c/d are known and the 
plane is uniquely determined. 2 

(ii) If|xy2] =, either the determinants |yz1/, [j2lz], 
jlay| are all zero or only d = 0, In the first alternative when all the 





R 
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determinants are zero, the plane is undetermined, If however d = 0, the 
three equations (12.20) form a system of linear homogencous equations in 
a, b, ¢ and solutions for a, b, c, other than all zero, exist; therefore the 


plane is uniquely determined. Thus, the plane passing through the three 
points P,, Pa P, is uniquely determined unless the determinants | y z1 | , 
jziz|, | l2y| all vanish, that is, unless the area of the triangle 


P,P P, vanishes, that is, unless P,, P,, P, are collinear. 
Now, let ax+by+cz+d—= 0 be the plane through P,, P,, P,, these 
points being nonoollinear. So, 
a=p|yz1|, b=p|xlz|, c=p]|lzy|, d=—-pl|ryz| 


| 
= y (a* +b” +c’) 
Therefore | p | = | Wilyel + leleP+llzev 


Let P, = (zo Ye 2,) be a point external to the plane. If § is the 
perpendicular distance of P, from the plane, A the area of the triangle 
P,P,P, and V the volume of the tetrahedron P,P,P,P,, all given 


in absolute values, then 
3V = 384A. 
Now B= | (ae, + by, + cz, +d): J (a? +b* +c”) | 
2A=lv ilyzl|?+ |el2z[*+ [lazy] 
= | V(a*+b? +c): p | 
Therefore 
6V = | (ax, + by, + cz, +d): p | 
Or, substituting the values of a, b, c, d, 
6V =||zyz1 || (12.21) 

In particular, if P, coincides with the origin O, six times the volume 

of the tetrahedron P,P,P,O is 
|d:p|=||æyz]|i 

It is seen that this volumo vanishes when d = 0, i.¢., when the plane 
through P,, P,, P, passes through the origin. This may also be seen 
from (12.16). Formula (12.21) may be compared with (1.10), 

Some properties of tetrahedron. Let P; = ( £a Ya zi), $ = 1, 2, 3, 4, 
be the vertices of a tetrahedron. 

(1) Let C be the centroid of the triangle P,P,P,. Then the coor- 
dinates of C are 

(425423, (Yitvety)/3, (2, + z +2,)/3) 


= 
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The coordinates of the point P on the line P,C such that 
[PP || PCO) =321 aro easily seen to be 
( *æ . (YL +H, +y, +¥)/4, (2,42, +z, +2,)/4) 


These coordinates show that lines Joining the vertices of a tetrahedron 
with the centroids of the opposite faces all go through a point P, which 
divides each of them in the ratio 3:1. Also, the lines joining the 
mid-points of the apposite edges all go through the same point P. 

(2) The six planes, each passing through an edge and bisecting the 
opposite edge, cannot evidently have a line in common. For if they had, 
this line would be coplanar with all the edges. Tho equations of the 
plane through the line P,P, and through the mid-point of the segment 
P,P, can be written, by (12.13), as 


T= AT, + ut, +1(x,+2,)/2 

Y= AY, + HY, + viy, +Y,)/2 Atptyv= | 

Zz = Az, + pz, +v(z, + 2,)/2 
Similarly for the equations of the other five planes. If these six planes 
have a point in common, it must be possible to choose for each of these 
six sots of equations, values of the constants such that they would 
give the samo set of values for x, y, z. Putting A = p = 1/4, v = 1/2 
in the above and similarly in the other sets of equations, we ses that the 
six planes mect in the same point as obtained in (1) above, 


61. Projection. Take two planes - and >’ anda point V in space. 

If a straight line through V mects the planes in P and P” respsctively, 

then P (or P’) is called the projection of P” (or P) on the x (or =’) from F; 
F is called the centre of projection. It is clear that the projection of a plane 

figure onto another plane is, in general, a figure. In particular, collinear 
points are projected into collinear points and concurrent straight lines 
into concurrent straight lines. In the special case when the straight line 
VP joining a point P on = is parallel to =’, the point P” does not exist; 

the point P is then said to bea vanishing point of =. All the vanishing 
points of r then lie on a straight line p, namely, the line of intersection of 
zand the plane through V pazallel to =; the straight line p whose 
projection onto =’ dose not exist is said to be the vanishing line of z. 
Similarly there may be vanishing points and vanishing linc on =’. It is 
evident that if the planes m, = intersect in a straight line «, the vanishing 
lines of z aud x’ are both parallelto s. The straight lino « is called the 
erie of projection and ix such that « straight line and its projection intersect 





the axis in the same point. 
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Let the two arms AB and AC of an angle ~ BAO in the Plane « 
moot the vanishing line of ~ in the points B and C. Then +<+ BAC 
is projected into an angle whose magnitude is equal to that of the angle 
BVC. For, the projections of the lines AB and AC are respectively 
parallel to the lines VB and VC. 


To project a plans = containing a given line p in such a manner tha: p 
heeames the vanishing line and at the same time two given angles in z are 
projected into angles of given magnitudes onto a plane n’ properly chosen, 





Construction; Through p draw any plane « and let the plane of 
projection = be taken parallel to e. Consider first the case when the 
two pairs of arms AB, AC and DE, DF of the given angles << BAC and 
<x EDF in z meot pin the pairs of points B, C snd E, F. Suppose that 
these two angles are to be projected into angles of magnitudes ¢ and ó 
respectively, each less than 180°. Onthe segments BC and EF in the 
plane e describe on the same side of p segments of circles containing angles 
¢ and # respectively and let the two segments of circles intersect in a 
point V. Now if V is taken as the centre of projection, then the line p is 
made the vanishing line and at the same time << BAC and ~ EDF 
are projected into angles of magnitudes » and @ respectively. Secondly, 
if one of the arms AB does not meet p, then either the half ray AB 
opposite to AB meets p or the line AB is parallel to p. If the half-ray 
AB’ mests p in B’, we describe on B'O segment of a circle containing 
the angle I80°-— ¢. If the line AB is parallel to p, we draw in the plane 
« the line CV such that tho angle between CV and the half-ray of 
p in tho same direction as the arm AB is 180°-— 9. The centre of 
projection V is thon determined as the intersection of CV and the segment 
of circle on EF. 

The construction fails if the segments of the circles do not intersect 
in a point outside p. 





—*— 





pP 
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Cor. 1. Any triangle can be projected into an equilateral triangle, 

For, if we project two of its angles into angles of 60°, the third angle 

will also be projected into an angle of 60°. 

80 chosen that the circles intersect. 
Cor. 2, 


In the construction p can be 


Any plane quadrilateral may be projected into a square, 
Let ABCD be the quadrilateral whose diagonals AC, BD meet in E. 
Also, let AB, OD meet in F and AD, BC meet in G. Now project the 
quadrilateral such that line FOG ia made the vanishing line and at the 
same time <— BAG and ~ BEA are projected into right angles. 
This is possible, for the arms of these angles intersect the line FG in two 
pairs of points separating one another. The quadrilateral will then be 
projected into a square. For, by making FG the vanishing line, the 
projected figure is made a parallelogram, the projection of + BAG 
into a right angle makes this parallelogram a rectangle ; and finally the 


projection of <x BEA into a right angle ensures that the rectangle is 
a square, 





CHAPTER XIII 
PROJECTIVE SPACE 


52. Principal notions. From chapter IX onwards in plane geometry 
the Euclidean plane had been extended to a projective plane and it was 
shown that a projective plane could be represented by homogenvous 
coordinates. We shall now introduce homogeneous coordinates for the 
apace. 


Let na defiine a projective point by four numbers (zi, £s, Ty, %,), 
called its coordinates, not vanishing simultaneously and let two projective 
pointa be considered identical if and only if their coordinates are propor- 
tional. Hence a common factor p= 0 of the coordinates remains 
indefinite and so a projective point is defined by 


PiE Ta Zs th p HO (Zi Zis Za, 24) F (0, 9, 0, 0) (13.1) 


As in plane geometry, the coordinates (z,, 7,, Xa, X4) shall be briefly denoted 
by (;). We shall require the following matrices : 


~, Gy Gy) %\ a.’ a, @,' a, 
N, = N, = + i — * 
E 8, Bye, Bi’) -6,' 2B, Pd LP 
* a 
a > a, @, @, ® 
EE Dn A 
— — J 
a,’ a," a, a, 
: Ci Os % Cals 
* b, b,” b’ 
(13.1%) 
5, @ G; G, a, O; G, 3 
b. 6, 6, b, b, b, b, Oh 
N, = N, = 
Ci Cs Ca Ci i Ms a, a, 
x, 2 2 Fe b, b, b b, 


If (a) and (ġ;) are two projective points, the rank of the matrix 
N, is different from zero. If the rank of N, is one, the points are identi- 
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cal and if it is two. the ) 
Si ; pointa are distinct. Let the points (a;), (b) be 
distinct ; then the points * Cai), (9) 


(ya, + àb). (y. A) = (0, 0) (13.2) 
are said to form a row (or range) of points determined by (a,) and (6,); 
points of a row are said to be collinear. Let (a; ) and (6/) be two distinct 
points of the row (13.2) ; then the rank of each of the matrices N, and N, 
is two. Therefore (a,) and (b) belong to the row of points (ya/ +Ab;') 
determined by (aj) and (6). Hence the two rows are identical. Thus, 
every roo ia uniquely determined by every pair of distinct pointa belonging 
to it. 


Let ( ¢,) be a point not belonging to (13.2) ; then the rank of the matrix 
N, is three. In this case, the points 


(ya; + Ab, + wc;), (y: A, w) +$ (0, 0, 0) (13.3) 


are said to form a plane field; points of a plane field are said to be 
coplanar. A matrix formed by the coordinates of any number of coplanar 
points has a rank which cannot be greater than three; and if there are 
three noncollinear points among them, the rank is three. It therefore 
follows, as above, that every plane field is uniquely determined by every 
triplet of noncollinear points belonging to it, 


Let (z; ) be a point of the field (13.3); then the rank of each of the 
matrices N, and N, is three. Therefore 


Zz Fy Fy Tz 


where the cofactors u,of z, i= 1, 2, 3, 4, in the above determinant 
cannot all be zero. Hence 


UF, + U7, + U7, TU, = O, (t, tips ty, &,) Æ (0, 0, 0, 0) (13.4) 


On the other hand, every solution (Z,, Zz, 2,,%,) of (13.4) is linearly 
dependent on ( a; ), (b, ), (¢,); this means that the solution represents a 
point of the plane field (13.3). Moreover, since N, is of rank three, the 
system of homogeneous linear equations 
Xag; = 0, Zbz,=0, Tea, = O 
25—2100B 
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has only one homogeneous solution, ie., a solution defined up to a non- 
zero common factor. Hence fo every plane field there corresponds an 
equation (13.4) in which the numbers u; are uniquely given except for an 
arbitrary common factor a +: 0. 


A system of four numbers given by 


Tit Up t tt o =O, (u, tt u,, w,) Æ (0, 0, 0, 0) (13.5) 


is said to define a projective plane. Thus we have now two kinds of 
mathematical entities (13.1) and (13.5), namely the points and the planes, 
both represented by four (homogeneous) coordinates in the same 
manner. By (13.4) a correspondence is established between plane fields and 
projective planes in such a manner that the points of a plane field lie on 
the corresponding projective plane. 


It will be advantageous to use the word ‘incident’ in the usual sense 
of relationship between the three kinds of entities called points, lines and 
planes. Any two entitios of different kinds are said to be incident with 
each other when one lies on or passes through the other. Thus, collinear 
(coplanar) points are points which are incident with the same line (plane). 


The equation (13.4) can then be considered as the condition of incidence 
of the points (2,;) and the plane (wu;). Such an equation as (13.4) may 
sometimes be considered as a linear homogeneous equation in æ, with 
coefficients u; and sometimes as a linear homogeneous equation in «w; with 
cocflicients z To solve a system of equations of this type, let us 
consider the system 


Gy, Z, + Oy, 2, + 4,,7,+9,,%, = 0, kal, 2...., 


where the coefficients a,; form a matrix of rank m=<—4. It is known 
from the basic algebra that every solution (z,,z,.«<,,z,) of these equations 
is also a solution of Suz; = 0, where fu,,u,, t, u,) is any ‘4-vevtor’ 
of the ‘vector space’ U of rank m generated by the ‘4-vectors’ 
(Giras dia Okar @,)- The solutions, on the other hand, form a ‘vector space’ 
X of rank 4—m ; and the connection between U and X is reciprocal, The 
terms and the notions are, of course, used in the sense of algebra, 


Let ua apply the above algebraical facts in our geometry and take 
into consideration the cases m = 4,3, 2, 1,0. All these cases are given 
in the following scheme which can be read from the left to the right or 
from the right to the left, 
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| i 
Rank | Name of the set of planes | Name of the set of pointa 
























m forming a vector space U | forming a vector space X t-m 
x | SO aS 
4 | The field of all planes | | 
| 
3 | A bundle of planes | A point | 
2 A pencil of planes A row of pointa 
‘ae x. eS — o 
I A plane A plane field | 
0 | — — The field of all points | 


Read from the left to the right, the scheme means that given a set of 
planes whose coordinates form a vector space U of rank m, there exists 
a set of pointa whose coordinates form a vector space X of rank 4—m such 
that every point of X is incident with every plane of U. Reading from 
the right to the left, we obtain a system U of rank m as ‘solutions’ of 
a system X of rank 4—m and thus get those set of planes which are 
incident with a given set of points, It is to be noticed that X is composed 
of points and U of planes. The namesof the vector spaces U and X are 
given respectively in the second and third columns of the scheme. They 
are elementary geometric forms of different [dimensions (see §35) and are 
defined as follows : 

The field of all planes consists of all planes of the projective space 
and the field of all points consists of all points of the projective space ; 
they are three-dimensional geometric forms. A bundla (or sheaf) of planes 
is the set of all planes that are incident with a point, and a plane field is 
tho set of all points that are incident with a plane; they are fo- 
dimensional geometric forms. A pencil of planes ie the set of all planes 
that aro incident with a line and a row of points is the ect of all points 
that are incident with a line ; they are one-dimensional geometric forme. 

It follows immediately form tho above description that, as in the” 
projective plane, there is duality in the projective space. This duality is 
obtained by interchanging ‘point’ and ‘plane’ ùe., (x)-coordinates and 
(u)-coordinates. The condition of incidence Iur, = 0 | remains 
unaltered by this duality. Given the above schemo, we obtain the dual 
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scheme by first interchanging the two middle columns and then inter- 
changing the second and the sixth rows, the third and the fifth rows 
of each of these two columns. Thus a bundle of planes and a plane field 
are dual forms. For every theorem based on the concepta of projective 
point, projective plane and incidence there exista a dual theorem, and 
the interchange of the notations z and wu cannot convert a true theorem 
into a false one. For every property that may be dorived from the 
three fundamental concepts there exists a dual property and a dictionary 
may be compiled for translation of every projective property or thcorem 
into its dual. Rows of points and pencils of planes are, for example, 
dual notions ; but they are also connected by the fact that to each 
particular row of points there corresponds a particular pencil of those 
planes which are incident with every point of the row, and conversely. ` 
The row and the pencil connected in this way give rise to a new 
mathematical entity called the projective line. Therefore, a line is dual 
to tlself. Every individual line can be determined by a particular row, 
say (;7;+Ay,). as well as by a particular pencil of planes, say (yu;+ Av). 
When it is determined by a row, the line is called the base of tho row ; 
and when determined by a pencil, it is called the axis of the pencil. 


Two distinct rows cannot have more than one common point, 
because a row is uniquely defined by two points. If they have a common 
point, this point is called the point of intersection of the two lines which 
are the bases of the two rows. When two rows have a common point, they 
cannot have more than three independent points; the rows then belong 
tothe same plane field, ġe., there exists a plane with which both the 
rows are incident. By consideration of duality it is seen that if two 
pencils of planes are distinct, they may have at most one common plane 
which is then called the plane passing through the two lines which are the 
axes of the pencils. In this case the pencils belong to the same bundle. 
Two lines therefore intersect if and only if they are incident with the 
same plane. 


Consider the points in which a line (yz, +Ay,) intersects a plane (wu). 
For these points wo must have 
yl, +Al, 5S 0, where L = Suzi, l = Fuy 


This equation is æ linear and homogeneous equation in y, A, the 
coefficients I, and l, being given numbers. If the rank of the one-rowed 
matrix (l, l,) is one, there is one solution, úe., there is one point of 
intersection ; and if the rank is zero, every y, A satisfy tho equation, 
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fn She line lies in the plane. We may now state the following dual 
resuite : 


Two points define one and only Two planes define one and only 
one line, one lino. , 
Three noncollinear points define Three noncosxal planes define 
one and only one plane. one and only one point. 

If a line g does not lie in a plane If a line g does not pass through 
«,gand a define one and only a point 4, g and A define one 


one point incident with both. and only one plane incident 
with both. 

Two lines incident with the same Two lines incident with the 

point are incident with one and same plane are incident with 

only one plane. one and only one point. 


52.1. Projective plane and plane projective geometry. The formulae 
of the preceding article remind us of those of the plane projective 
geometry. Indeed, by dropping the last coordinate of the projective 
points of the projective space we get the projective points of the plane 
geometry and similarly we get the projective lines of the plane geometry 
out of the coordinates of the projective planes of the space. 

Specially there exists a one-to-one correspondence between the points 
(x,,2,,2,) of the plane projective geometry and the points (z,,7,, z,, 0) 
of the plane field V, say, which, by (13.4), may be identified with the 
plane V = (0,0,0,1). Of course, nowhere can the coordinates vanish 
simultaneously. Now the lines in V are the axes of pencils of planes where 
each pencil has V asa plane; therefore the planes of these pencils have 
the coordinates 


(yti, yta yts, yt, +A) Where (u,, u,, a,) Æ (0, 0, 0) 
Hence we may denote such a pencil by 

y (t, Up t, +), where « takes all values. 
A point of the axis of this pencil must satisfy the conditions 

zu, +7,u,+7,u, m 0 z, = 0 
If therefore we set up the correspondence 
PIE, Zar Zas O) —> POs Ta Zah ol, Hy, Hy, a) —> o(w,, ,, &,), 

the points and the Ines of V are represented by the points and tho lines 
of the plane projective geometry in such a manner that a pair of incident 
point and line of V is represented by a pair of incident point and line of 
the plane projective geometry. That is to say, ‘the plane projective 


geometry’ holds in the plane F of the projective space. 
4 
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53. Projective space as an extension of the Euclidean space. Let = 
denote a projective space and V = (0, 0, 0, 1) be the plane of > as defined 
in the last article. Those points of 5 which are not situated on F 
can be represented by (z,, Tas T}, 1), where the first three coordinates 
XiT T, are uniquely determined for each of these points without any 
common arbitrary factor. We may therefore set up a one-to-one corres- 
pondence between the quadruplets (x,, 7,, x,, 1) and the triplets (x,, 7,,. 7,). 
Since the triplets are uniquely determined without any common factor, 
they may be taken to represent points cfa Euclidean space 8. Again, 
for the planes (u,,u,,u,,u,) of = other than V, we must have 
(u,, "3, 1) Æ (0,0, 0). Therefore there exists simultaneously a one-to-one 
correspondence between the planes, other than V, of = and the planes 
of Sin such # manner that corresponding planes have the same (four) 
coordinates. It follows from the nature of these correspondences that 
ifu.z,+u.s,4u.z,-u, = 0, is, if a point and a plane, other than F, 
of = are incident with one another, the corresponding point and the 
corresponding plane of S are also incident, and conversely. We may 
therefore identify S with that portion of 5 which is outside V and r gard 
= as an ¢ziension of S; this extension is obtained by adding, so to say, 
the plane V to the space S. We now say that V is the plane at infinity 
(or the ideal plane) for S and the points and lines of V are the points 
and lines at infinity for S. Of course, these elements at infinity do not 
belong to 8. 

Consider now two points (z,,2,,2,, l) and (y, Y, Yx» 1) of =. The 
row generated by the two points is, by (13.2), 


(yz; 4AM, Yat AVar Yat AYsr YtAD Cy A) # (0, 0) (13.6) 
As a common factor of y, A is arbitrary, this row consists of the following 
points of 8 
£= 7X, + Ay, Y = Ys +Y, = = YZ, + AVMs ytA=1 
and a point at infinity (taking y +À = 0) 
A (a,,0,,@,,0), where a; = 9-7) s=1,2,3 (13.6°) 
The points of S which belong to the row (13.6) can now be represented 
(since y+A=1)by | 
z= 2, +AG,, Y= %ytAdg, 2 = Z, + A0, (13.6") 


It therefore follows from (12.7) that the points (13.6") define a straight 
line which passes through the point (£ 7. 2,) and is parallel to the 


vector » = (a,,a,,%,). Butexcept for a numerical factor be ee 
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ø is uniquely given by the point at infinity (13.6) of the row (13.6). 
shows that parallel straight lines in S are those wh 


in th: plane at infinity V when S is extended to » 
Consider further a third point (z,, Za 2,, 1) of © which is not collinear 


with the two given points. Thon the plane field W generated by the 
three points is, by (13.3), 


This 
ich have a common poin 


(y=, +Ay, +z, Ta tAYgt mts, y£ t Ày, tet, yrAstu), (13.7) 


(y+ Ay p) Æ (0, 0, 0) 
As a common factor of y, A, » is arbitrary, we have here also to consider, 


as above, the two cases: y+A+p = 0 and y+A+u =l. In the first 
case we get the row 


(Aq, + ubi Aa, tub, Aa, +pb,, 0), where further 6, = s-z; (13.74 
and in the second case we get the plane 


z= x, +aAa,+ ub, y= xr +a, +u’, Z= t,+Aa,+ pb, (13.77) 
The points (13.7) furnish a row in V,i.e., they give the points at infinity 
on a line at infinity ; the base of this row is tho line of intersection of 
the planes Wand V. To every point of this row there corresponds a 
system of vectors w = (Aa,+uh,, Aa, +u’ Aa, +u%,), depending on 
the numerical factors A, u. The plane (13.7") is a plane of S; and it 
follows from (12.12) that every point of this plane is obtained by attaching 
the vectors w to the point (x,, 7,,2,), Therefore parallel planes in S are 
those which have a comnan line in V when S ia extended to 5. 

54. Pluecker coordinates of a line. Before leaving the present 
discussion we may give a brief description of a special system of line 
coordinates. Let (a,;) and (6;) be the homogeneous coordinates of two 
distinct points of a line g. From the matrix N, defined in (13.1") form 
the six determinants 




















. D | a, 4, Vig ie | 
Pius = Pis = Pu = | 
ON Osl b- <Ò ‘TOE -P |, 
i 2 1 i 13.8) 
a, ‘@, a, Gy, : a, G, 
Pas aa | Pis A 34 Laa, 
Obviously, Pi =-Pi Hj = 1,2,3,4 


The six quantities p;, thus defined, which cannot be all zero, are called 
Pluecker coordinates of the line g. Since the matrix N,. given in (13.1°), 
has its determinant identically equal to zero, it follows that these coor- 
dinates satisfy the identical relation 


PrsPac t PisPaa + PucPas = 0 (13.9) 


c 
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Pluecker coordinatss are homogensous. For, if 
yū; + Ab; and pa; +vb, 
are any two points of g ani we form the six determinants 
TA +A, ya; + Ad, 


qij = then — — 
ua; + vb; pa; ++; |, 4 raman) Pu 


Let (a) and (br) be the coordinates of two distinct points of another 
line g’ and let p’j, be the Pluecker coordinates of g’. Then, considering 
the matrix NV, as defined in (13.1’), it follows that the lines g and g’ are 
coplanar if and only if dot N, = 0. Therefore, the necessary and sufficient 
condition that two lines whose Pluecker coordinates are p;, and p’,; be 
coplanar is that : 


DP Pvt = PPs t PaPa t PP as +PaP + PaPa t P:.P'« =O (13.10) 
It is understood, in the summation notation on the left, that when the pair 
of indices ij take the values 12, 13, 14, 23, 42, 34, the pair of indices 
kl take respectively the complementary values 34, 42, 23, 14, 13, 12. 

A line | with coordinates ypy -+ y'p';; is said to be linearly dependent 
on the lines g and g’. Since (13.9) must also be satisfied by the coordinates 
of l, we must have 

TY 2Pis P'ut = © 

If the lines g and g' are ekew, d.e., if = py p'ar # 0, then I is either g or 
g’. And if g and g’ are coplanar, and therefore intersect in a point, say (¢,), 
different from (a,), (a’,;), then since 
Ct G | | G GS Ci cj 

s +A 
a, a; a; a'j Aa; + A'a; Àj + A'a’ ' 
the points ( &) and (Aa;+A‘a’;) are points ofl. Therefore the line I tsa 
line of the pencil of lines determined by the lines g and g’. 4 

Let us now suppose that g is a variable line so that ite Pluecker 
coordinates p; = a;b- ab; are also variables. Consider an equation which 


1 Pytt P'v = >» 











: 2a; Pij = 0, (13.11) 
where in the summation the pair of indices ij take the values 12, 13, 14, 
23, 42, 34. Then the locus of the line g which satisfies (13.11) is called 
a linear complex of lines. Two cases arise: -~ 

(1) First suppose that the coefficients a;; are the Pluecker coordinates 
of a line. If we put 


- a; = pir p #0, . (13.12) 
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where the pairs of indices ij and kl take complementary values, then by 
are also the Pluecker coordinates of a line I, say. It followa from (13.10) 


— * the linear complex (13.11) consists of all lines which intersect the 
ine U, 


(2) Secondly suppose that a;; are not Pluecker coordinates. Put 
Ciji = aij- aji sothat c; =—cj and c = 0 <= 


Then the equation (13.11) of the linear complex can be written Jn thes 
normal form aa *. 


> Ci Pi = 0, | og | #0 . (13.13) | 


pl 


4 


If now we suppose that ( a; ) isa fixed point and (b) = (2)isa variable 


point, the equation (13.13) reduces fo 


Sc; a; Tj = D - 


This is a linear equation in z; with coefficients not all vanishing and hence 
it represents a plane ; further the line g now goes through a fixed point 
(@;). Therefore, the linear complex is a pencil of lines. . 

A line is given either as the join of two points or asthe intersection 
of two planes. From this point of view we have also the Pluecker 
coordinates of intersection defined as follows : r 


Let ( u; ) and (w; ) be two distinct planes intersecting in — g. Form 
the six quantities * 


Wi = Uy Vi — Uj Vp iej = 1,2, 3, 4 ° 


The quantities w; are the required coordifiates ofthe line g. They are 
obviously connected by the relation 3 


W, 55, HO Wa + ww, = 0. 


` To establish the relation between the coordinates py and w;; of the 
game line g, let (a;) and ( 4;) be two distinct points ofg. We then have 
the four equations 


Zua = 9, 2m b = 0, 2% a; = 0, So, b = 0 
From the first and the second pairs of these equations we get 


U Piat Pi tupu =O and OPi OP tP = 0 
Similarly for the other pairs. Hence wo get 


Pre 2 Pia 2 Prs $ Pas = Pes 2 Poa = Wag 2 Weg | Was 2, EWO 2, (13.14) 
26—2100B * 
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Thus the quantities a;; and 5;. in (13.12) are dual Pluecker coordinates of 


the line / and so the equations 
Sapi — 0 and Sby w,; = 0 
represent the same linear complex. 
- 55. Projectivity. Cross-ratio. We have seen in § 29 that a pencil 


_ of Fae Ditties by projecting a row from a point not incident 


with the base of the row and a row of points obtained by taking a 
section of a pencil by a line not incident with the centre of the pencil. 
By ‘projection of a point froma line’ or ‘projection of a line from a 


r point’ we shall mean the plane which is incident with both the point 
and the line; similarly by ‘section of a plane by a line’ or ‘section of 


a line by a plane’ we shall mean the point which is incident with both 


- the plane and the line. 


Two rows of points (ABC ...),(A’B’C’...) are perspective when 
they are the sections of ono — the same — of lines, i.e., when 


the correspontting points (A4,A"),..of every pair are — with a 


line of = pencil of lines. A row (ABC...) and a pencil of lines 
(abc...) are perspective owhen the row is a — of the pencil or the 
pencil is a projection of the row, s.e.. when corresponding elements 
(A, a), .... aro those that are incident. A pencil of planes (« 8 y... ) 
and a row (ABC...) are perspective when the pencil is a projection 
of the r row or the row isa section of the pencil, że., when corresponding 
elements («,.A),... are those that are incident. A pencil of planes 
(xBy-.-) and a pencil of lines (abe’...) are perspective when the 
first is a projection of the segond or the second is a section of the first 
i.e. „when“ corresponding .clements (x,@),... are those that are incident. 
Two pencils of planes (aBy-*-), (a Bp’ y’ ..) are perspective when 
they are perspective to the same pencil of fines ; corresponding elements 
la, a'), .... are those that are sine my with the same line of the pencil 
_ of lines. Two pencils of lines (abe. . , (a'b o’..) are perspective when 
~ they are perspective either to — aa or to the same pencil of 
planes’; corresponding elements (a, a’), .. are those that are incident 
with the same point of the row in Siac eet ces Gebo Ae same plane of 
the pencil in the second case. 

The set of all points (and therefore of all lines) that lie on a plane 
has been said to form a plane field, the plane being the base of the 
field. A plane field contains an unlimited number of rows of points 
‘and the pencils of lines. Tho set of all planes (and therefore of all lines) 
Smear een, © Pols <n, Voge ene es ee 
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boing the centre of the bundle, A bundle contains an unlimited number 
of pencils of lines and pencils of planes, A plane field (a) and s bundle 
(A) aro perspective when the bundle is a projection of the plane field 
from a point A not indident with the base « or the plane field isa 
section of the bundle by a plane æa not passing through A; correspond- 
ing elements are those that are incident. Two plane fields are 
perspective when they are both perspective to the same bundle; and 


the two bundles are perspective when they are both perspective to the k 


same plane field. 


The row of points, the pencil of lines and the penoil of planes have 


been called one-dimensional elementary geometric forms whereas the 
plane field and the bundle have been called two-dimensional elementary 


geometric forms (§ 52). Two elementary geometric forms of the same 


dimension are said to be projective when they can be connected by a 


chain of projections and sections, and therefore by a chain of perspectivities. 


In particular, two perspective forms are projective. * 


* 

Let us discuss projectivity between two one-dimensional geometric 
forms. We can always find a geometrical construction establishing 
the projectivity between two such forms when three pairs of correspond- 
ing elements are given. Suppose, for example, it is required to 
establish the projectivity between two rows (ASC....) and (A’B'O’..) 
when (A, A’), (B, B’), (0, C’) are three pairs of co nding points. 
Two cases arise according as the bases s and +’ of the rows are coplanar 
or not. The plane construction, has been given in § 29. Let then + 
and s’ be skew. i 


Join AA’, BB’, OC’ and take a point» A” ön. AA’. The intersestion 
of the plane incident with A” 5 
and BB’ and the plane 
incident with A” and CC" is 
a line s” meeting BB’ and 
co’ in the points B” and C”. 
Therefore the pencil of planes 
s' (ABC....) and «” (A'B'O’ 
....) are identical. Hence * 
i 7 the rows (A TAPSA 
cil s* (ABC ....) is perspeotive to both ABO 

ee (ABO... .). Therefore the rows (ABC .... yand (A‘B’C’ .. - .) 
are pro ve. The point D’ of (A’B'C’... -) which corresponds to n 
point D of (ABC....-) in this projectivity isthe point where the plane 

incident with s” and D intersects — 





Ld 
— — 


— 
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Again to find a geometrical construction for the projectivity connecting 
a row and à pencil of planes when three pairs of corresponding elements 
are given, we take a section of the pencil of planes to obtain a second 
row. Thon by the above construction we find the projectivity between 
the two rows, as three pairs of corresponding elements are now known, 
And as the second row is perspective to the given pencil, the required 
projectivity is established. 

We now introduce cross-ratio in one-dimensional! geometric forms and 
show that the cross-ratio remains invariant for projectivity. 


Let Pal Ti )s Pal Yi) (ytitày;) = PC Ei ) . 


be any three distinct points of a row. Putting yay = x;', Ay, = yi', 


we get the same points represented by p(s ), pa lyi ), p'ar +,'). Thus 
any pair of numbers y, A can be replaced by 1, 1, and conversely. But 
we cannot replace simultancously two such pairs by arbitrary pairs of 
numbers, as the following vonsideration will show. Let 


P, = (x) = (z), where x, = az, 
Pa = (y) (yi), where y; = by; 
P, = (i) = (yn tày) = (6') where £/ = of; 
P, = (ni) = (Prity) = (ni) where y = dn; 
& = y T'i t Ayi» where y’ = Ey, ’ = FA 
y POR * . 7 7 d ’ d 
n= pEr tY» where u — VEY 


But as 7/ = A/v, the contention holds. 
We define cross-ratio of the above four pointe P,, Pa P,, P, by 


(P, Pas P,P.) = pj = Npp (13.8) 
This value is independent of the arbitrary factors a, b, c, d° The same 
thing holds for 4 ofa pencil. Let 


m. = ( u;), P = ( v), a, = ( yw; +AU; 1 a, = (put ww) 


` be four planes. Then the cross-ratio of the four planes is given by 


(a,a,, a) = Apy yv 
and is independent of the arbitrary factors of the coordinates. 


Suppose that the points P,, P, P, of the row are points of the 
Euclidean space S (see §53) ; so we can choose x, = y, = land y+A = 1; 


à (Sri Zas 23), (Yi Ya Ys) (fy — Ea) 
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can be considered as the (orthogonal) Cartesian coordinates of P,, P,, P, 
respectively. We can write 


& = +A (yzi) ; 


hence À = 58 y=l1l-A= yi- be 
Yim T; Yi— Ti 
So A ir; m P,P, 








Y Vire o Pir 

As in § 53, we distinguish two cases : 
(i) Let P, be also a point of S; then we choose +v = 1, and 
consider (y,, ta, j,) as the Cartesian coordinates of P,. We have there- 
fore as above, ~ 

















Hente Ap. Ayta Aati aa P, | 


— 


This result agrees with (2.1). 
(ii) Let P, be a point at infinity ; then p+v = 0, orv/p = —1. 


Hence Ap/yw = P,P, / Paks 


This result agrees with what has been said in §29.1 


Consider again four planes of a pencil and let none of them be the 
plane at infinity. We can therefore suppose that the equations of the four 
planes «,, Aa, %, &, are given in Hessian normal forms as 

l(t Za Za) = 9, l (£, Za 2) = 0, 
L.(x,, Za 2) = yl, FAL =—.0, 

lli ta z) = ph tv, = O, | 
respectively. Lot P = (£, Ê. s 1) and Q = (i+ ns "as 1) be any two 
points on a, and «, respectively. Then 

Afy = hlp n E) / hln Én £a)» 
vja == hlo Yar a/b ts a) 


` 


- 









2 Ap — A(és. Ew u) 
Hence yr l. Ey» Es» Ea) f(a» a> a) 


But as the equations are given in Hessian normal forms, (, (£,, s €)) 
ia the distance of P from a, and similarly for tho other functions. 


“~~ 
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Ap _ Sin(a,, a) sin(a,, a,) 


yy sin(s,, 0) sin(a,, a) ' for planes of a conxal peneil 


° Sa edit ety , for planes of a parallel peneil. 

To deduce these formulas it was useful to use Hessian normal forms ; 
for other purposes we may choose the arbitrary factors ina different 
way. It is however important to notice that the arbitrary factors do 
not alter the cross-ratio«. 

Consider now a row of points perspective with m pencil of planes. 
Given four points of n row 

P, =(a@) P, = (ù) PP, = ( ya, +A, ), P, = ( way + wb, ), 

let” ai, Ga a, a, be four planes of a pencil such that P; is incident 
with a; but not with the axis of the pencil (¢ = 1, 2, 3,4); also let 
(ey) and (d;) be two points incident with the exis of the pencil. The 
equation of «, is then given by 


ata, &, O 
— .  orbriely by |x a ¢ 4| =0. 


It may be remarked that the last ithree rows of the determinant form 
a matrix of rank three, so that the equation |, = 0 of a, is not an 
identity. Similarly the equations of a,, a,, a, are respectively 
lx ò ce d| =09, 

|æ ya+Ab c dj=Oay|z a c dj +Alz òc d|, 

jz pa+b e d| =ÖÜ=p|z a c d|+viz be d| 
Therefore (P,P, P,P) = Ap yw = (Og, Hee,) 
Thus the cross-ratio of any four pointe of a row is equal to the cross- 
ratio of the corresponding four planes of a pencil which is a projection 
of the row. => 


Again given four lines g, 99s: Fa of a pencil of lines in a plane a, 
let Q be the centre of the pencil, T any point not incident with a and 
hiany line incident with abut not with Q. The cross-ratio_of the four 
planes (Tg, Tg, 79,79.) is equal to the cross-ratio of the four points 
(hg, hga hg, hg). This cross-ratio is called the cross-ratio (9,9s, ga.) of 
the four lines of the pencil. We havo thus arrived at the property : 


ding lines lies on a fixed line e. 
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The cross-ratio of four elements of a one-dimensional elementary 
geometric form is not altered by projection or section. 

In view of the above considerations we can say that two onè- 
dimonsional eclomentary geometric forms are projective when the 
elements of the two forms are put in a one-to-one correspondence in 
such a manner that the cross-ratio of any four elements of one form 
is equal to tho cross-ratio of the corresponding fouf elements of the other 
If, for example, the three pointa A, B, O of a row are given to correspond 
respectively to the three planes a, 8, y of a pencil of planes, the point D of | 
the row and the plane § of the pencil are corresponding elements in this 
projectivity if | 

(AB, CD) 5 (aß, y) 


What have been said above regarding projectivity between two 
one-dimensional geometric forms hold also for two-dimensional geometric 
forma when to each one-dimensional form in one corresponds a prajective 
one-dimensional form in the other. 


55.1. Homology. Let = and =" be two planes intersecting in s 
line s. Take a line g skew to s and on this line take two points U and F. 
Project the plane field (x’) from U, V as centres onto the plane z. We 
thus obtain on z two cobasal plane fields (=), (<*). 

Let S be the point of intersection of g and m. Also, let A" be « point 
of ¢' and A, A’ its projections from JU, V ons. Then A and A” are 
corresponding points of the two cobasal plane fields. Now since A and 
A” both lie on the plane through g and A’, the line AA” must meet g 
and therefore pass through S. Therefore two corresponding points are 
collincar with S. Tho point S and all points of 4 are self-corresponding 
points. So if P is a point of 4, the lines PA and PA” sre corresponding 
lines. Therefore, two corresponding lines — 
intersect on # and every line in ~ through _ 
S is a self-corresponding line. Thue we 
arrive at the following property : 

Two cobasal plane fielda which are the 
projections of one and the same plane field © 
from two different centres are such that the 
join of corresponding points passes through 
a fixed point S and the meet of correspon- 





Two plane fields, whother cobasal or 
not, which have the property that the 
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join of corresponding points are concurrent in point S and the meet of 
corresponding linea are collinear with lines ¢ are said to be homologous 
or perspective; S is called the centre and «the ars of homology or 
of perapectivity. 

DESARGUES' theorem on perspective triangles. “If two triangles ABC 
and A'B'C’ are such that the lines AA’, BB’, CC" joining the three 
pairs of vertices are concurrent, then the three pairs of corresponding 
sides BO, B'C’: CA, C'A’; AB, A'B' intersect in three collinear points, 
and conversely. 


Two cases arise according as the two triangles lie in two different 
planes or in the same plane, First suppose that the triangles lie in 
different planes. Let AA’, BB’, CC’ meet in a point S. Since BB’, 
CO’ are coplanar, BC, B'O’ are also coplanar and so meet in a point P: 
Similarly, CA, C'A’ meet in a point Q and AB, A'B’ moet in a point R. 
Now, P lies in the plane ABC and also in the plane A’ B’C"; therefore 

P lies on the line of intersection a of these two planes. Similarly, @ 
and R lie on s. 


P 





) Conversely, if BC, B’C’; CA, C'A' ; AB, A'B’ meet in threo points, 
they must mest on the line of intersection of the planes AEQ and A'B'C’, 
Therefore BB’, CC’ are coplanar and`so meet in a point ; similarly, CC’, 
AA’ moet in a point and AA’, BB’ also meet in a point, But as the 
three lines AA‘, BB’, CC’ are not coplanar, they must be concurrent. 
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There are ton points and ten Lines in this configuration which are the 
points and lines of intersection of five planes, three through S and two 
through s. 

Secondly, suppose that the two triangles lio in a plane « and that 
AA’, BB’, CC’ are concurrent in S. As in the caso of two homologous 
figures, take a line g passing through S but not lying in -, and on this 
line take two pointa U, V. Since UV, AA’ moet in 8, they are coplanar 
and so UA, VA" moct in s point A”. Similarly, UB, VB’ meet in B” 
and UC, VC" moct in O". The two triangles ABC, A” B°C” are now 
such that they lio on two different planes ~, =” and that the lines AA”. 
BB", CC” meot in U. Therefore, by tho previous case just proved, the 
three pairs of corresponding sides mect in three collinear points on the 
lino of intersection s of =, =”. But the same thing is also true of the 
triangles A’B’C’, A” BY’ OC”, aa may be scen by interchanging U and V ; and 
the points of intersection of the corresponding sides of these two triangles 
must be the same as before, namely the points where the sides of the 
triangle A” B’C” meet +. Hence, BC, B'O’ ; CA, C’A’; AB, A'B’ mest 
in three collinear points. 4 

Conversely, let BC, B’C’; CA, C'A"; AB, A'B’ meet in threo 
points on a line sand AA’, BB’ meet in S. Then, if SC did not pass 
through C’, it would cut BC’ in some other point D’. It would follow, 
by what we have just proved, that A’'D’, AC meet s in the same point. 
But this is impossible unless D’ coincides with C". 

A proof for the case of two coplanar triangles has already been given 
in $ 36, but the proof given here is purely projective. 








CHAPTER XIV 


GROUPS OF TRANSFORMATIONS AND CLASSIFICATION 

r OF GEOMETRIES 

56. Dimensionality of spaces. The points of a Euclidean space 
“are represented in a continuous manner by 3 parameters, the points of 
a Euclidean plane by two parameters and the points of a Euclidean 
straight line by one parameter only. For this reason these mathematical 
entities are said to be spaces of three, two and one dimensions respec- 
tively. The projective space, the projective plane and the projective 
straight line need one parameter more than the corresponding Euclidean 
entities ; but as the parameters have a common arbitrary factor, we call 
them thtee-dimensional, two-dimensional and one-dimensional projective 
spaces, 


Correspondingly, a pencil (of planes, lines, circles, etc.) can be con- 
sidered as a one-dimensional and a bundle as a two-dimensional ‘space’. 
Further, the conics of a projective plane depend on six parameters ; to 
every set of six values, except all zero, there corresponds a conic ; but 
again as there is a common arbitrary factor, these conics form a projective 
‘space’ of five dimensions. The ‘points’ of this space are conics, the 
‘rows of points’ are pencils of conics ete. ; therefore theorems on rows of 
points can be applied to pencils of conics. 


Many geometrical considerations may be treated simultaneously by 
introducing the more general notion of an n-dimensional space, The 
reader may have realised that there is a close resemblance between the 
geometry of the plane and that of the space. Indeed most of the 
methods used, as well as a portion of the results, are independent of 
the number n of dimensions. The n-dimensional projective space is 
composed of points 2 


P (Tis z> —S — where (£, r... Lata) +$ (0, z.. 0), pP $ 0 (14.1) 


Thus for n = 1, 2, 3, we get the projective line, the projective plane, and 
the projective (3-dimensional) space respectively. Ifn> 1, we can easily 
find inside an n-dimensional space subspaces of lower dimensions. For 
this purpose, consider a homogencous system of linear equations in the 
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coordinates of an n-dimensional projective space, the rank of tho matrix 
of the coefficients being r : 


G2, + «240% +G,4, Zag, =O 
ae ae +04, fajr = Ô 

: (14.2) 
Fe tanjir Fae, = 0 


All solutions of such a system depend on n—r+1 independent solutions 
(the solutions are ‘(n+ 1)-vectors’ in the sense of algebra), say Hyp sss 
&n-r4,- Therefore every solution is given uniquely by 


fo, FT «se + tonres An t+ ys (14.3) 
where the t's are arbitrary numbers. Consider the solutions for which i 
RER EE a U A) (14.4) 


A common factor of (14.4) furhishes a common factor of (14.3), and 
so these solutions correspond to those points (14.1) which satisfy the 
equations (14.2). As the t's are n—r+1 parameters, these points form a 
projective (n—r)-dimensional space, which is a subspace of se given 
n-dimensional projective space. i 
E.g., for n=3, r = 1, we have n-r = 2. The points satisfying 
az, +a, +a, T, +a, = 0 
therefore form a projective plane. Forn = 3,r = 2, we have n—r = 1. 
The points satisfying two independent linear equations 
GXi ta X, +a, +a = 0 
6.2, +6.2,+b7,+627, = 0 
therefore form a projective straight line, namely the axis of the pencil 
generated by the two planes which correspond to the two linear equations, 
Every linear equation, ¢.g., of (14.2), is called a “hyperplane” or a 
“prime”. As in § 53, an n-dimensional projective space (14.1) can be 
made up of a hyperplane at infinity 


V = p(z,- +» Zar 0) (14.5) 
and an n-dimensional Euclidean space 
Ia E (Lir -e r Ta) = (14.6) 


which is identical with the set of points p(xz,,....,2,, 1). S, is, of course, 
uniquely defined by thon non-homogencous parameters z,,....,2,. On 
the other hand, an n-dimensional Euclidean space can be represented by 
(14.6) and can be extended to a projective space by adding, so to say, the 
elements at infinity (14.5). By this extension, the formulae of projective 
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geometry become simpler and they show a duality which docs not hold in 
Euclidean geometry. 


57. Groups of transformations. Let ws consider linear transformations 
inn+1 homogeneous coordinates or in n non-homogeneous coordinates, 
A set of linear transformations 7,, T., 7',,.., which may be finite or 
infinite in number, is said to form a group if the transformations of the 
set obey the following two laws ; 

(1) The product (or resultant) of every pair of transformations 
(including the product of a transformation by itself) is a transformation 
which belongs to the set, 

(2) Every transformation of the set has its inverse and the inverse 
belongs to the set. If the inverse of a transformation T, is denoted by 
7’,-*, the inverse has the following property - 


Pay t= TT =f, 


where J is the identical transformation or the identity. 


It follows from the definition that if the linear transformations Tofa 
sot form a group, T pT, = Th is a transformation of the group. Therefore 
T.T,T, = T,T, = Typ à transformation of the group. In general, the 
product of any number of transformations is a transformation of the 
group. Also, the identical transformation J is a transformation of the 
group. 

The product TT, which is taken to mean that T, is followed by 
Tp is not necessarily equal to the product 7,7',. A group of linear trans- 
formations is said to be commutative if, for every pair of transformations of 
the group, 7,7, = 7,7’, ; otherwise tho group is noncommutative. Further, 
since the 7's are linear transformations, Tp (7',7',) = (7',7',)7,, showing 
that the product is associative. 

Now suppose that we are given a group of linear transformations. We 
may then obtain a set of particular transformations of the given group 
‘by imposing one or more conditions on each transformation of the group. 
If this set of particular transformations obeya the above two laws of a 
group, it is said to form a subgroup of the given group, 

All linear transformations of the type 


a+! 
pai = > aas lay) #0, ¢ = 1,2,...,n+1 (14.7) 
j= 


are called projective transformations or collineations of the n-dimensional 
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projective apace. Ifa collineation 


+j 
Pi = S by x, | yy | #0 
b=} 
is followed by a collineation 
w+! 
vz = > i", | cy | #0 
j=l 
the product is the transformation 
n+l 
wit = > ei bis aa j= 1,3)... 041 (14.7) 
jimi 
Since | Zeyd | = | oy | | bia | 


is different from zero, the product (14.7') is a collineation. 


Again the inverse of (14.7) is the transformation 
n+l 
pla = > Aye’, t= 1, 2,..,8+1, 


j= ) 
where Ay are the cofactors of a, in the determinant | a; | . 
Since |aqg|+0, 80 | Ay | #0 
Hence the inverse is also a collineation, Therefore the set of all collineations 
of an n-dimensional projective space form a group, the identical transforma- 
tion of this group being 
pay = Xj, t=1],2,..,"n+1 
When » = 2, all collineations of a plane form a group ; when n = 3 
all collineations of a 3-dimensional space form a group, and so on. 
Now let us impose the following condition on the collineations (14-7) : 
Anp = Onpa =++++ = Inge = O 
The transformations reduce to 
PZ = Ay My Oy yt FA ts Fnes 


> > * > . . 7 e . 


Pn = Opti + Anghy + ~~ Hanat ati (14.8) 
Pln s = Ontintians 
Ga Gis > + Gis 
with Misses A E A (14.8') 
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All transformations (14.8) with (14.8") are called tho affinities of tho 
n-dimensional space. In an affinity, therefore, a special (nm —1)-dimensional 
subspace, namely x,,, = 0, is kept fixed. When n>3, this special subspace 
is called the Ayperplane at infinity; when m = 2,3 we have the line at 
infinity in a plano, the plane at infinity in a 3-dimensional space 
respectively which are kept fixed by affinity. 

It can be shown, as in the case of collineations, that the product of 
two affinities is an affinity and that the inverse ef an affinity is an affinity. 
Therefore the set of all affinities of an n-dimensional space form a group, 
Thus, when n = 2, all affinities of a plane form a group; when n =3, 
all affinities of a 3-dimensional space form a group, and so on. Further, 
since affinities are obtained from collineations by imposing a particular 
condition, the group of affinities is a subgroup of the group of collineations. 

Again, since aspi 0, we can, without loss of generality, take 
Onse, = 1. The equations of affinities can then be written in non- 


homogeneous coordinates as 


r’ = A EHO Yt o FAW Ants 


y’ = O, OY E o HOn tnt 
(14.9) 


w = By FH Oe t e PAu Hnn 
with 
a, Qa = + Sen 
BRE ok ~~ 0 
Bu, Gag = + Gun 
Now suppose we impose the following conditions on the affinities (14.0) : 


. oe", ifi= j 
Sanan = | é j = : 2, «+, My (14.9") 
k=] 0, fij 


where ¢ is a constant + 0. Evidently there are n conditions when i = j 
and n(m—1)/2 when i+ j. It follows 

â =c", so A= im 
All transformations (14.9) with (14.9) are eallod similarities of n-dimen- 
sional space, and all similarities form a group. When A> 0, the 
similarities are said to be direct. It can be seen that the group of 
similarities is a subgroup of affinities. 





Wisk 
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Further, if on the group of similarities we impose the condition 
c* = 1, we obtain the transformations (14.9) with the conditions 


a Lift = j 
Sean =| j= 1,2,.:, ñ, 00 ô =i (149%) 
hod | O if it fe j 


Transformations (14.9) satisfying (14.9%) form a group of orthogonal 
transformations, 

All transformations (14.9) with the condition (14.9°) for which A = +1 
are called rigid motions of the n-dimensional space and all the rigid 
motions form a group. Evidently the group of rigid motions ia a subgroup 
of the group of similarities and therefore of the group of affinities, 
The group of rigid motions of a plane can be written in the form 
(3.1), as has already been noticed, and they form s group. Similarly, 
all rigid motions of a three-dimensional «pace form a group. 

All transformations (14.0) with (14.0%) for which & = —1 are called 
symmetries of the n-dimensional space. Since 


Atm = + 1, a Vaani — = l, 


where m is a positive integer, the product of an even number of 
symmetrics is a rigid motion and the product of an odd number is a 
aymmetry. Therefore the symmetries do not form a group. The equations 
of symmetries of a plane can be written in the form (5.2), as has already 
been noticed. 

Consider the transformations obtained from the group of similarities 
by imposing the conditions 


e ifi = j 

ay, = $ = L, - OS 
0, fick; 

These transformations can therefore be written as 


e #0 (14.10) 


wo" = cw+c, 
All transformations (14.10) are called Aomothetic transformations of the 
n-dimensional space and they form a group. 
Finally, consider the transformations obtained from the group of 


1 afte —— 
er pJ = i «+B 
* T TES 
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The transformations thus obtained can be written as 


(14,11) 


All transformations (14.11) are called translations of the n-dimensional 
apace, and the translations form a group. Since this group can also. be 
obtained from the group of transformations (14.10). the group of translations 
is a subgroup of both the groups of rigid motions and homothetic 
transformations and therefore of the groups of similarities and the 
affinities. The group (14.11) is a commutative group. 

We may exhibit the different subgroups of the affine group as follows : 


Affinities 


Similarities 


Orthogonal transformations 


Rigid motions Homothetic transformations 


Hon 
l 
Translations 
The transformations in each of the groups we have considered so far 
are infinite in number. There are groups the transformations of which 
are finite in number. Consider, for example, the rotations in the plane 
about the origin through angles m-/2, where m is an integer. They are 
2 =y a = =g x= —y a =g 
= z, y= -¥ y = 2, y =y 
These four transformations form a group, the last one being the 
identical transformation. Similarly, the following two rotations in the 
plane about the origin through mz, m being an integer, form a group : 
a’ = — a =< 
y= =y y =y 


“ 
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58. Classification of geometries. Geometry deals mainly with pro- 
perties of figures. It was pointed out by Fazrx KLEIN (1849-1925) that 
properties of figures may be classified according to the manner in which 
they behave when subjected to certain transformations, 

A property which remains invariant under the group of collineations 
is called a projective property and the geometry which deale with projective 
properties is called the projective geometry. We have enumerated up till 
now various properties of figures which behave in this manner; e.g., 
collinearity of points and concurrency of lines, cross-ratio, pole and polar, 
the principle of duality, etc., are projective properties. Properties which 
remain invariant by every projection or section are therefore projective 
properties. Since distance, angle, area, volume do not remain invariant 
under the group of collineations, there is no place of these notions in 
projective geometry. A theorem which deals merely with projective 
properties is a projective theorem, ¢.g., Desargues’ theorem on perspective 
triangles. 

A property which remains invariant under the group of affine trans- 
formations, but not under the projective group, is called an affine property. 
The geometry which deals with affine properties, eitherin themselves 
or in conjunction with projective properties, is called the affine geometry, 
Since the affine group is a subgroup of the projective group, any property 
which remains invariant under the projective group also remains invariant 
under the affine group, but the converse is not true; e.g., the property 
of cross-ratio and, in particular, the harmonic properties of complete 
quadrangle and quadrilateral are projective properties ; these properties 
are also invariant under the affine group. But parallelism of lines and 
the ratio of algebraic distances are affine properties ; these properties 
do not remain invariant under the projective group. We have enumerated 
in the plane geometry various properties which are affine, e.g., central 
properties of conics, property of conjugacy of diameters of conics, eto. 
The theorem that the cross-ratio of four diameters of a conic is equal to 
the cross-ratio of the four conjugate diameters combines both projective 
and affine properties and is therefore a theorem of affine geometry. 

A property which remains invariant under the group of rigid 
motions, but not under the affine group, is called a metric property. The 
study of these properties, either in themselves or in conjunction with affine 
and projective properties, constitutes the metric geometry. Since the 
metric group is a subgroup of the affine group, a property whioh holds 
in affine geometry also holds in metric geometry, but not vice versa. 
We have seen in §§ 10.1, 23.2 that distance, angle, area remain invariant 


2h—2100B. 
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under the group of rigid motions but not under the affine group. So, 
these notions are metric. The ordinary Euclidean geometry is a metric 
geometry and the Pythagorean theorem is a metric theorem. Besides the 
Euclidean geometry, there are other geometries which are metric, €g., 
the so-called non-Euclidean geometry. 


The projective, the affine and the metric are three of the more 
important classes of geometries. 


Two figures are said to be equivalent under a particular group of 
transformations if there exists a transformation of the group which carries 
one figure into the other. We have seen in § 24 that any two parabolas 
or any two ellipses or any two hyperbolas are equivalent under the affine 
group and in § 39 that any two nondegenerate conics (with real traces) 
are equivalent under the projective group. This is expressed by saying 
that all parabolas or all ellipses or all hyperbolas are equivalent in affine 
geometry and all (real) nondegenerate conics are equivalent in projective 
geometry. 

Although, as has been seen in §§ 32, 33, 52, the introduction of 
homogeneous coordinates is necessary for the study of (analytical) projec- 
tive geometry, the affine and the metric geometries are in themselves 
geometries of ordinary space ; that is to say, it is not necessary to use 
homogeneous coordinates in these geometries. In both affine and metric 
geometries the principle of duality fails to function. 


We have noticed that the affine geometry is obtained from the 
projective geometry by certain specialisation and that the metric geometry 
is derived from the affine geometry also by specialisation. In order to 
understand the nature of these specialisations we need homogeneous 
coordinates. ‘To illustrate the implications consider the case of the plane 
geometry. We have seen in § 43 that the affine plane geometry is 
derived from the projective plane goometry by keeping one of the lines, 
called the line at infinity, fixed. Again, it would follow from § 44 that 
the group of rigid motions of the plane in homogeneous coordinates is 
given by 

px,” = az, + he, +CT 

px,’ = — br, + ax, + Oy, a+b = 1 

pë, = Ty . 
and that the circular points at infinity Z and J have the coordinates 
(i, 1,0), (=ñ, 1, 0), ° =-—1. The coordinates of the point into which 
(i, 1, 0) in transformed by the above group are : 
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pe,’ =ai+b = i(a—bhi) 

px,’ = —bi+a = (a— bi) 

pz, = 0 = 0 (a—bi) 
This shows that the point (i, 1, 0) remains fixed. Similarly for the point 
(—#, 1, 0). Thus, the group of rigid motions not only preserves distance, 
transforms the line at infinity into itself but leaves the two circular points 
fixed, It may be noted that under the group of similarity transformations 
the circular points are left fixed but distance is not preserved. 

Moreover, it has been seen in § 14.1 that if l, and l, are two lines 

through a point, and fr, ly are the two isotropic lines through the same 
point, the angle 6 between }, and /, is defined by 


1 
G= a, log (t, le l; li) 


This is the projectivo way of introducing angle in metrio geometry. That 
the angle is a metric notion may also be seen as follows : The group of 
rigid motions preserves cross-ratio and transforms an isotropic line into 
an isotropic line of the same kind. Therefore if 1,’, 4’, i", D’ are 
respectively the transforms of l, l, l, ly by an arbitrary rigid motion, 
we have 

(4, bb) = (1, Ob’) 


Hence the angle is an invariant under the group of rigid motions, 

As we are mainly concerned with geometries of dimensions not great- 
er than three, we shall henceforth use the word ‘space’ to mean a space 
of three-dimensions unless otherwise stated. 


f= 





CHAPTER XV 
PROJECTIVE THEORY OF QUADRICS 


59. Projective properties of quadrics. The general equation of the 
second degree in homogencous point coordinates can be written as 


> ay Sits om Op Hy Fee 3 E r are ay, (15.1) 
t] 
where the coefficients a; are not all zero. All surfaces represented by 
(15.1) are surfaces of the second degree, generally known as quadrics. 
The determinant | a,; | is called the discriminant of the equation (15.1). 
A point (r;) is called a singular point of the quadric (15.1) if and 
only if 
‘ 
> Aig Taty = 0 
7 
for all points (z,;) of the space. When the quadric has a singular point, 
we call the quadric «a singular quadric. It follows that the necessary 
and sufficient condition that a quadric be singular is that | a; | =0 
(See § 42). 
Consider a point ( yr;+A4s;) on the line joining two points (7,) and 
(a). The pointa of intersection of the line and the quadric (15.1) are 
determined by the roots of the equation 


Sayri + VA Dayre +A? Ega = 0 (15.2) 
So, a line may intersect the quadric in two points, either distinct or 
coincident, may not intersect the quadric at all or may lie wholly on 
the quadric. 

A tangent line is defined as a line which meets the quadric in two 
ultimately coincident points or lies wholly on the quadric. This line is 
said to be a tangent to the quadric at each point which it has in common 
with the quadric. | 

Let the quadric be nonsingular, j.e., | ay | #0. The discriminant 
of (15.2) is 


(Sayr4))* — (Syn a s) 
If (r,) is a given point of the qui diie and the two roots of (15,2) are equal, 
we must have X ayyrj4) = 0. Or, expressing in current coordinates, 


Saris; = 0 (18.8) 
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This shows that the tangent lines to the quadrio at a given point ( r,) 
form a pencil of lines. The equation (15.3) represents the plane of the 
pencil and this plane is called the tangent plane to the quadric at the 
point (r,). , 

Let neither of the Points (7,),(4;) bea point of the quadric. The 
condition that the sum of the roots of (15.2) is zero is X ayra; = 0. If 
now We suppose that the line joining (r,) and (4,) meets the quadric, 
the condition that the two points (r,;) and (4,) are separated harmonically 
by the points of intersection of the line and the quadric is © ayra; = 0. 


If (r; ) is given, all points which are harmonically separated from (r;)} by 
the quadric lies in the plane 


> ajj 7%, = 0 
This plane is called the polar plane of the point (r;) with respect to the 
quadric. The point (r;) is called the pole of the polar. Comparing this 
equation of the polar plane with the equation (15.3) of the tangent plane, 
we define the polar of any point (r;) with respect to the quadric (15.1) 
as the plane given by the equation (15.3), whether the point (r;) lies on 
the quadric or not. If a point (4,) lies on the polar of a point ( r; ), then 


S aya; = Q (15.4) 


This shows that the point (r;) also lies on the polar of (4,;). Two such 
pointa (r;), (4,) satisfying the relation (15.4), as well as their polars, are 
said to be conjugate to one another. 

As in the plane geometry where we have polar (or self-polar or 
self-conjugate) triangles with respect to a nondegenerate conic, any 
two of the vertices or sides of such a triangle being conjugate to one 
another, so in the space geometry we have polar (or self-polar or self- 
conjugate) fetrahrdrons with respect to a nonsingular quadric, every pair 
of the vertices or faces of such a tetrahedron being conjugate to one 
another. 

Let the polar of the two pointe (r;) and (4,) with respect to (15.1) 
be respectively (u,;) and (wv,) in plane coordinates. So, considering the 
coefficient of (15.3), 


pu, = oa y= gras 


It follows that the polar of any point (yr,;+As,) on the line p joining 
the two points is ( yu,;+Av,) and therefore always passes through the line 
of intersection g of the planes (uç) and (r). Thus, the polars of a row of 
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points form a pencil of planes. 


If (t;) be any point on the line g, then 
for all values of y and A 


> (uy +AaAve)t = 0; so 2a; tiyra + Ady) = 0 


This shows that every point of g is conjugate to every point of p. Also, 


if ( w;) be the polar of (¢,), it follows from above that, for all values of 
y and A, 


2 (yr, FASL) wy, = O 


This shows that the polar of every point of g passes through p. 

Thus two lines, each of which is the line of intersection of the polars of 
points of the other, are such that two points, one on each, are always conjugate. 
Two such lines are called polar lines. 

Two lines each of which intersects the polar line of the otber are called 
conjugate lines. In particular, a line is self-conjugate when it intersects 
its own polar. Two polar lines constitute a special case of two conjugate 
lines. In a polar tetrahedron, every pair of vertices, every pair of faces 
and every pair of edges are conjugate and every pair of opposite edges 
are polar lines. 

The self-conjugate points, the self-conjugate planes, the self-conjugate 
lines and the self-polar lines with respect to a nonsingular quadric are 
respectively the points, the tangent planes, the tangent lines of the 
quadric and the lines lying wholly on the surface (called, generators), if any, 
of the quadric. 

If the coordinates are so chosen that the four points (1, 0, 0, 0), 
(0, l, 0, 0), (0, 0,1, 0), (0, 0, 0, 1) are the vertices of a polar tetrahedron, 
then, since (15.4) is satisfied for two conjugate points, the equation of 
the quadric reduces to the form 


Saz’ = 0 (15.5) 
In other words, (15.5) is the equation of a quadric referred to a polar 
tetrahedron as the felrahedron of reference. 
60. Collineation. Consider a collineation of the space in point 
coordinates 
p'e'; = È Fike i = 1,2,3,4, | | #0 (15.6) 
Ita inverse is given by 
p= 2 Arifa» i = 1, 2,3, 4, (16.6") 
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where Ay are the cofactors of a, in | Gia |. Let E w; z; = 0 be a plane and 
let this plane be transformed into the plane X u’,2’; = 0 by (15.6). So 


0= Zur = SuAyrz, = LWT: 
a "A 
Therefore Pwk =S Artn k=1,2,3,4 (15.7) 
Also 
O= 2w; = Buant = 2 Mame 
5 a” 
Therefore 


wus, = 2 lir Wi k = i. 2, 3, 4 (15.77) 


Thus, (15.7) is the collineation in plane coordinates and (15.7%) ita inverse. 


Evidently the transformations (15.6), (15.6'), (15.7), (15.7%) represent the 
same collineation. 


As in (9.5), let r points (z,,;), (2,;),-.--,(2,) be linearly dependent, 
so that 


> rm so terrne 


t=} 
Ay. Age-««+, Ay being r constanta not all zero. Let these r points be trans- 
formed into the r points ( z’,;),...... , (z'n) respectively by the collineation 


(15.5). So 


F 


Dw =0, à i=l,2,3,4 
k=} $=) 


Multiply those four relations by a, ,, @,,, @., @, respectively and add. Thon 


4 r 4 - v 
0 = > DA Aki Aita = > Ari a, > Ain = | aik | S v=, 


iki tl 4 fowl t=] 


Yarn =O, v=1,2,3,4 
t= 
Therefore the r transformed points are also linearly dependent. Thus, 
linearly dependent points are transformed by collineation into linearly 
dependent points. It follows from above that if 
Tye = PR tT Fa = eB ew Yih 
so that the four points (7,,), 621), (£z: ), (x,,) are collinear, then 
x. = At yt an Fez pe yt wz’) 
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Hence the cross-ratio of four collinear points remains unaltered by collinea- 
tion. 

Also, analogous to the theorem in § 34.1, we have, in the projective 
space, the following theorem. a 

Theorem. There exits a unique collineation which transforms five 
given points, no four of which are coplanar, into five other given points, no 
Jour of which are also coplanar. 

Proof: As the five given points (2,,), (£a), ...., (z,; are such that 
no four of them are coplanar, the matrix 


has the propertyjthat no fourth order determinant formed out of any four 
columns can vanish, Let these five points be transformed by a collinea- 
tion (15.6) (as yet unknown) into five other points which we can suppose, 
for the sake of simplicity, to be the fundamental points (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0), (0,0, O, 1), (1, 1,1, 1) respectively, Apply (15.6’). 
We shall have to take five different arbitrary constants p for the five 
different pairs of pointe. For the first pair of points 


Pity = DAT = Ai 
Thus, for the first four pairs of points, 
Asi = prt k, ú = 1, 9,3,4 (15.8) 

For the fifth pair of points, 

4 

Pa Zai = > Ay. 

hæ] 
Substituting for As; 
a Pasi = Z Pik t= 1,2,3,4 


These are four linear homogeneous equations in the p's. Since the 2's 
are given points satisfying the given condition regarding the rank of the 
matrix formed by their coordinates, the ratios p,/p,, Pa/ Ps» Pal Par Pal Ps OTe 
determined none of which can be zero; that is, the ratios p, : py | Pa = Ps 
are known. Therefore, by (15.8), the coofficients A; are known, except for 


ST 





PROJECTIVE THEORY OF QUADRICS ` 225 


an arbitrary common factor, Hence (15.6') and so (15.6) is known, Thus 


the collineation is uniquely determined. 


61. Projective classification of quadrics. We start with the general 
equation of a quadric in homogeneous coordinates, namely 


p Gij Ti Tj = 0, —* = l, 2, 3, 4, ay = Ajj (15.9) 
ia F 


where the coefficients a;; are not all zero. 


We notice first that, without loss of generality, we may sssume 
that at least one of the quantities a,,, Gys. Gs» G, is other than zero. 
For, suppose that all these four quantities are zero ; then there is at least 
one of the quantities @,;, i j, which is not zero. For the sake of definite- 
ness, let a% 0 when k has a definite value out of 2, 3, 4. The general 
equation (15.9) can then be written as 


X Gy rizi tr, Sann = 0, tFjek 
Apply the collineation 
x, = x’, +2'y, = xy, forall 7 $k 
The equation reduces to 
Z ay; x2") + 2(z', +2.) Sage, — 0, + #IFHE, 
or to the form 
2 ay 2 tby =o t#I; 
in the summation i, j take up all the values 1, ..., 4. Hence, we see that it 
has been possible to transform the general equation in which the eoefficients 
of x? are supposed to be all zero into a form in which the coefficient of 2’,” 
is other than zero. 

Secondly, we notice that, without loss of generality, we may assume 
that any one of the four quantities @,,, @,,, Gss: Œa, i other than zero. 
For, suppose, for the sake of definiteness, that a,, = 0; then, by what 
we have just seen, we may assume that at least one of the quantities 
Gar Tas» Faa i8 Other than zero ; lot a,, 0 when k has a definite value 
out of 2,3,4. Apply the collineation 

ty = Fp MH Fy HH Ty LHR HKG 
This transforms the general equation (15.9) into a form in which the 
coefficient of z’,* is other than zero. That is, by a suitable collineation 
we may transform the general equation in which one of ‘the coefficients of 
x,3, 257, %_"» Xe” is supposed to be zero into a form in which that partioular 
coefficient is other than zero. 

20-—2100B, 
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We now prove the following theorem - 


Theorem. The equation of a quadric can be trans ormed by colli 
t 
into one of the forms : á r oa i 
> Ka 
> ax = (), G ag Gr G, = +1,0,—1 
i=j 
Proof : To start with, wo may suppose, by what we have just seen, 
that the given general equation 


‘ 


F(z Ze. %_.%.) = > Gir = 0, Gij = ay, 


eas | 


is one in which the coefficient a,, +0. This function F can then be 


written as 
4 ‘ 
au(, + a. > az, a) bj Ajk Tja 


7 122 sh 


⸗ * — 4 = Dour) +d jk Ty Ey 


t jm] j=? TS 


Apply the collineation 


` 
“= a È tut, eye ty, gm 2, 3,4 
Then the given polynomial is transformed as 
F —> a,,z',* + F,(2',, z'5,2' 4), 
where F, is a homogeneous quadratic function in the variables z,’, z,’, x’,. 
Let 


4 
F, = X a’ yg z's x"; 
f=? 
If in the quadratic form V, the coefficients a’; do not all vanish, we may 
suppose, as we have seen earlier, that the coefficient of x’,* is not zero, 


Then applying the collineation 
l * 
z, = — *2* j= 1,3, 4, 
— — 


we see, as before, 
a,x, + FP, —> 4, ,09,7 +’ gt” + Fale”), 
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where F, ian homogeneous quadratic function in the variables aw" 5, We 
Again, if in the quadratic form F, the coofficienta do not all vanish, we 
may repeat the above process and ultimately transform 


F —> afe, +0’ t + 0",,2,""9 +a", 2,"" 
We write the reduced form aa 
be + be” +b +b", 
where the b's aro all real. Finally, apply the following transformation : 
z = y |b| zi”, forb #0, 
aj = g”, forby = 0 


The given equation of the quadric now takes one of the required normal 
forms (dropping the dashes) : 


zaz? = 0, a= +1, 0,—1. (15.10) 
Hence the theorem. It may be noticed that in all the collineations that 


we have used, the determinants of the coefficients are different from zero. 
We now consider the different cases that may arise in (15.10) and 


obtain the following projective classification of quadrica : 


z,” = Q, (15.11) 
representing two coincident planes (or plane fields). 
z’ +r = 0, (15,12) 


representing a line (or a row of points), or a pair of planes without real 
trace but with a real line of intersection. 


z,’ =r," = 0, (15.13) 
representing a pair of planes. 
z? +z, +n? = 0, (15.14) 
representing a poini or a cone without real trace but with a real vertex. 
z,*+z,*-—2,* = 0, (15.15) 


representing a cone of the second degree. A cone ıs a surface generated by a 
line whioh passes through a fixed point, called the vertex, and through the 
points of a fixed curve. In order to see that (15.15) is a quadric cone, 
we take the scotion of the surface by the plane z, = k and obtain a conio 


x,° +z," =p, zak 
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Any point on this conic has the coordinates 


Cr, af ik? — r’), Æ A) 


Therefore the coordinates of pointe on the line joining this point and 
the vertex (0, 0, 0, x) are given by 


Or; Vitr], k, A—pv ) 


Since all these points satisfy (15.15), the surface is a quadric cone. To 
resume, we have the further normal forms 


7 +27 +2,7+27,2 = 0, (15.16) 
representing a quadric without real trace. 
27+ ete Pe? oe 0, (15.17) 
representing a quadric (without any speciality). 
2° +2,°—2,*—z," = 0, (15.18) 


representing a ruled quadric. A ruled surface is a surface generated by 
the motion of a line in space, In order to see that (15.18) is a ruled 
quadric, let the equation be written as 
(x, +r, (£, —2,) = (£, + 2,)(%, — £3) 

This surface is therefore the locus of cither of the lines 

(x, +2z,) = p(z,+2,), p(z,—2z,) = (£, — z3) 
and — (x,—z,) = v(z,+2,), vir, +2,) = (z,—7,), 
“where p, v are parameters not equal to zero. It is obviously impossible 
to assign values to p and v eo that the equations of the two lines become 
identical. Hence the two systems of lines are distinct and the surface 
415.18) can be generated by either system. These lines are called the 
generators or rulings of the surface. 


The above classification may also be considered in the following 
manner : 
1. | a,] = 0. 

(i) If the rank of the matrix (a,;) is one, the quadrio consists of two 

coincident planes, as in (15.11). 

(if) If the rank of (a,;) is two, the quadric consists of a row of points 
ora pair of planes, as in (15.12), (15.13). 

(iti) Tf the rank of (ay) is three, the quadrio consists of a point or 
a cone, as in (15.14), (15.15). 
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2. | (yy | + 0. 

(i) If| ay] >0, the quadric is cither without real traco or has real 
generating lines, as in (15.16), (15.18). 
| (+i) IF| ay] <0, tho quadrio has real traco but no (real) generating 
line, as in (15.17). 

62. Projective generation of ruled quadrics. Given two triads of 
points A, B, O and A’, B’, OC’ on two lines a and s' which are skew. Wo | 
have seon in § 55 that we can set up a unique projectivity between the 
rows (ABC...) and (A’B’O’,..) such that (A, A’), (B, B’), (C, 0") are pairs 
of corresponding points. The geometrical construction for establishing 
this projectivity has already been given there and it need not be repeated 
here. 

The set of all lines AA’, BB’, CC’,....which join pairs of correspond- 
ing pointe of two projective rows whose bases are skew is said to form a 
regulus. The individual lines are called the generators and these generators 
occupy ® curved surface in space, Sinee the rows (A BC....), (A'B'C’....) 
are projective, the pencil of planes «(ABC....), s (A’BC’....) 
are also projective. The generators AA‘, BB’, CC’,.... are the Imes of 
intersections of the corresponding planes of these two pencils of planea. 
Thus, any regulus generated by two projective rows can also be generated 
by two projective pencils of planes, and vice versa. For, let (afy..-.), 
(a'B’y’....) be two projective pencils of planes whose axes #, s are 
skew; then the rows  4'(2fy.....), ) are projective and 
generate a regulus whose generators are 22°, BB’, yy",..-- 

Suppose now that the point A” on AA’ is varied in our construction 
given in § 55. We then obtain other lines (s”,s°’,..) each of which 
meets all the generators AA’, BB’, CO’,..... Every pair of the rows 
(ABC.. .), (AMO... (ACEBO inh (Av BO N TS T 
are projective. Further, it follows from the same consideration as above, 
that every pair of the rows (A A’ A” A”’....), (BB BY B’....), 
C0’ O" O...) are projective. Henee the lines 4,4‘, 4", 4"',.... 
are the generators of another regulus. 

The two systems of the generators of the two reguli possess the 
property that no two generators of the same system can meot, while each 
generator of one system meets all the generators of the other system. 
The generators of the two systems therefore lie on the same surface which 
is obviously æ ruled surface. Through each point of this ruled surface 
pass two generators, one of each system. 

Let us now show that the section of the above ried surface by an 
arbitrary plane is a conic (which may bo nondegenerate or degenerate). 


— 
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Let p and q be any two generatora of the same system (t.¢,, belonging 
to the same regulus). The surface may then be regarded as generated by 
the projective pencils of planes whose axes are p andg. Consider the 
section of the surface by an arbitrary plane %, First, suppose that x 
does not contain any generator. If a meets p and g in the points P and 
Q, then the section of the two projective pencils of planes by «are two 
projective (and not perspective) pencils of lines whose centres are P and Q. 
Hence the section is the conic generated by these two projective pencils 
of lines (see § 41). Secondly, suppose that « contains a generator p. 
Then a may be regarded as a plane of the pencil of planes whose axis is 
p and so there exists a plane x’ corresponding to x in the projective pencil 
of planes whose axis is gq. These two corresponding planes a, œ’ intersect 
in a line p° which must be a generator. Hence the section consista of the 
two lines p and p’ and is therefore a degenerate conic, 

On account of the above property, the surface generated by two 
projective rows whose bases aro skew, or by two projective pencils of 
planes whose axes are skew, is a ruled quadric. 

If P is the point of intersection of two generators p, p’ of different 
systems, then it can be seen that the plene passing through p, p’ is the 
tangent plane to the ruled quadric at P. 

Projective generation of quadric cones. lt was seen in § 41 that the 
locus of points of intersections of corresponding rays of two projective 
pencils of lines (abe...) and (a’b’c’...) whose centres are S and S” is 
a conic locus passing through Sand 8’. Now project this figure from an 
external point P in space. The two projective pencils of lines are 
projected into two projective pencils of planes in the same bundle (P) 
and the points aa’, bb’, cc’,... are projected into lines of intersections of 
corresponding planes of the two projective pencils of planes. The conic 
locus is therefore projected into what is called conical locus of the second 
order. We have thus arrived at the following theorem : 

Two pencils of planes (28y..) and (a’B’y'..) in the same bundle, 
which are projective but not perspective or coaxial, generate a conical locus 
of the second order-whose generators a2", BB’, yy’, are the intersections 
of corresponding planes. 

Further, we had the dual theorem in § 41 that the lines joining 
corresponding points of two projective rows (ABC...), (A’B’C"...) 
whose bases are s and s’ form » conic envelope, the lines s and s” belonging 
to the envelope. Now project this figure from an external point P in 
space. The two “projective rows are projected into two projective 
pencils of lines in the same bundle (P) and the lines AA‘, BB’, CC’,... 
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are projected into planes passing through the corresponding rays of 
the two projective pencils of lines, The conic envelope is therefore 
projected into what is called a conical envelope of the second class. We may 
thus state the following dial theorem : 

Two pencils of lines (par ...), (p'q'r’...) in the same bundle, which 
are projective but not perspective or coplanar, generale a conical envelope of 
the second class, the planes of the envelope being the planes passing through 
the corresponding rays. 

Now take the generators s, s', #”,... of one system of a ruled quadric 
generated by two projective rows whose bases are skew. Theao generators 
will meet any two generators of the other system in two projective rows 
(ABO...) (A’B’O’...). If we project these rows from an external 
point P in space, we obtain two projective pencils of lines in the same 
bundle (P). The set of planes PAA’, PBB’, PCC',... are the planes 
passing through the corresponding rays. Hence these planes form a 
conical envelope of the second class. Since each of these planes, say PAA’, 
meets the ruled quadric in another generator, say s, the plane PAA’ is 
a tangent plane to the ruled quadric at the point of intersection of 
AA‘ ands. The conical envelope is therefore a tangent cone to the ruled 
quadric. 











> 
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CHAPTER XVI 


POLARITY 


63. Correlation. A correlation of the space is given by a transforma- 
tion of the form 


o 
—— > x, ‘t=1,2,3,4 (16.1) 
j=) 


This a point-to-plane transformation. Consider the matrix (a;;). If the 
rank of the matrix is four, ñe., if | a;; | = 0, there is always a plane which 
is correlative (or corresponding or dual) to a point and the correlation (16.1) 
is then a one-to-one projective correspondence between the points and 
the planes of the space. If the rank of the matrix is less than four, f.e., 
if | a; | = 0, we must have x's, not all zero, for which the four equations 
+ 
G; = 0, š = 1,2,3,4 


are satisfied simultaneously. There are therefore no correlative planes { u; ) 


corresponding to those pointa (2,;) which are the solutions of the above 
four equations, 

Let these four equations define four planes. If the rank of the matrix 
( ay ) is three, the four planes meet in a point, This point has no correlative 
plane. If the rank is two, the planes meet in a line and so the points 
of this line have no correlative planes. If the rank is one, the planes 
coincide and, for points of this coincident plane, there are no correlative 


planes. If the rank of ( a;;) is zero, no point in the projective space has 


a correlative plane. 
As in § 60, we say that r rows of the matrix ( agp), r= 4, are linearly 
dependent if r constants A,;, not all zero, exist such that the four relations 


= Ar Gy = O, j= 1, 2,3,4 (18.2) 
hold. For example, the first and the third rows are linearly dependent if 
Aay, +A,@,, = 0, À dis -0., 
Araya +A, = 0, Aara HA = O 
‘If then two rows are dependent, all the rows are dependent and | a,,;| = 0. 
Pugs 


b 


"EA E’ <a 
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Conversely, if | ay | = 0, the rows are dependent. Similarly r columns of 
the matrix are linearly dependent if constants A,, not all zero, exist 
such that + 
SMa, =0, i=1,2,3,4 (16.2) 
And if two and therefore all tho columns are dependent, the rank of 
the matrix (a,;;) is leas than four, and conversely. 
Let the rows of the matrix be linearly dependent, so that (16.2) hold. 
Multiply the four relations (16.2) by £., T, z,. x, respectively and add. So 
0 = > aia Ate = VU Ay (16.3) 
where ( t; ) is the plane which is correlative to the point (z; ). The equation 
(16.3) shows that the point (A;) lies on the plane (u,;). Thus the correla- 
tive planes of all points, whose correlative planes exist, pass through the 
point (A; ). 
Conversely, let a point(A,) be incident on all correlative planes 
(u;) ; then 
. > wa, = 0; 
so, from (16.1), S ai, Zr A; = DÛ., 
Since this must be an identity for all (2; ) whose correlative planes exist, 
the coefficients of x; must be separately zero, Therefore the four relations 
(16.2) must hold. This shows that the rows of ( ay ) are linearly dependent, 
Again, if two points ( A, ), ( »;) have the same correlative plane, 
D any = > Fieve: or 2 ayy(An- Ha) =0 
The columns of ( au; ) are therefore linearly dependent, and the point (A; — p; ) 
has no correlative plane. Conversely, let the columns of ( ay) be linearly 
dependent. Then there exist A, such that (16.7) holds. This shows 
that the point (A,;) has no correlative plane. Adding the equations (16.2) 
to (16.1), 
pi, = > ay (Ta + Ay) 
This shows that the points (2;+A,;) and (z,;) have the same correlative 
plane. In other words, there sre more than one point having the same 
correlative plane. 
64. Polarity and null-system. Let a correlation be defined by (16.1), 
namely, 
pu; = > Tr Xa i= 1,2,3,4 
ki 


If (ĉ&) is a point incident with the plane ( w;), we must have 
Oe X w fi = Doar Ei = Sa A Oy, 
cu, = S Ay Êi (16.4) 
J 
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The equations (16.4) define a correlation which is, in general, different 
from (16.1). The two correlations are such that if(£;) is incident with 
(«,}, then (z,) is incident withr( u’; ). 

If the two correlations (16.1) and (16.4) are identical, then 


par = raj, 


Whence Pain = pad, = O(P ay) = o ay ; 
therefore pr =o OF p= to 
Hence Ga, = +); 


Taking the upper sign, a, = Gia and so the matrix (a, ) is symmetri- 
cal. In this case the correlation is called a polarity ; a point and its 
correlative plane are called pole and polar. Taking the lower sign, 
a, = — Ar, 50 G = 0, and the matrix (ajy ) is skew-symmetrical. In this case 
the correlation is called a null-syatem. 

By the correlation (16.1), the locus of all points which are incident 
with their corresponding corielativoe planes is given by 

S Qin TP — 0 (16.5) 
oh 


If the correlation is a polarity, the equation (16.5) represents a quadrio 
surface and this surface is called the nucleus of the polarity. If the correla- 
tion is a null-system, the coefficients of (16.5) are all zero ; so there is no 


quadric nucleus of a null-system. 

On the other hand, given an equation of the second degree 
Zaat, = 0 in which the coefficients are not all zero, we may, without 
loss of generality, put 

ay = (aq +@,,)/2, sothat ag = a; 
Then the polarity generated by the given quadric is defined as 
py = = air Zk, $= 1, 2, 3,4, Oy = A; ; (16.6) 


The matrix ( d; ) ia said to be the matrix of the polarity. 
As an application, consider the quadric z,7—d*r,* = 0 (a pair of planes). 
The matrix of the polarity generated by the quadric is 


oa. ‘} 
o ó 
o “of 
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This is of rank two. So the pointe of the line z, = 0 = z, have no polar 
planes. Further, consider the plane z,+kxr, = 0. The coordinates of 
pomts of this plane may be taken as (IT, p,a7,—-L/k). It follows from 
the above matrix that the polar planes of these points have the coordinates 
(1,0,0, d*/k ), independent of p and «. So, these planes are identical and 
have the equation 2,+d*x,/k = 0 and this polar plane passes through 
the line z,=0=-2,. In particular, each of the two planes 
Ti +dz, = 0, x, —dyr, = (), 

fork = +d, which constitute the given quadric, is the polar plane of pointa 
incident with it. 


= Let a polarity be given by (16.6). The polarity is nondegenerate or 


degenerate according as the determinant | ajs | does not or does vanish. 


Suppose that the polarity is nondegenerate and let, as usual, Ap be 
the cofactors of ay, in | aj, |. Then, from (16.6), we have the dual 
nondegenerate polarity 


TX; = 2 Anau, $= 1,2,3,4, dg = Ay, (16.7) 


The nucleus of the polarity (16.6) is the locus of points incident with their 
polars and is giyen by Za;,2,;2, = 0: it is a quadric locus (a locus of the 
second order). The nucleus of the polarity (16.7) is the envelope of planes 
which are incident with their poles and is given by = A;,u; uy, = 0; it is 
a quadric envelope (an envelope of the second class), The equation of the 
envelope is identically the same as 

o s* & SG e 


MH, Gy, Gis Gra. Mre 
ü; 2, 45, an @, | = 9 
Wy Gy, Gss Gss Fue 


Ue, Gy, ua Cis Fas 
This equation is also spoken of as the equation in plane coordinates, or 
the tangential equation, of the quadrio locus (in point coordinates). 
Lastly, as in § 61, the normal forms of equations of quadric envelopes 
* > a tij? = 0, aj = ) 0,—1. (16.5) 
65. Transformation of correlation by collineation. Let a correlation 
and a collineation be given respectively by 
puj = 2 Aik Th (16.9) 


La 
a, —,— 
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and o= Sbir, Voki = 0 (28.10) 


K 
The transformation of planes for this collineation in 


— = > By w’,, 
i 
where Ba are the cofactors of ba in | òa |. Then 
Pè Bix t's = p= Sai Ty = or” > an by j 
2 Dĵ 
or w 2 Bawa = = Ai bigs ej 


Multiply both sides by bp and sum for t. So 


=a" 5 hy, By w, — >> hi, Th bja i 
iA ika 
Now we have p> Dir By u'r = bigs | Ti 
tÀ 
Put Cr — by, by, Arh (16.11) 
ih 


Therefore wo have ultimately 
pu, = Deg ry (16.12) 


Accordingly the transformation (16,12) is the correlation in the transformed 
coordinates whon (16,10) is applied to (16.9) and c is given by (16,11), 


Interchanging the suffixes y and j in (16.11) and then interchanging 
i and & (which is permissible under the summation), we have 


Qr = 2 ba Dyr üa = 2 bey hy, Ay; 
Hence Cy = Cir, if Gir = ay 
and Cy = — Cjr if aa = = Aki 
Thus a polarity and a null-system are transformed respectively into a 
polarity ani a null-system by a collineation. 
Further, it follows from (16,11) that 
= B a Čr = = Baby Die Aik = | be l2 Dir Qim Ailia ix 
= nie £ i 4 


“age @ 


Let yam = 1, 2, 3, 4, be four quantities not all zero. Multiplying both 
sides by y and summing for m we have 





i 2 Bm Crs Ym = | dyn | 2 by Bin Ym 
aortito + of | upimigasia lg .vefizarseterE -98 
Put EEA O E 
So finally 2 ors te = | ba VE be tin Ym (16.14) 
2 f 
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Now if (y,. Yas Uy, Y4) 18 a solution of the ayatem of four equations, 
= im Yow = 0, t= 1,2,3,4 


then, from (16. 


hea l4), (ef =, <,,2,) is n solution of the system of fout 


= Sn z = O, r= 1,2,3,4 


But it follows from (16.13) that the syétem of solutions (=) and the — 
of solutions (y) are of the same rank. Hence the rank of the matrix (cy) 
is the same as the rank of the matrix ( ai). 

Again, from (16.11). 

beg] =] ob lone l baw | = | Oe | ay | 

Therefore, | ¢ | has the same signas | a, |. And these two determinants 
are the determinants of the cocflicients of the original and the transformed 
correlations (16.9), (16.12). 

Thus the rank of the matrix and the sign of the determinant of the 
coefficients of a correlation are not altered by a collineation. 

As an application, consider the quadric 

x,?/a*—2,°/b?—-2pr.27, = 0, abp 0 

The matrix of the polarity generated by the quadric is, by what we have 
socn in the last article, 


l ja 0 E 0 
T =l; 0 1) 
yi 0 ü oO =p 
i) 0 -p 0 


This matrix is of rank four and its determinant has the value p*/a°b’>() 
When the quadric is transformed by collineation, the rank of the matrix 
as well as the sign of the determinant will remain unchanged. Let now 
the quadric be transformed into the normal form. Its equation will take 
one of the forms (ë 61) 

2 ar? = 0, a =— 1,0, -1 


Since the rank of the matrix and the sign of the determinant have 
Enana the matrix has to be of the type 


pè E 6 eae Se 
v or 
i 6 or i —— 0 =k 
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But since the quadric is one with real trace, the matrix has to be the 
e6Cond one. Hence the surface is a ruled surface. 
66. Polar fields. A polarity is said establish a polar field. 


Consider a polarity in space ` 
py, = 2 Gi Th: $ m 1, 2, 3, 4, iy, = Opi (16.15) 


If a point (x';) lies on the polar plane of (+; ), then 
2 ay Ti x’, = 0 (16.16) 


This shows that (2z;)lies on the polar plane of (2 )). The two points (2,) 
and (), as well as their polars, are conjugate. On the other hand, 
suppose that we are given the relation (16.16) in which aa; = a,. Then 
wo may say that there exists a polar field given by (16.15) in which (2; ) 
and ( x’; } are conjugate points. 

Let us start (16.16). Take a plane a defined by the three points 
(ĉi) (Ez), (Ex) The parametric equations of « are then, by (13.7), 


| 
t= YF pi i = 1, 2,3, 4, 
2 Yay 
where y,. ¥,, Y, are three parameters. For each set of values of (Yi; Ya Us) 
other than all zero, we obtain a point on a and proportional values of y 
represent the same point. Also, for each ofy, = 0, y, = O, y, = 0, we 
obtain a line in a. Therefore (Y, Yz Ya) may be considered as the 
homogencous coordinates of a point ina. Let (y'i, Y's y',) refer to (2’', ). 
(We are here considering those of the points (x; ) and ( 2’; ) satisfying (16.16) 
as lie on a). Then wo have from (16.16) 


+ s K 


O= Ò 442/24 = > Oy Yp Eni Ws Eon 
fbf wut -f i A=] 
4 
Put bp = > an Ei Ea (16.17) 
nhal 
a 
Hence finally ps b. vw’. = 0 (16.18) 


ove 
Interchanging the suffixes u and y in (16.17), and then interchanging i and 
k (which is permissible under the summation) and remembering that 
ay = ai we have . 
bya = È aa ua = 2 in Ésa Épi 


Therefore Day - on 


-— > —— 
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Thus the equation (16.18), which holds for points in the plane æ, is exactly 
o the same nature as the equation (16,16) which holds for pointe in the 
Space. Therefore (see § 37) there exists a polar field in « in which (ys) 
and (y';) are conjugate points and this polar field in the plane is generated 
by the polar field in the space. 
Henco, the section of a polar field in space by a plane is a polar field 
in the plane ; and this polar field in the plane exists whether the polar 
field in the space is nondegenerate or degencrate, Geometrically, this 
means that the section of the nucleus of the polarity in the space by a is 
the nucleus of the polarity in «. 

Again, let us take a line gas the join of two pointa ( n.i). (nyc). The 
parametric equations of the line are, by (13.6), 

Tj = a "ais p= ],2 3. 4. 
a," 

where z,, z, are two parameters. For cach set of values of (z,, z,), other 
than both zero, we obtain a point of g and proportional values of z 
represent the same point. Therefore (z,,+,) can be considered as tho 
homogeneous coordinates of a point of g. Let (=',, 2",) refer to (z’;). (We 
are considering here those of the points (2) and (2‘,) satisfying (16.16) as 
lie on g). Then we have from (16.16) 


‘ 2 4 


ike awh ikl 
t 

Put Car = > Ait ei Mk 

k=g 

2 

Then finally > Or =, £, = 0, (16.19) 

i 
where, as before, Coy MF Coy 


Thus the equation (16.19), which holds for points of the line g, is exactly 
of the same nature as the equation (16.18) which holds for points of the 
plane « and the equation (16.16) which holds for points of the space, 
Therefore we can say that there exists a polar field in g in which 
(=,) and (z'; ) are conjugate points and this polar field in the line is generated 
by the polar field in the space. Geometrically this means that the 
conjugate of a given point of g is the point of intersection of g with the 
polar plane of the given point with respect to the polarity in space. 

= Hence, the section of a polar fiell in space by a line is a potar field 
in the line. 


— 
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The polarity (16.19) in g can be written as 
(Cia et Cyst a), + (Cys) + Caa a) = O 
So we may write 
PR = Ora? Cras 8 
pry = — 0,2, Cata 
Therefore if ¢,,¢..—," #0, the polarity is an involution of points of g. 
Two corresponding points are therefore conjugate points, and the points 
in this polarity (or involution) which are self-conjugate (or double points) 
are given by 
Cukr" +20, aa t Costa = 0 
If there are two real and distinct solutions, the polarity is a hyperbolic 
involution. If there is no real solution the polarity is an elliptic involution, 
If cC, =C, = 0, there are two identical solutions of the above 
equation and the polarity is then degenerate. In the case, let the rank 
of (cp) be one. We may, without loss of generality, suppose that c,, Æ 0. 


So we may put 
C,,. st 1, .\C.. = 8, Cy, = a", ae 0 


Then the polarity (16.19) becomes 
(=, +az,)(2", +a2',) = 0 ; 
therefore either =, +az, = 0 or 2z',+as', = 0 
Hence, one of the conjugate points is fixed and the other arbitrary. 
Geometrically this means that the given polarity in space is such that 
the polar planes of all points of the line g pass through a fixed point of g. 
Thus there may arise four cases of the polarity in a line depending 
on the position of the line in the polar field in the space 
(i) hyperbolic involution 
i > rank (cą) = 2 
(ii) elliptic involution 
(iii) all points have a fixed conjugate point ; rank (cp) = 1 
iv) no polarity at all ; rank (¢,) = 0. 
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GEOMETRY IN THE EXTENDED CARTESIAN SPACE 


67. The circle at Infinity. Let IT be a polarity in space and a, 8 
two planes which intersect in a line g. We bave seen in the last article 
that T° generates a polarity 1’, in a and a polarity I", in @ and each of 
the polarities T, Pi T, generate the same polarity in g. 

On the other hand, suppose we have in a given plane, say z, = 0, 
a given polarity whose matrix is 


a, Gis a. 


z3 “ss a; = Gj; 
a.) AEF "as 
Then all polarities in space whose Matrices are 


Tir Mss a, a 


Hro rel aes 


whore a, b, c, d are arbitrary quantities generate the given polarity in the 
given plane z, = 0. 
Further, suppose that we have in another given plane, say z, = 0, 


another given polarity whose matrix is 

D,a Oss Ora 

bss 4s, bzs bij = by, 

ba Gee Deut 
The two given polarities in the plane z, = 0 and z, = 0 will, in general, 
gonerate different polarities on the line of intersection of the two planes. 


But supposing that the two polarities on the common line is the same, 
we may, without loss of generality, put 


(oso) o bis 
Oz rs ~ Nba Das 


31—2100RB 


< 
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Then all those polarities in space whose matrices are 


Oy, Tig Gis ba 


b b € Y A 
where c is an arbitrary quantity, generate the given polarities in the given 
planes and the same polarity on their common line. 

In projective geometry all planes are equivalent, so are all lines and 
all points. Suppose now we digress from this generality and specialise 
one plane and call this plane the plane at infinity. All lines and points 
of this plane shall be called the lines and points at infinity. Hence the 
intersections of other planes and lines with the plane at infinity are lines 
and points at infinity. Let the equation of the plane at infinity be 
2, = 0. Itis to be noted that when the specialisation has thus been made, 
we may pass from the homogeneous coordinates (#,,2,,2,,2,) to the 
nonhomogeneous coordinates (x, y. 2) by setting 

z=2,/%, Y =T] z= x,/x, 
for all points which are not points at infinity. 

Further, suppose we take a special polarity in the plane at infinity 
defined by the matrix 

l 0 0 


0 1 0 


0) 0 ] 
The nucleus of this polarity is the second degree curve 

2,2 +2,° +2," = 0 (17.1) 
in the plane x, = 0. The equation (17.1) represents a curve without real 
trace and this curve is called the circle at infinity. All polarities in space 
whose matrices are 


i 0 0 a 
l b 
0 l c 
DF B41» a 
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where a, b, c,d are arbitrary quantities, generate the special polarity in 
the plane at infinity. The nuclei of all these polarities in space are the 
quadrics — 

x,’ +2, +2," + — (17.2) 
The section of any of these quadrics by the plane at infinity is the circle 
at infinity. In nonhomogencous coordinates, the quadrics take the form 

(x +a)? + (y +b)? +(+) -r = O, 

where P= +h +c?-—d 
The quadrics (17.2) are called spheres. A sphere is without real trace 
if r*? << 0 and is a point-sphere if r = 0. 

Thus the section of every sphere by the plane at infinity is the circle at 
infinity and the spheres are those quadrics which generate the special polarity 
in the plane at infinity. (Cf: the section of every circle ina plane by the 
lino at infinity of that plane consists of the two circular points at 
infinity and the circles are those conics which generate the same (special) 
involution in the line at infinity, in § 44.) | 

Again, take a plane, say z, = 0. The section of any one of the 
spheres (17.2) by this plane is a circle 

x? +2,? +de, + 2ax,2,+ 2bzz, = 0 
The polarity gencrated by this circle in the plane x, = 0 is defined by 
the matrix 


iso 
Oat b 
a b d 


and therefore the polarity generated by the above polarity in z, = 0 in 
the line z, = 0 = x, is given by the matrix 


( i) 


But this is the same polarity as generated by the special polarity in the 
plane at infinity on the same line. | Su 

Hence a circle has the property that it generates in the line at infinity 

i the same rity as does the circle at infinity in the same line. 
tre — as a polarity. Consider the special polarity in the 
plane at infinity x, = 0, namely 
pu, = Ty, Pa = Far pu, = T, ; 

or oe, = Uy, oF, = My CF, = Mar 
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where (z,,2,, z,) and (u,, tip, t) are the point and line coordinates. The 
nucleus of this polarity of the second order is z,” +x," —0 and of 
the second class is m,” +u,” + u,” = 0. ° 

With respect to this polarity, two conjugate points (æ,;) and ( y;) and 
two conjugate lines ( u;) and (v; ) satisfy the relations 

TY, HEY: try = 0 

and ME tut, +v, = 0 (17.3) 

On the other hand, suppose we are given the relation (17.3) between 
the first three coordinates of two planes whose equations in point 
coordinates are 

u + UT, + U7, + uz, = 0 

and Uz, tU, +0 7, +0,z, = 0 
In nonhomogeneous ceordinates the last two equations are 


Urtu ytu tU, = 0 
and l VTU y+ z+0, = 0 
So, by virtue of the relation (17.3), the planes are orthogonal. But 
(u,, Up u,) and (v,, v,, V) may be regarded as the line coordinates in the 
plane at infinity of the two lines of intersection of the planes (u,, tig, u,, u,) 
and (v,. v,, v,, v,) respectively with the plane at infinity. 

Therefore, if the lines in which two distinct planes intersect the plane 
at infinity are conjugate to one another with respect to the circle at infinity, 
then the two planes are orthogonal to one another. (Cf : two straight lines 
are orthogonal when they are harmonically separated by the isotropic 
lines passing through their common point, in § 14.1.) 

Consider then four planes a, 8, y, 4 ofa pencil whose coordinates are 

( u; ), (vi) ( (ty + wv, J € "thy E ) 
If the first and the third planes, as also the second and the fourth planes, 
are orthogonal, we have, as above, for i = 1, 2, 3, 
p >write > tiv = O, nw > uvt Swe = 0 
Therefore the cross-ratio 
(aB, õ y) = pv'/vp’ 
—— = ooa? 17.4 
aa i i A ii. 
The cross-ratio of the four planes so chosen is therefore equal to the square 
of the cosine of the angle between the planes a, 6. 
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69. Affine propertie of quadrics. If the collineation 


px"; = Leg, t= 1,2,3,4, [oy] #0 

leaves the plane at infinity x, = 0 fixed, we must bave 
Ca =, =o, = 0 

Therefore the collineation ia an affinity (see (14.8) for n = 3). If, more- 
over, the circle at infinity 2,"+2,°+2z,? = 0,7, = 0 is to remain fixed, 
tho special polarity of § 67 has also to remain fixed. So, if(2,),(y,) are 
two conjugate points in the plane at infinity and (2) (y,) sre their 
transforms by the above affinity, then 

(2,0, +75 +7,9,) 2 olF Wy, +2 ,Y'5 + 2 s/s) 
But, for é j,k = 1, 2, 3, 


ae 2 vi Yi = 2 4 Cy tn "3 
J J, 


= 
3 | a non-zero constant, if j =k 
Therefore * Cy Ch = 
ij, kt i 0, if i =: k 


Henco tho coefficients cy, i,j = 1, 2, 3, are those of similarity trans- 
formation (see (14.9) for n = 3). 

Thus the circle at infinity remaina fixed under similarity transform tions. 

We have seen at the end of § 59 that the equation of a quadric, for 
whioh the tetrahedron of reference with vertices are (1,0, 0,0), (0, 1, 0, 0), 
(0, 0, 1, ©), (0, 0, 0, 1) is a polar tetrahedron, is 

G, @,7 +4,,0,7 + 4,7," + 94.7," = 0 (17.5) 
Now the centre of a central quadric is defined as the point in which every 
chord of the surface which passes through it is bisected. If the quadric 
(17.6) has a centre and the coordinates of the contre are chosen as 
(0, 0, 0, 1), the equation of a central quadric can be written as 
ax, +a +257," +2," = 0 
The polarity generated by this quadric iš 
pu, = Gp Ply = Oaa pill, = Að, pW, = Fs 


polar of 0. 0, 1), i.e, the plane 
| fthe centre is therefore the plane (0, 0, 

—— and the three vertices of the fundamental tetrahedron, other 
than the entre, lie on this plane. The section of the quadrio (17.6) by the 


(17.6) 


plane at infinity is the conic 


an tan tan = 9% = 9 


— 
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It is a conic at infinity. In the plane at infinity, this conic gonorates the 
polarity ` 
pe, = a,%,, PM, = yrs, PMs = 2,7, 

The triangle of reference, úe., the triangle with the vertices (1, 0, 0), 
(0, 1, 0), (0, 0, 1), is a polar triangle with respect to this polarity. On tho 
other hand, the circle at infinity generates the polarity 

ow, = Tp cl, = FT, cu, = r 
The triangle of reference is therefore a polar triangle with respect to this 


latter polarity. 
Thus a conic at infinity and the circle at infinity have a common 


polar triangle. 

If the section of a central quadric by the plane at infinity is a real 
conic, the quadric is called a hyperboloid and if the section is a conic 
without real trace, the quadric is called an ellipsoid. If the plane af 
infinity is incident with its pole with respoct to a quadric, the quadric is 
called a paraboloid. (Cf: a conic is a hyperbola, a parabola or an 
ellipse according as it is met by the line at infinity in two distinct points, 
in two coincident points or in no point, in § 43.) 


$ — 





CHAPTER XVIII 
ORTHOGONAL TRANSFORMATION AND AFFINITY 


70. Change of coordinate axes. Wo now pass on from the system 
of extended Cartesian space of the last chapter to the ordinary Euclidean 
space. This is done by withdrawing from the system the plane at infinity, 
For the Euclidean space, we use nonhomogeneous coordinates in which, 
for simplicity’s sake, a point is defined by three coordinates (x, y, =) 
referred to a right-handed syatem of three mutually orthogonal axes of 
coordinates, as in § 45. 

Let the equations of three mutually orthogonal planes be given in 
Hessian normal forms and let these three equations be denoted by 

'= 0, y =0, z =0. Then we have l 
a’ = a +byteztd, 
y = až + bytes td (18.1) 
37 = Ar boy + c,2+d, 
where a? +6,27+0,7 = a,?+b,*+¢,? = a,7+6,?+¢,* = 1, 
| (18,19 
a,a,+6,b,+¢,c, = 0,0, +O, b, +C, = a0, +6,6,+¢,c, = 0 
The transformation (18.1) with (18.17) is known as an orthogonal tranafor- 
mation of the space (§ 57). The lines of intersections of the planes z’ = 0, 
y' = 0,7 = 0 form o new system of coordinate axes, the positive =’-, 
y'-, 2/- axes being in the directions of the unit vectors (4,, by è), 
(a,, 5, Cz), (aa Das Cs) respectively. Let «, 8, y be the unit vectors in tho 
directions of positive z-, y- =- axes respectively, and similarly let 
a’, B's, y' be the unit vectors in the directions of positive z’-, y-, =- 
axes. Then the nine quantities aj, bi, cj are the following scalar 
products (§ 46) : 
a,=aa, b =B. a, CG = yo 
a, =a p, b= pe & = y- 8 
a, =a. Yh 5, = A. yh © = y Y 
Let a", 8”, y” be the following vector products (§ 48.1) : 
xy’ = an. yxa’ = ar a’ =p’ = y” 
Then of = ta”, B' = +6", Y= ty 
So, the new system of axes is right-handed or left-handed according as we 
choose the upper or the lower sign. 





he, 
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Let a, 6, c 
D=ia, ð, G 
as b, Cy . 


and A; Ba ©; be the cofactors of a, bj, Ce respectively in D. Then the 
coordinates of the vectors «”,6”,y" are (Ap B, O) (A, B,, C,), 
(A,, B, C,) respectively. Also, by virtue of the condition (18.1%), 
D =al, and Aj= aD, B = bD, C= cD 
(i) Taking D + +1, 
aga=— Ap bi = Bio oe = C, 
«and the system ao’, 8’, y, and therefore the new system of axes, form a 


right-handed system. 
(ii) Taking D = —1, 
a; = —Ay, 6, = -Ba og = —O,; 

and the new system of axes form a left-handed system. Finally, we can 
solve the equations (18.1) and express x, y, z linearly in terms of 2’, y', 2’; 
the resulting equations are given by 

x= ax’ + ay’ + az — Sd, 

y = bx = by" + b.s — Sd pb, (18.2) 

z = ¢,2"+¢,y' +¢,2' adie; 
Since a,, @,, a, are the cosines of the angles between the vector a and the 
vectors a’, 6’, y’ (and similarly for the quantities bp ce) and also since 
the old axes form an orthogonal system, 


a," +a,°+a," = b,* + 6,2 +6," = c,?+¢,*+c,* = 1, 
(18.2*) 
a,b, +a,6,+4,b, = a,¢,+ a,c, +a,¢, = OC, OCs + b,c, = 0 
We have thus arrived at the follo wing conclusion : 


The tranaformation from one orthogonal coordinate system to another is 
given by (18.1) with the relations (18.1). Aa a consequence, there exists the 
inverse transformation (18.2) with the relations (18,.2'). The square of the 
determinant D of the coefficients is unity. If D = +1, the sense of both the 
coordinate systems is the same (e.g., both right-handed) and the transformation 
is called a rigid motion: if D = —1, the senses of the two systems of coordi- 
nates are opposite and the transformation is called a symmetry. 

71. Rigid motion and symmetry. Let us consider the fixed pointe 
of the transformation (18.1) with (18.1). The fixed points of the trons- 


+ 
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formation are the solutions of the oquations 

(2, — ljr + bytes td, =0 
dye + (b —1)jy tez td, = 0 
a,x+b,y+(c,—lI)t+d, = 0 


Let 
a,—-l b, c, 
A= á b,—1 C. 
a, b, ĉl 


There exists then a solution of the above equations if A Æ 0, and there _ 
exists either no solution or an infinite number of solutions if A = 0. 
Developing the deteaminant, 


A = D-(A, + By +C,)+ (a, +6, +0¢,)-1 (18.3) 
1, Case of rigid motion, D = +1 
Here G,= A,, b= B,, oc, = 0, 
So, trom (18.3). A= 0 
Hence, in a rigid motion there exiats either no fixed point or an infinity of 
fixed points. 
In particular, if œ, = b,=c, = 1, the remaining a's, b'a, c's vanish 
and the transfomation (18.1) takes the form 
a” = x+d, 
y = y+d, (18.4) 
g = 2+d, 


If d, d, d, are not all zero, the transformation (18.4) is called a parallel 
displacement or a translation. If d, = d, = d, =0, the transformation 
(18.4) is called the identity. It is obvious that there cannot be any fixed 
point under parallel displacement whereas all pointa remain fixed by 
the identity. 
Consider a rigid motion in which the origin remains fixed : 

wv = ae+by+ee 

y = axr+bytes (18.5) 

2 = a,x +b5y+0¢,2 

life =k 


- ara- l = D= +41 
ee aty + Diba + Cry —— 
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Since there is one fixed point (vis., the origin), there must be other fixed 
points. For the sake of simplicity, suppose that a point on the z-axis 
(0, Ô, c) remains fixed, Then 


cmo,=0, 2 c= iI 
The trasformation (18.5) can now be written as 
a = ar+ody 
y = a+ by 
s = 
Since a,°+6,* = 47+6," = I 
| % b, 0 
| a, 6, | 
and D = l a, Üs i) = i= 1 
a, 4, 
Do 0 4 
we may put 
a,=6,=cos#, b, = -a, = ain é 


The transfomation (18.5) can therefore be finally written as 

x” = r tos #+y sin & 

y = —2 sin 6+y cos # (18.5) 

z= 
The transformation (18.5) shows that every point of the z-axis remsins 
fixed and that there is rotation to the same amount in each of the planes. 
z = ķ, for all valves of k, about the point of intersection of that plane and 
the z-axis. In other words, every point, other than points on the z-axis, 
rotates about the z-axis in a plane perpendicular to the z-axis, The 
transformation is accordingly a rotation about the z-axis. 

A rigid motion in space which leaves all points of a straight line only 
fixed is called a rotation about a fixed line ; the fixed line is called the axis of 
rotation. In a rotation about an axis g, all planes perpendicular to g are 
converted into themseives, although the individual points of any such plane, 
except the point of g, do not remain fixed, 

A rigid motion may therefore be either n parallel displacement or a 
rotation about an axis or the identity. 


2. Case of symmetry, D = —1, : 
Here a= -A,, b = —B,, o = -C, 
8o, from (18.3), A= -2 +2(a, + b, +¢,) 
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Hence, there is one fixed point if a, +b,+c, + 1 and there is either no 
fixed point or an infinity of fixed points if a, +b, +6, =1 

(i) Let w, tO te = 1 
If, for the sake of simplicity, the origin and another point on the s-axis are 


supposed to remain fixed, then the transformation (18.1) may, as before, 
be written as 


~ 
‘| 


z cos f+ y ain AÂ 


= 
l 


= g sin 0—y cos À (18.6) 
z% = 5 
This transformation shows that there is symmetry in each of the planes 


z= k, for all values of k. These planes are transformed into thomselver 
and every point on the z-axis remains fixed. 


If, moreover, cos À = — l and so sin Â = 0. we obtain 
z =x, y’ =y £ =z (18.6°) 
By this transformation every point of the (y, z)-plane remains fixed. 


Again the transformation (18.1) may be expressed as the product of 
. the two transformations 


r= a,r+by+e,c x = +d, 
y = at +b y + ot and y= wed, 
z = ar+hy+c,z z = 2 +d, 


On the previous assumptions regarding the first of these two transforma- 
tions, it can be reduced to (18.6). Hence the transformation (18.1) je 
reduced in this case to 
x’ = -rtd 
y= +d, (18.7) 
2’ = <z+d, 
There is, in general, no fixed point in this transformation. 
(ii) Let a, +6, +c, = 1. 
Suppose, for the sake of simplicity, the origin is the only fixed point and a 
point (0,0, c) is transformed into the point (0,0, —c). Then the trans- 
formation (18.1) takes the form 
2" = x cos 6+ y sin @ 
y’ = =x rin ĝ +y cos 6 (18.8) 
z7 = -g 


ts an invariant is an orthogonal transformation. 
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This can be decomposed into 


x= x cos 6+y ain 6 we = 2 
y == y šin +y cos A and y= y 
Sa -3 z =z 


Therefore the transformation (18.8) consists of a rotation about the z-axis 
followed by an orthogonal reflexion in the plane = = 0, 

71.1. Geometrical properties of orthogonal transformations. Let an 
orthogonal transformation (18.1) transform a vector (a, b, ¢) into a vector 
(a', b’, c). Without loss of generality we may suppose that 


a=s£,-z, Ù =%¥-Y¥,. %¢ = 4-7, 
(ahh H Bis ; 2 eee ee ; —— — 
a’ = gem a 0 MRE 


where the points (z; y;, =) are transformed to the points (z'a Yi ="). Then 
the transformation of the coordinates of the vector are given by 

a’ = aa+bbe+ce 
h’ = a.a+hib+ cece 
eo = aa+bhb+ee 
ax, = (tt, Yp, w,) be transformed 
Tt follows from above and 


Let now two vectors a, = (u, t. 0). 
by (18.1) into the vectors «’,. a’, respectively. 
(18.1") that the scalar product 
Ka, = (a,u, tbn, + ¢,,)(4,u, + 4,7, 4 ©, 105) 

+ (a,u, + bye, 4 yw, ayn, + bv, +e.) 
+ (an, +b, + ew, Mayu, + buy + Eta) 
= Uw +e + www, = o,. O 
Hence the scalar product remains invariant. Tf, in particular, a, = a, = &, 
then a’, = a', =a’. Therefore |a’ |? = |a |. Hence the length of a 
vector is invariant. Therefore the absolute value of an angle remains 
invariant. In fact, it can be seen that an angle 9 is transformed into 
angle 4 by rigid motion and into angle —@ by symmetry. 

On the other hand, if P,P,P, isa triangle, 

2 | P,P, | | P,P, | cos (P,P, P,P,) — l P P,P P,P, 7] PsP? 
So, ifthe distanco is invariant, the scalar product, the magnitude of angle 
and orthogonality remain invariant, ; 

Thus, 2 one-to-one correspondence between points for which the distance 
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Finally, since the resultant of two orthogonal transformations is an 
orthogonal transformation, the above properties hold for successive 
applications of these transformations. 


72. Affine transformations. A transformation which establishes a 
one-to-one correspondence between the points of the space and which 
transforms a vector into a vector, A times a vector into A times the trans- 
formed vector (A being an arbitrary real number), is an affine transformation, 
or simply an affinity, of the space. 


? f- 
P- 


⸗ p’ 


z 


of | ae — 
Ger —— 


| 
i Deeds wens 
— ed 


Let a, 8, 7 be the unit “vectors in the directions of the positive x, 
y-, z-axes respectively and let P be a point with coordinates (r, y, z) 
and O the origin. Then ) 


OP) = x0 + yh + ty (18.9) 


Let the points 0, P and the vectors æ, 5, 7 be transformed by) an affinity 
to the points O', P’ and the vectors a’, 4’, y! respectively. Then, since 


(xx, yB, ty) —> (xa', 8". Fy), 
we get ÖP = xa’ + y3" + ay" (18.9') 


Let the coordinates of 0’, P’, a’, B, y be (dis Ay as), (x. y. z’). 
(aii ayt a. yh (ios Ago sa): (aia oye a.) respectively. Then, substituting 
these coordinates in (18.9) and arranging, we obtain 


z= Oy 84+ Ais + 4,55 + 9, 
y = @ + Oy + 4,5 +4, (18.10) 


2’ = a, © + P + 4,5 >, 


| Since the vectors œ. f. y are linearly independent, the vectors a’, e% y 
— * st also be linearly independent ; henoe 
ae AT r [an | #0 (18.10") 
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Thus, the transformations (18.10) with (18.10%) are the affinities of the 
space. Ifa vector (a, b, ¢) is transformed by (18.10) into a yeotor (2, D, c") 
then 

a = @a+a, bea A 

D' = a,a+a,b+a_e (18.11) 

C = Apa Hb HAC 

Since A times a vector is transformed into A times the transformed 
vector, parallel vectors are transformed into parallel yectors with the 
ratio of the vectors invariant, 

Te tetrahedron whose coterminous edges are a, 8, y is transformed 
into the tetrahedron whose coterminous edges are a’, §", y’. But six 
times the volume of the latter tetrahedron is the determinant | a, | + 0. 
Hence, the four vertices of a tetrahedron are transformed by an affinity into 
the four vertices of a tetahedron, 

Let Ay be the cofactors of a, in | aw |. Then the inverse of the 
transformation (18.10) is given by 


A 
| aa | 


` 
I 


| Az’ + A,,y' + A, = IA | 


lant | A gt i AN + A -Sardu | (18.12) 
ik 


? 


* Aya’ + Aya + Ay? Sad, | 
ki | 


Let a plane ux- m. y+u,z+u, = 0 be transformed by the affinity 
(18.10) into the plane u’ +u, y' +u, z +u, — 0. Then, by (18.12), it is 
seen that 

pu,’ = Au, + A,gu, + A,,u, 
pu,” = Aju, + A, we, + Ayu, 
pu,” A,m, + A, + A, tt, 
pu’, = (u EA; + u, Ea; Al + u,=ajAj,) + ty | aa | 
This gives the transformation 
(tis Mu, itp, Mp) — p(u,’, u,’, Ua’, to’), p being arbitrary. 

Now let (18.10) be a given affinity by which we suppose, for tho sake 

of simplicity, that the origin is left fixed ; so 
a,=a,=a,=9 a 
Obviously it transforms planes into planes and vectors into vectors. 


j 








ORTHOGONAL TRANSFORMATION AND AFFINITY 255 


Let us then consider the following question : Does there exist a plane 
a Sint uytuse=—O0 such that when e =0 is transformed into 
the plane « = u,’x"+u,'y' + u'z = 0 by the given affinity, the vestor 
(M,, Wy, W) normal to & = O is transformed into the vector (u,’, u,’, w.) 
normal to «' = 0 at the same time f 

From the given transformation we have 

e = u (a Hay +a,,2) + (a, 2 +0,,y + a,,2) + 4, (4,,2 + 2,4 + ,,2) 

Therefore 
pe, = Say Uh pu, = Say, — pt, = Sdy,u",, 

where pis as yet arbitrary. But, by (18.11), the condition of the problem 
leads to 


t, = Bai ; 80 pu; = Zahi Gij ty, jk = 1, 2,3 


Cy = ayia ; and so cy = cpw |ey| #0 


Thus we have finally 
pu, = Cy My +O, +c, te, 
pu, = Cy, U, + Cy 4, + Carta 
ptt, == Cy, + Cig, Cpt 
Solution of these three equations in w,, u,, u,, other than all zero, exist 


if the determinant of the coefficients vanishes. That is, a plane « = 0 
exists if 


| Gup Cis Cys 

) 

| Cs) Coy P Cg, = 0 
) Cay ss Cis =P 


This is a cubic equation in p and so at least one of the roots of this 
equation is real. As a matter of fact, since cy = Cj; it is proved in treatises 
on algebra that all the roots of such an equation are real. Hence, there 
exista plane « = 0 satisfying the given condition and the question is 
answered in the affirmative, 

Now any vector which is parallel to the plane « = O is orthogonal to 
the vector (u,, w,, u,) which is orthogonal to the plane, Therefore it is possible 
to determine a pair of orthogonal vectors (or orthogonal lines) which are 
transformed into a pair of orthogonal vectors (or orthogonal lines) 
by a given affinity (as in $ 23.2). This statement remains true when 
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the origin is also transformed. It is, of course, ovident that an arbitrary 
pair of orthogonal yeotors do not transform in such a manner, 

The next question that arises is whether | there exists a system of 
three mutually orthogonal vectors which is transformed into another system 
of three mutually orthogonal vectors by « given affinity. 

As a particular case, let the given affinity be 

x" = a,,x+49,.¥ 

yf! = aP + ayy 

=.= G,,t 
in which the (x, y)-plane and the z-axis are converjed into thomseclves. 
If possible, let there exist a line ux+u,y = 0 in the (x, uy plane such 
that when this line is transfomed into the line m,'r' +u, y’ = 0 by the 


given affinity, the vector (u,, v,) is transformed into the vector (u,", u,") 
atthe same time. Then, from the given affinity, we get 


u.x+uy = u,'(a,,°+@,,y) tt, (a+ aY) 
Therefore 
TU, = Apih’ +My My", TH, = Fy_%, +4,,u,!, 
where o is as yet unknown. But by hypothesis we have, from (18.11), 


= Sanit; 5 so ou, = Sayan, jik = 1, 2 
sh 
Pat dy = Zaut; andso dy=dy, | dy | #0 


Thus finally 
ru, = dt, +d, gt, 
ru, = du, +d,,u, 
Solution of these two equations in u,, Us, other than both zero, existe if 


the determinant of the coeficients vanishes. That is, a lino w= +My =.0 
in the (z, y)-plane with the supposed property exists if 


| dyo dis 
| = 0 
- ds, dyer 
This ia a quadratic equation in s, the disoriminant of which is 
(d,, —d,,)* + 4d," 
‘Since the discriminant is positive, the values of y are real. Hence it is 
possible to determine the assumed line satisfying the given condition. i 
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Now, any vector parallel to tbis line is orthogonal to the vector 
(w,, w, 0) and both these vectors are orthogonal to a vector parallel to 
the z-axis. Thus, in this particular case, the orthogonality of a certain 
system of three vectors remains unaltered. 

Combining this with the previous result that the orthogonality of 
certain planes and their normals remains unaltered, we may state, in the 
case of general affinity, the following theorem : 

Theorem. Every affinity transforms a euitable aystem of three orthagonal 
vectors into a system of three orthogonal vectors. 


Consider an affinity given by 


a” = ax 

y=by abo#o (18.13) 

z= Cz 
or given by the product of a rigid motion and (18.13). If a,b,c are all 
different, there is only one system of orthogonal directions which is trans- 
formed into an orthogonal system. If two of the quantities a, b, c are 
equal, then in all systems of orthogonal directions which are transformed 
into orthogonal systems, one direction is uniquely defined and the other 
two form an arbitrary pair of orthogonal directions. Ifa = b = c, the 
affinity is a similarity (see § 57) and every system of three orthogonal 
vectors js transformed into an orthogonal system. 
(The results obtained in the last four articles may be compared with 
the analogous results obtained in the plane geometry). 





CHAPTER XIX, 
QUADRICS IN EUCLIDEAN SPACE 


73 Pole, Polar. Tangent. The general equation of the second degree 
in nonhomogeneous coordinates can be written as 

F(z, y, =) =.a,,%" +4,,y° ta, + 2a,, ty + a,r H 2a,,y2 

+ 2a,r + 2e,y+2a,2+0 = 0, (19.1) 

where the coefficients of the second degree terms are not all zero. All 
surfaces satisfying this equation are surfaces of the second degree or 
quadrics. 

In order to save space and also for the sake of convenience of notation, 
we shall write ¢,, ¢,, £, for x, y, = respectively, but shall go back to the 
æ, y, = system of notation when not much advantage is gained by retaining 
the fs. Thus, the above equation can be written as 


Pi, Eas £,) = È Galata +23, +a = 0 as, = aki (19.2) 


Let P = (£,’,¢,", €,') be a given point which is neither on the quadrio nor 
its centre (if the quadric isa central quadric). Take a line through 
P so as to meet the quadric in two points P,, P, and let (p, p,,p,) be a 
{vector parallel to this line. Then the coordinates of any point of the line 
will be given by (see (12.7) ) 
f= Ef +eppPp += 1,2,3 (19.3) 
The directed segments PP,, PP, will then be determined by the roots of 
Zanlg + ppi: + pPr) + 2Z2alei + pp) ta = 0 
or p (Za appi) + 2p (San bie + Zap) + Fg, Cy" é) = 0 
If p, and p, are the two roots of this equation, 
2P, Pa — — Flé,’, é E) 
Pi + Ps Saag Pi + SOM; 
If P' is the point on the line such that the cross-ratio (PP', P,P,) = =1, 
ñe., the four points are harmonic, then 
PP’ = 7Pi Ps 
Py > Ps 
Therefore, the coordinates of P’ will be given by 


os f)! am Fléi < *) 
f= Baneira Sa 


i Se 1,2,3 
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These are three equations between which and (19.3) Pye Py Pa can be 
oliminated. The eliminant is 
Sangi (fu Er) + Xadi E) + FUE", EE) = 0 
Finally this can be written, by virtue of the given equation ot the 
quadric, as 
May lity’ + Zallit Er) +a = 0 (19.4) 


Since the point P = (f,', f,’, ¢,') is given, the equation (19.4) is linear 
and so represents a plane. This plane is called the polar plane of the 
point P with respect to the given quadrio, If the point P lies on the 


quadric, the equation (19.4) represents the tangent plane to the quadric at 
the point P. 


If the polar plane of P intersecta the quadric, it must intersect the 
surface in a conic. The lines joining P to the points of thie conic are 
then tangents to tho quadric at the points of the conic. These tangents 
therefore lie on a cone, called a tangent cone of the quadric. 


All such properties can be worked out analytically exactly as in the 
plane geometry and it is needless to do so bere. 


74. Transformation of the general equation. Take a quadrio given 
by the general equation (19.2), namely 


F lE,» 5: s) = Za, Eii + 23a;f +a = 0, Gy = Api 


The right-hand expression may be considered as consisting of two parts, 
the (homogeneous) quadratic part Q(f,, s. é) and the linear part 
I(E,» Êa» £), where 

Qlf n és &) = VG Este, 

WE, Ên i) = Safi +a 

Now apply parallel displacement 
= Ei Pis i= 1,2,8 
Then (19.2) is transformed as 
Zan lf'- pls —Pr) +22a,(E1 +p) +e = 0, 


Sbal’ it's + 22H6'; +6 = 0, (19.5) 
7 — | 


whore 
1 ban = Ga, | b; = a;—aapr. b = Zaappa — 226p,+ a 
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If the quadrio has a centre and new origin (—p,, —p,, —p,) is chosen 
as the centre, then the transformed equation (19.3) muet be satisfied bw 
(-—£',. E's =E) Hence > 

b =b = 6, = 0 
That is, (pp p.. p,) must be the solution of the three equations 
Zap =G; = 9, ¿= 1,2,3 
The necessary and sufficient condition for this is that the determinant 
lay, | #0, te. the rank of (ap) is three. If, however, the rank of (ap) 
be less than three, then either there is no centre or there are an infinity 
of centres. 

Thus, if the rank af (an) is three, there exists one centre and the general 

eqution (19.2) can be transformed into the form 
Loa f';£",+6 = 0 (19.6) 

Now consider the case when the rank of (aq) is less than three, i4., 
| aa | = 0. In this case it is possible to choose three numbers ¢,,, €15, ss) 
not all zero, such that the three equations 

Sant = 0, i= 1, 2, 3 (19.7) 
are satisfied. Let these numbers be so chosen that 
ep +¢,,* +¢,,° = 1, 
id., (enu) isa unit vector, We take two other unit vectors (¢,,), (¢,;) 60 that 
the three vectors form an orthogonal system. 

Now apply the orthogonal transformation (it may be a rigid motion 

if the unit vectors are so chosen) 
f: = Beg’, $= 1, 2,3 


Then the quadratic part of (19.2) is transformed into 
Xan (Feng NEEE.) = Saat tl ES ai PE a a , SAF, 


where p 
6,. = Boat ta ; and so Crs = 6,, . 
~ So, by (19.7), 
i - “_~= (Zanes deni = 4, p= 1,2,3 


‘Therefore ultimately 
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Now the rank of (ca) is equal tothe rank of (aa), because the rank is 
unaltered by the linear transformation applied. So, if the rank of (aq) is 
two, then the rank of (c) is also two. 


Thus, if the rank “of (ay) is two, the quadratic part of (19.2) can be 
transformed by suitable orthogonal fransformation into a quadratic function 
of two variables, as in (19.8) 


Finally suppose that the rank of (aa) is one. Take the quadratic 
(19.8) in two variables, namety 
Qos". En’) E Cif + Ze 96 s'En + Cones 


As the rank is less than two, C.-C, = 0 So, two numbers ,, 4, may 


be so chosen that, for an arbitrary factor k, 
Cia = ké,*, Cis = kb,5,, Cg, = Köp 
ie., Cy = k5; ay; 
and as the rank of (cn) is ono, k 0. We then have ; 
QIE’ Ea) = Kla E, + 25,5,6,'6," + EE] 
Choose é,, 6, #0 that 8,244,? = 1 and apply the orthogonal transformation 
(which may be chosen as a rigid motion) 
cx = 5,6," —5,£_" 
Es = 5,£," + 8,6," 
s” = £," 
So Q’'(¢,", &,') is transformed into 
k8, (èE, —8,¢,”)* + 25,5,(5,£," — 5,6," Sse,” +E) 
+8,7(6,6,7+8,6,")"] = BE,” (199) 
Thus, when the rank of (aq) is one, the quadratic part of (19.2) can be 
transformed by suitable orthogonal transformation into a quadratic function af 
ona variable, as in (19.9). 
75. Metric Classification of quadries. We start with the general 
equation (19.1), namely 
aal Hany? +a, + 2a, xy tara + 2a,,y2 +20,2 + 2a,y + 2a,2+f = 0, 
whore the coefficients of the second degree terms are not all zero. 
Wo have to consider the different cases that arise according as the 
rank of matrix (aa) is one, two or three. 
1. Let the rank of (aa) be one. Then, by (19.9), the general equation 
oan be transformed into the form 
5 a? + 2ax + 2by+2er+d = 0 
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Now apply the parallel displacement 


a’ = rt+a 
y=y 

. 
2" =z 


Then the equation reduces to 


x"? + 2by'+2ce2"+d' = 0, where d'= d — a 
(i) If b,c are both zero, the equation reduces to (writing x for zx‘) 
xtd =O 


There are here three cases according as d’ = 0. Correspondingly we obtain 


the following normal forme : 

x = k’, (19.10) 
representing a pair of parallel planes, 

2 = 0, (19.11) 
representing a pair of coincident planes. 

TP =—k’, (19.12) 


representing a pair of parallel planes without real trace. 
(ii) If b,c are not both tero, apply the rigid motion 
x” =z’ 


: 


1 d ——— 
” = ——(by’ +c2’)——- p= | y+ | 
x ot 2p 


s” = 2 cy’ + be’) 


Then the equation reduces to (dropping the dashes) 
x*—2py = 0, (19.13) 
representing a parabolic cylinder. 
II. Let the rank of (aa) be two and let 
Ta a +0 
Then, by (19.8), the genoral equation can be transformed into the form 
Gaa? + 29, .0y + Ge, +E + gay +g) +g = O, 

where Pias HO 
Apply the parallel displacement 

z' =2#-¢, 

y =y-¢, 

o' =a 
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The equation now takes the form 
Gat +29, 2'y' tga y + 2(a'x' by't er) +9" = O, 
where oa = Jy Cy Hrs tir 
bD = 9i, tO: +92 
Choose c, and e, such that a’ = b' = O ; this is possible because g,.9,, % g,,". 
So the equation reduces to 
giZ” + 29, .2'y' + 9,4"? + 20'2" +g" = O 

(i), (ii) Ife’ = 0, two cases may arise according as g’ = 0 or g' # 0. 

In the latter case, we may, without loss of generality, suppose g’ — — 1, 
i ko If o' + 0, we may, without loss of generality, suppose 20 = — 1; 

and then write z' for ='—g’ (i.¢., apply a parallel displacement). 

In these three cascs, the equation takes the forma 


0 


MaX? +29, y + Jay = [i (a) 
z 





Now apply a rotation about the 2’-axis 
a” = 2" cos 6—y4/' sin 6 
y” = x’ sin 8 +y’ cos 


=" =- 2’ 


and choose 4 so that the coefficient of z”y” in the equations to which the 
three equations (A) are transformed vanishes. The coefficient of 2"y" in 
the transformed equations is 

(Ji~ Ja) sin 26 + 2g,, cos 24 


This can vanishif tan 26 = 2g,,/(g,,—9,,). Hence finally the equations 
(A) reduce to the forms 


| 0 
Te a Fe 
aei UE) 


The different cases that may arise from the equations (B) are (dropping 
the dashes) given by the following normai forme : 


z"/a*+y'/b* = 0, (19.14) 
representing a patr of planes without real trace but intersecting m a real line. 
x /a*—y?/b* = 0, (19.15) 


representing a pair of planes. ` 
x*/a*+y"/d* = 1, (19.16) 


tt. 
À % 
b 
TUE 
1 > 
p t 
— 
J 
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representing an elliptic cylinder. 

— /a®— */b? = 1, (19.17) 
representing an elliptic cylinder without real trace. 

t'ja -yj = 1, ~ (19.18) 
representing a Ayperbolic cylinder. 

z*/a® +y"/b* = z, (19.19) 


representing an ¢!liptic paraboloid. The surface (19,19) may by generated 
by a variable ellipse 
x* /a’ — k, z:=k 

The ellipse is without real trace if &<0, real if &>0 and consists of a point 
(the origin) if k = 0 ; also the sections of the surface by the planes x= 0, 
y= 0 are parabolas. To resume, we have the further normal form 

z* /a* — y*/b* = z, -fi9.20) 
representing a Ayperbolie paraboloid. The surface (19.20) may be generated 
by a variable hyperbola 

x*/a*—y"/b6" = k, z= Ėė 
The hyperbola consists of a pair of lines if k — O and is real for real values 
of k. the centre being always on the z-axis ; also the sections of the surface 


by the planes x = 0, y = 0 are parabolas, 
The two equations (19.19) and (19.26) may be put compactly as 

z*la* + y*/b" = z, = +1 
Consider a straight line which is parallel to a vector (p,q, r) and whos» 
points are given by the coordinates 

(zr, + pp: Yı +P% + Pr), 
where (z,, y, 3,) isa point on a paraboloid. If this lies wholly on the 

oid, we must have 
(x, + pp)*/a* +A(y, + pg) [0 = 3, + pr, 
or p"(p*/a" + fig" /b") + p(2z,p/a® + 25y,q/6"—r) = 0 
satisfied by all values of p. Hence 
p’/a* +iq"/b? = 0, 2x,p/a* + 2by,q/b*—F = 0 
Both these equations cannot evidently be satisfied by 8 = +1. So, no 
straight line can lie wholly onan elliptic paraboloid. If 6 =—1, tho first 
of the above two equations gives 
(p/a+q/t)(p/a—g/b)=0; andso p/g= +a/b 

Each of these two values of p:q defines :p:q:r uniquely by virtue of 
the pecond equation. 
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Therefore, through every point of a hyperbolic paraboloid there pass 
‘wo straight lines lying whally on the surface. These lines are called the 
generators of the surface. 


IT. Let the rank of the matrix (ap) be three, Then the quadric 
has a single centre and, by*(19.4), the general equation can be transformed 
into the form (writing £,, £,,¢, for x, y, z) 


= anfifr+d =0, ag =a, | a, | #0 


Apply the orthogonal transformation (it may be a rigid motion if the 
coefficients em are so chosen) 


£i = Ain TR $ = l, 2, 3, 


Where (51s 2a1s C31), (Crs: Caz sa)» (ras Coa» ĉs,) are mutually orthogonal 
vectors. This transformation transforms the equation into 


ÈG urla Ti +d = 0, (C) 
where 
Gus = — ; and so gy, =, 
Therefore 


I, = Sit Cis Ory = Sees 24a Cis) 
Iss = Aa Cis Oh = Sera (Eane,) 


It is now seen that g,, and g,, may be made to vanish if the vectors (e,,) and 
(e,,) are both made orthogonal to the vector (Zanes), k = 1,2,3. In that 


caso the vectors (e,,) and (Eaei) have to be parallel. So let us put 


pe, = — 
pes, = ~Gistis p #0 
P Er = Žli., 
There exists a solution of these equations in ¢,,, Čs: ĉs if 
aiT i a fis Gia 
| 
a,, a,-P np =O 


a,, Gn, Wah | 


t 
i 


34—2100B 
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generated by a variable ellipse 
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This is a cubic equation in p and so a real solution exists. Thus , we see 


that g,, and g,, may be made to vanish by a suitable orthogonal trans- 
formation. Hence the equation (C) reduces to 
Mets +29, 51a + Farts’ +Iaans td = O 

Now as in the case Il we may apply a suitable rotation 

Ci = N, 00s O—n, sin 6 

Cs = n, sin A+ y, cos À 

i= tja 
and choose @ such that the coefficient of t,t, in the transformed equation 
vanishes. When 6 is so chosen the equation is transformed into the form 

d, 0,7 + dst” thai td =O 
Finally, two cases may arise according as d = 0 or d0. In the latter 
case we may, without loss of generality, assume d = — 1. 
In these two cases the general equation takes the forms (writing 

x, y, = for t, Sar da) 


p 0 
me Sgt ete l (D) 


The different cases that may arise from the equations (D) are given by 
the following normal forme : 

xa? +y?/b* +2"/c* = O, (19.21) 
representing a cone of the second degree without real trace but with a real 
vertex. 

z? ja’ +y" /b*—2z"*jc* = 0, (19.22) 
representing a cone of the second degree (a surface of this type has been 
considered under (15.15)), We have further 

e/a? +y] +j = 1, (19.23) 
representing an ellipsoid. The surface (19.23) may he generated by a 
variable ellipse 

sja tyb = 1-Rj/e,z=k, -eskse 
The surface is therefore bounded in every direction; also the sections of 
the surface by the coordinate planes are ellipses. To resume, we have 
further ) 
eja +y jbj = I, (19.24) 
representing a hyperboloid of one sheet. Tho surface (19.24) may be 


x'jat+yi/b = Ltk, s=k 
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Also the sections of the surface by the planes x = 0, y = 0 are hyperbolas. 
To proceed, we have further 

—x*/a* — y*/b* + s/e —*1, (19.25) 
representing a Ayperboloid of two sheets. The surface (19.25) may he 
generated by a variable ellipse 

x*/a®iy*/b*? = k?/c*—1, « = k, 
k not lying between +c and —e ; also the sections of the surface by the 
planes x = 0,y = 0 are hyperbolas. To resume, we have finally 

— /a* —y*/b? —2*/e? = 1. (19.26) 
representing a surface without real trace. We may now state the following : 

The surfaces (19.10) to (19.26) exhaust all the different types or classes 
of quadric surfaces in the Euclidean space, 

It may be seen, as in the case of a hyperbolic paraboloid, that there 
are straight lines lying wholly on a hyperboloid of one sheet. Let the 
points of a straight line be given by 

(4, +PP. Y, + Pg, 2, + pr, 
where (z,, ¥,, 2,) is @ point on the hyperboloid of one sheet (19.24). If the 
straight line lies wholly on the surface, we must have 
(=, + pp)? /a* + (y, + pg)? /b* — (z, + pr)*/e* = 1 
satisfied by all values of p. Hence we have the three equations 
x, fa? +y.?/b*-1 = z,7/c* 
x, pja*+y,q/b® =z rjc (19.27) 
p*/a" + git = ry? le? 
Eliminating z,, r between the equations, we get 
(x,*/a*+ u,*/6° —1)(p?/a* + q°/b*) = (x,p/a* +y,q/b*)?, 
or P*(y,* =h) g(x, ~ a") - 2pqe,y, = 0 
The discriminant of this equation, considered as a quadratic in p: q, is 
Ajri y," a (a,° 8 a*)(y,* * 35 
= dab (x? /a? + y,” /b"—1) = 4a*h*z,7/0" 
If zs, + 0, the discriminant is positive and so there are two real values of 
P : q and hence, by (19.27), there are two real values of p:q:r. Ifz, = 0, 
the discriminant vanishes and so there is one real solution p :q = hence, 
by (19.27). two real values of piq:r. 

Hence, th ough each point of a hyperboloid of one sheet there pase two 
lines lying wholly on the surface. These lines are the generators of the 
surface. Since the generators satisfy the last two of the equations (10.27), 
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the lines through the origin parallel to the generators lie on the conel 
(19.22), namely 
x |a’ +y'/b® —2?| in? = © 
This cone is called the usymptot ic cone of the surface (19.24). In a similar 
manner, (19.22) is also the asymptotic cone of the surface (19.25). 

The above three equations (19.24), (19.25) 
and (19.22) of the hyperboloids and their 
asymptotic cone can be put compactly as 

(2? +0") e⸗ 


ejat + y [b = | 
z*/c* 


The sections of these surfaces by the planes 

z = k, for suitable k, are similar and similarly 
situated ellipses and they approximate one * 
another aa k tends to infinity. The section 
of the first surface by z =k and of the cone 
byz = / +c are congruent ellipses. 





76. Affine classification of quadrics. The seventeen different types 
of the second degree surfaces (19.10) to (19-26) that we have obtained 
in the last article are different from one another from the point of view of 
affine transformation in the sense that it is not possible to transform, by 
an affine transformation, any one of these seventeen surfaces to another. 
On the other hand, all surfaces of the same type are equivalent from the 
point of view of affine transformation though not from the point of view of 
orthogonal transformation. For example, given two parabolic cylinders 
[obtained by giving different values to p in (19.13)], one can be transformed 
into another by suitable affine transformation ; we express this by saying 
that all parabolic cylinders are affine. This is true for each of the 
seventeen types of surfaces. The following table shows the affine normal 
forms to which the equations (19. 10) to (19.26) reduce when they aro 
transformed by suitable ‘affine transformations : 


Equations (19,10) to (19.12) transform into « A 


l 

0 

— Í 

(19.13) TERET = rs 

(19.14) to (19.18) » » » ***2 5 (19.28) 
(19.19) and (11.20) œ» » » ty’ = 
„ (19.21) to (10.26) œ > » tety += i 
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ee In $61, under projective classification of quadrics, we have eight 
different classes of quadrics (15.11) to (15.18). It therefore follows that 
‘some classes of quadrics which are different from the affine point of view 
must be considered as equivalent from the projective point of view. By 
writing down the equations (19.10) to (19.26) in homogeneous coordinates, 


_ the equivalence of the projective and affine classes of surfaces can be 
obtained as follows : (19.29) 











F pe Projective clagses Equivalent to Affine classes 

as of surface of surfaces 

Cs (15.11) se les Ca (19.11) 

~ (15.12) —— (19.12), (19.14) 

* (15.13) ee (19.10), (19.15) 

oS (15.14) ae (19.17), (19.21) 

Be a (15.15) Set oe (19.13), (19.16), (19.18), (19.22) 
—— (15.16) —— — (19.26) 
e (15.17) — (19.20), (19.23), (19.25) 

(15.18) VEn aE (19.19), (19.24) 


_ 77. Generators of the hyperboloid of one sheet and of the hyperbolle 
dloid. A parametric representation of (19,24) i.e., of the hyperboloid 
—— æt ja? + y*/b7 -zt = 1, is given by 


Ro ates a * > 
— I jeos⸗ 

Fee y= 2 | VP re Ising 9:80) 
a — z= 


—— are parameters ; and a parametric representation of the 
s of the generators of the surface is given by 











> O 
— 


p=—» oos y 
— -T a, i | a= Zein y ie be a a. 















i * r= = an 
BaF tho equation (aan, namely * 


— E con y + sin o in ¥) =t, 
* IFE | o0 ~ aes =t i x 


* 
wine 
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So cos (p= pya => gin(y—») = 4 8 

| VE +c?! | Je te) 

Now the coordinates of any point of the orthogonal projection of 
any generator on the plane z= 0 are, by (19.30) and (19.31), 


(19.32) 





i — — a 
C E A +o | cos 6+ p— cos u 
EN $to ý 


b —— 
y = = | VE +o” |sin 9 +p = ain Ņ 
Eliminating p betweon these equations, we get 
bx sin ¥—ay cos y = “ | VE +e’ | sin (Y — o) 


Therefore, by (19.32), the orthogonal projections of the generators on the 
plane z= 0 are the lines 

bx sin Y—ay cos Y% = + ab (19.33) 
On the other hand, the section of the hyperboloid of one sheet by z= 0 
is the ellipse 

xja +e = 1 
and the condition that a line u,z+u,y+u, = 0 in the (x, y)-plane be 
tangent to this ellipse is that 
u, a +u,7b?—wu,*? = 0 

This cond'tion is identically satisfied for the lines (19.33). It therefore 
follows that the orthogonal projections of the generators (19.24) on the plane 
z = O are tangents to the section of the surface by the same plane. 


We have seen that two generators pass through every point of the 
surface and therefore through every point of the section of the surface by 
z= 0. The coordinates of these latter points are given, from (19.30), by 

( a cos 9, bsin ¢, 0). 
Since t = 0, we have, by (19.32), 
cos (y—-¢) = 90; and so Y—-¢ = +n/2 
We thus obtain two systems of generatora, one for y——e = +=/2 and the 
other for y—¢ = — n/2. 3 

For convonience, put a = ¢. Then the points of the generators of the 
two systems (through the points of the section of the surface by = = 0) 
are given, from (19.30) and (19.31), by 
x =a cos @+p a cos (ptr?) 

y = bain g +p bain (9 + #/2) 
s= pe 
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That is, the generators of the two systems are given by 


x =a (cos ġ— p sin p) x = a (COs p+ ; Sin ġ) 
y = b isin è +p oos ¢) and y = ġ (sin ọ— p cos p) (19.34) 
z= cp z= Cpa 


Two generators of the same system are obtained by iving different values 
to the parameters (p, ¢), say (p,,@,) and (p,,,), in that system. If two 
generators of the same system, say tho frst of (19.54), have a point in 
common, then, for this common point, we must have 


Py = fs =p 
and cos $, — COB p, = p (sin o, — SiN $), 


sin »,—sin ¢, = — p (008 o, — C03 f) 


Therefore l= — p 


This shows that there is no real value of p. Hence, no two generators of 
the same system can intersect one another ; they are skew lines. 


Again, take two generators of the different systems : 
x = Q (cos 9, —p, sin ¢,) x = ü (cos ¢,+p, EIN ¢,) 
y = b (sin 9, +p, CO8 ¢,) and y = b (sin 9, —p, COS ¢,) 
£= Cp, B= 6 Pa 


If these two generators have a point in common, we must have 


Po = Ps =p 
and COS ¢, — COS $a = p (sin 9, +5in ¢,), 
sin ¢,—sin ¢, = —p (cos $, +008 ¢,) 
Multiplying, sin (@, +¢,)—4 (sin 2¢, + sin 2¢,) 


= pisin ($, +¢,) +} (sin 2¢, + sin 2¢,)} 


Therefore P= pane 
+ COB lġi— Py 

This shows that p is always real unless cos (¢,—¢,) = — 1, in which case the 
two generators are parallel. Hence, two generators of the different systems 
are always coplana: ; they either intersect in a point or are parallel. 

Now consider the generators of (19.20), ře.. of the hyperbolic 
paraboloid 2*/a*—y?/b* =z. The surface and the directions of its 
generators may be given parametrically by t 


x = at coos 0, y = bt sin 4, == 4" cos 26 
7 (19.35) 


and p = on, q = +bp, r = 2tu(cos #F sin 6), 
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where £, ¢, u are parameters. The orthogonal 


projections of the gonerators 
on the plane z = 0 are lines given by 


z= at cos @ + p du. 


y = Ot sin 6+ p by 
Eliminating p between these two seta of equations we obtain the two 
equations 
be-ay=y, bx+ay = X, 

where y and A are arbitrary constants. Thus, the orthogonal projectiona 
of the generators of (19.20) on the plane z= 0 are two seta of parallel lines 
and every point of intersection of thess lines is the projection of only ane 
point of the surface. 

Exactly as in the case of generators of a hyperboloid of one sheet 
discussed above, it may be seen that there are two systems of generators of a 
hyperbolic paraboloid ; no two generators of the same aystem can intersect 
one another, and two generators of different systems either intersect or are 


parallel, The generatora of the two surfaces are shown in the diagrams 
given below : 





78. Plane sections of quadries, As in (19.2), take the general equation 
of a quadric in the current coordinates (,, És, €, AS 


— +235a&+a=0, an= an ik= 1,2,3 (19.36) 
a r 


Let « be any plane which is supposed to intersect the quadric and (»,, 4, Ya) 
be any point of e. If (P, Pas Po); irda, a) are two vectors parallel to e, 
then the parametric equations of « are 

GH=nutheitid jr = 12,4, (19.37) 
where {, and {, are parameters. Lot the vectors (p:) and (4.) be chosen 
as unit vectors orthogonal to one another, so that 


=p? = =i = l, Spig = 0 
Therefore Ss = Ipil nh = = ~qiléi- te) 


46—21008 
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This shows that ¢, = © and l, = 0 can be regarded as two planes passing 
through the point (»,) and orthogonal to one another, Accordingly, we can 
regard the parameters i, and ¢, as the coordinates ({,, Ù) of a point in the 
given plane £ with respect to the rectangular axes “through the point (na) 
the positive axes of coordinates being in the directions of the vectors (p,) 
and (q,). Substituting (19.37) in (19.36), we get 

Faget Pet CoQ (ne + Pe + Lge) +2 D ailm +O +h) + @ = O, 


he) jw ] 
: 


or, dn tity +2 d;i} +d = 0, (say) (19.38) 
Fag aaa = 

where dą depends on a), pp gq; and dy = dy The equation (19.38) 
therefore represents the curve of intersection of the given quadric (19.36) 
by the given plane (19.37). The section is a second degree curve, ñe., a 
conic. The nature of this conic depends, as we have seen in § 12, on 
the coefficients da and not on d,;ord, ie., it depends on aj, p; and qi 

We notice here that if it is desired to obtain a section by a plane 
parallel to «, it is necessary to change only the quantities », in (19.37). 
Now since di, does not depend on y; it follows that the sections of a quadric 
by parallel planes ave conics of the same main type, namely, either elliptic 
or hyperbolic or parabolic. 

Lot us return to (x, y, =) notation. We may recall from plane geometry 
that for the three main types, second degree equations can be transformed 
in the following forms : i 


(i) elliptic : x*/a* +y" [67 —Ux, y) = 0, 
(ti) hyperbolic : fae — y" [b —Ux, y) = 0, 
(tsi) parabolic : x? —Iix, y) = Ù, 


where the linear functions I(x, y) may, by suitable transformation, be 
reduced to constants, positive, negative or zero. When the conic is non- 
degenerate, the ratio of its axes is independent of Ux, y) in case (i), 
the angle between its asymptotes is independent of I(x, y) in case (ii) 
and the direction of its axis is independent of liz, y) in case (iii). 
Hence, if parallel plane sections are ellipses, these ellipses have 
parallel axes and the same eccentricity. If parallel plane sections are 
hyperbolas, these hyperbolas have parallel asymptotes. And if parallel 
plane sections are parabolas, the axes of these parabolas are parallel. 

Corollaries. (1) A plane section of a second degree cone is an ellipse, 
a parabola or a hyperbola according as s parallel plane through the vertex 
of the cone meets the cone in a point, in one line or two distinct lines, 
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(2) A plane section of a hyperboloid is an ellipse, a parabola or a 
hyperbola according as it intersects the asymptotic cone of the hyperboloid 
in an ellipse, a parabola or a hyperbola. 

(3) A plane sectifh of a paraboloid 4? a*+y*/h* = s isn parabola 
if and only if the plane is parallel to the z-axis ; otherwise the section is 
an ellipse or a hyperbola according as the paraboloid is elliptic or 
hyperbolic. 

79. Circular section, 1. Circular sections of the hyperboloida 

ae" fn? a? dma] oe ee | 
By Cor. (1), (2) of the last article it follows that a plane section of any one 
of the hyperboloids is a circle if the plane meets their asymptotic cone 

x fa? ty /h®—s* ic? = 0 
in a circle which may be a point. Also if the section by a plane is a circle, 
all sections by parallel planes are circles. So we look for circular section 
of the asymptotic cone. 

Ifa = b, the cone is a cireular cone and therefore every section of 
either hyperboloid by a plane parallel to the (x, y)-plane is a circle. 


Ifa +b, then a =b. For the sake of definiteness. let a > b. Consider 


the section of the cone by a plane « defined parametrically by 

T= m HUP, Hig 

Y = ha thi Pa + iag: (19.39) 
tis + Se Ps tiaa 
where the plane e passes through a point (y;) and is parallel to two 
orthogonal unit vectors (p,), (q) and, as in the last article, the parameters 
t. t, are regarded as the coordinates of a point of e. Substituting from 
(19.39) in the equation of the asymptotic cone, we obtain the equation 
of the plane section as 

Sdh + Zhi bird = 0, dy = di,  ik=1, 2, (19.40) 


ll 


= 


where d,, = Pi [a +p," /0?—p,*/¢’, 
dg = 9,7/0* +95" /6" —9,7/¢". 
di: = Pq, /@ + Pala — Paga 
The conditions that the plane section represents a circle are 
' di = dis d =0 
Now, for any plane e, tho unit vector (g;) may be so chosen that we 
may, without loss of generality, suppose 
d, = 0, sothat g,°+9,* = i 
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So put J, = osè and gq, = sing 


Since we are concerned with the ratio p, : P, : Pa, wo may put 


Pp, = (sin 4, Pa = $ cose 
But as pito +p,? = h, therefore Ctp: =I 
So put, i = + oon L, P, = Bin 7 


Thus according to the above supposition, the coordinates of the orthogonal 
unit vectors ( pj) and (q,) may be shown as follows : 


Pa q, cos 4 sin « cos o 
P: ia = —cos 7 eos p sin D (19.41) 
Pa Ws sin 7 0 


Hence the conditions for a circle can now be written as 
cos*/(sin*¢/a* + ©o87¢/6°) —sin?4/c’ = cos*¢/a*® + sin’¢/b" 
and cos / (sin @ cos ¢/a*—sin » cos o/b") = 0 
These two conditions may finally b» written as 
cos*/(sin"¢ /a® + cos" /b? + 1/0) = cos’¢/a* + sin*g/b* + 1/c* 
and cos X sin 26(1/a*—1/b?) = 0 
The first of the conditions shows that cos X + 0, and as a Æ b, it follows 
from the second that 
sin 26 = 0, or & = no/2, 
where n is an integer. Therefore two cases may arise : 
(i) cose = 0, and so sin?’ = | 
fii) sin g = O, and so cos*¢, = | 
Taking case (i), we have, from the first of the conditions, 
coss = (1/b* + 1/o*)/(1/a*+ 1/ce*) 
Therefore, cos*; > 1, because, by hypothesis, aœ b. Hence this case 
must be rejected as cos’? cannot be greater than 1. 
Taking coase (if), we have 
cos = (1/a*® + 1/0*)/(1/b* + 1/e*) 
This case is admissible. Therefore (19.41) can now be written as 


Py Ty 0 1 i) -i 
Pa ai = | -co8% Of or = f cone 0} (19.42) 
Ps Qs ain X o | X oF 


aceording as cosp = + lor —1, where the values of cos 7. and sin ¥. are to be 


> 
b 
è p s s 
à P a 

s P — a : r7 
iDa 4 e F f 7 L — 

oe á =- & 
ijo D - ~~ S s” TU SS 
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obtained from the admissible case above. Hence there are two sete of 


values for ( p;) and (q;) which determine the planes « for cireular sections 
of the asymptotic cone. 


Thus there are two systems of parallel pianes which interseet the hyper- 
boloids in circles. Moreover, our supposition a > b gives (q,) = (+ L, 0,0); 
#0, these two systems of planes are parallel to the z-axis, 

Similarly, if we supposed a < b, only the case (i) would be admizsilbe 


and the two systems of parallel planes which give circular sections would 
be parallel to the y-xis. 


Il, Circular sections of 


ellipsoid : t'ja +y b ajl 
elliptic cylinder : x fat +y" j/b = 1 
elliptic paraboloid : at fe? +y” jbr =s 


Let a>b>c. Consider the sections of the surfaces by the plane 
(19.39) where, as before, the quantities p;, qg; are given by (19.41). 

Substituting from (19.39) in the equations of the given surfaces, we 
obtain equations of the form (19.40) where it is now seen that 


d, = 4 cos X sin 29¢(1/a’—1/0° 
— ‘| for all the three surfaces, 
d,, = cos*9/a' +sin"¢/b" 
cos’X (sin’¢/a? + cos"g/b*) + sin*%/c*, for the ellipsoid, 
d = # . 
K cos*% (sin’¢/a* + cos’¢/b*), for the elliptic cylinder 
and the elliptic paraboloid. 


The conditions for a circle in all cases are obviously d,, = d, and d,, = 0. 
For a circular section of the ellipsoid, the first condition d,. = d_. 
reduces to 
cos?) (sin? /a? + cos"¢ /b° —1/¢) = cos? /a? + sin®¢ /b*—1/e° 
Since a > b >c, the right hand side 
oos’p/a* +sin’¢/b*—1/e = (cos*» + sin*¢)/b67—1/e* <0; 
so the left hand side cannot vanish, and therefore cos X + 0. And the 
second condition d,, = 0 reduces to 
5 oos Y. ain 29 (1/a"— 1/0") = 9, or sin 26 = Ü 
As before, there are two possibilities : 
(i) sine = 0, and sö cose = | 
(ii) cosg=0, andso  sin’s = 1 
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Taking case (i), we have, from the first of the conditions, 
cos’? = (1/a* — tfe*)/(1/b* —1/e*) > 1 
This case is therefore inadmissible. Taking case (w), we get 
cos. = (1/6 —1/e*)/(1/a? —1/o*) 


This case is admissible. Hence we obtain circular sections of the ellipsoid 
when the values of ( p; ) and (q;) are given by 


P., Vs cos/ O “cosy O 
Ps qs — 0 i for = 0 —] (19.43) 
i O A sint 0 sinto of. 


the values of cos X and sin X being given by the admissible case above. 


Thus, there are two systems of parallel planes which give circular sections 
of an ellipsoid. For the given equation of the ellipsoid, the two systems 
of planes are parallel to the y-axis. 


For ciroular sections of the elliptic cylinder and the elliptic paraboloid, 
the conditions are 


oos* /(sin’s/a* + cos*6/b") = cos*4/a* + sin?« / 5? 


and cos Z sin 26(1/a?—1/6*) = 0 
As before cos 4 Æ 0, and so sin 29 = 0 
The two possibilities are : 

(i) cos = 0, and so sin’¢ = 1 


Accordingly cos% = a?/6? > 1. This case is therefore inadmissible. 


(it) sing = 0, and so cos*¢ = | 
Accordingly cos” = b"/a*. This case is therefore admissible. 
Hence we obtain circular sections of the elliptic cylinder and the elliptic 
paraboloid when (p) and (g,;) have the values 


Pi i 0 1 
Ps. Ws = — bla 0 (19.34) 
ais + / 1-8 ja o 


Thus, there are two ayatema of parallel — which give circular sections of 
an elliptic cylinder and of an elliptic paraboloid. 


rer 
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We may obtain the equations of the planes which give the circular 
sections in the following way ; 


Eliminate the parameters {, and l, between the equations (19.39) 
and obtain the equation of the plane e as 


(Pas = Pala) t + (Py, = Pila )Y + (Pida — PI, )= = n constant. 


Now take, for instance, the case of the ellipsoid ; the cases of the other 
two surfaces are to be dealt with similarly. From (19.43) and the above 
equation of the plane, the circular sections are given by the planes 


+xsin +z oos / = a constant, 
where cos’? = a(b" —c*)/b"(a* —c?) 
Hence the two systems of parallel planes which give ciroular sections of 
the ellipsoid are 
Z ya —b? +— / 6? —c* = suitable arbitrary constants. (19.45) 
As an application of these circuiar sections put 
S =a /a?+y7/b"+27/c? —1, 


“= Zvat + — Vb o8 — p, v= —/a-F -2N Fe -¥, 


where » and » are two constants. Then the equation 
yS + Auv = 0, 
where y, A are arbitrary constants, is satisfied by 
S=Q0=u and S=O0-0 
So the equation represents a quadric passing through the two nonpsrallel 


circular sections of the ellipsoid. Putting the particular values y = b*, 
A = 1, the equation reduces to the form 


A pyt +e + Art Br+C = 0 
This shows that (wo nonparallel circular sections of an ellipsoid always lie 


an a sphere, — 
Any line (plane) which passes through the centre of an eliipsoid is 
called a diameter (a diametral plane) of the ellipsoid. Analogous to the 
nerties of diameters of an ellipse in the plane geometry, we have the 


qa) The centres of parallel sections of an ellipsoid lie on a diameter. 
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(2) Tho middle points of a set of parallel chords of an ellipsoid lie on 
a diametral plane. 

(3) If a diameter @ of an ellipsoid contains the centres of sections 
parallel to a diametral plane e, then e bisectas the chords parallel to d, 
and conversely. The relationship between d and e is said to he conjugate. 
The tangent planes at the extremities of d are parallel to e. 

An umbilic of a quadric which has circular sections is an extremity 
of a diameter which contains the centres of circular sections. There are 
therefore four umbilics of an ellipsoid, Let (Tas Vo 2) be the coordinates 
of an umbilic of the ellipsoid 


2? fa? = I 
Equation of the tangent plane to the surface at (tas Yoe 2) is 
rja? + yy /b* +2.2/c? — 1 
Honce, since the coefficients of z, y, = of this equation and of the equation 
(19.45) must be proportional, we have 
xja = kya, zje= ky, y, = 0, 


where k0 is constant. But as (z,, y,, z,) lies on the ellipsoid, 
k* = 1/(a* — c°). Therefore the coordinates of the four umbilics of the 
ellipsoid are given by. 


Ty = +a/a*—b*/ yae, y, = 0, zx, = +6/6* —o? yato’ (19.46) 
As an application of (19.46) is easily seen that these four umbilics 
lie on the sphere 
+y = a*® —b* +7, 


88. Confocal quadrics. Consider all quadrics of the types 
g 7 z* 
— — — =l, (19.47) 


where a", 6°, c are unoqual positive constants and A is a parameter, 
Without loss of generality, we may suppose a? >b >e, If c? > A, the 
surfaces (19.47) are all ellipsoids. Since the seotions of these ellipsoids by 
each one of their principal planes, ie., the planes z= 0, y = 0,2 = 0, 
are confocal ellipses, the surfaces (19.47) of the type given by the prescri- 
bed values of A are confocal ellipsoids. If b? >A > c?, all surfaces (19.47) 
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of this type are confocal hyperboloids of one sheet. And if a* > >p, 
all surfaces (19.47) form a type of confocal hyperboloids of two sheets. 


Further, all the three types of surfaces have the common property 
that their sections by the plane t=) are confocal conics, the common 
foci being at the points 


(+ /a?—b, 0, 0) 


Similarly, for sections of all the three types of surfaces by the plane y — 0 
and for sections of the first two types by the plane x= 0. On account 
of these properties, the three types of surfaces are called confocal quadrica. 
Evidently, these confocal quadrios exist unless A takes one of the values 
a’, 5°, ce, or A > a? 


Let P = (Zii Va z) be a point other than a point of the coordinate 
planes, Those of the three types of surfaces (19.47) which pass throngh P 
sıtisfy the equation 

wy" /(a? —A) + y (6? —A) +2,2/(e?—A) = 1 


This is a cubic equation in A and so has three roots, aay A,,A,,A,. In 
order that all the roota be real, it can be seen from algebraical considera- 
tion that 


e>a, > >a, >ePD>A,, 


when A, >A, >A,- But this is exactly the condition that gives three 
surfaces, one of each type. 
Hence, through each point of the space, with the exception of those of the 
principal planes, there pass three con focal quadrics, one of each type. 
Take any two of these confocal quadrics, say those corresponding to 
A, and à, The tangent planes to them at their common point P are 
given by the equations 
# #_/(a*—A,) +Y y,/(6* —A,) +2 2,/(e"—A,) = 1, 
£ 2, /(a*—A,) tY V(b" —A,) +2 2,/(e*—A,) = 1 
And since the surfaces pass through P, we have 


#,*/(a" —A,) (a* + A,) + y,?/(b* A) (bAa) +2,2/(0?-A,) (e—a) = 0 
But this is the condition that the two tangent planes be orthogonal. 
Thus, the three confocal quadrica intersect orthogonally all along their 
ourve of intersection. Therefore the confocal quadrica form a triply orthogonal 


syetem of surfaces. 
416— 21008 


4 
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81. Surfaces of revolution and ruled surfaces. A surface of revolution 
is a surface which is generated by a plane curve rotating about a straight jine 
lying in the plane of the curve. 


Take the axis of rotation as the z-ax's and tho generating curve to lie 
originally in tho plane x = 0. For simplicity, let the equation of the 


x curve bo y* = f(z), a function of z, so 
that the curve is symmetrical about the 
r-AXis. 


Let a point P = (0, y’, z) on the 
curve be moved to the point (zx, y, z) 
after rotation about the c-axis. Then 

y'? = ry’ 


The equation of the surface of revolution 
is therefore 





x+y? = f(z) 


For example, the ellipse y’/5*+z*/c* = 1 in the plane x = 0, by 

rotation about the z-axis, generates the surface of revolution 

(z+ y")/b* +2'/c* = 1, 
which is called an ellipsoid of revolution or a spheroid. It is an oblate 
spheroid if b< c and a prolate spheroid ifb>c. It is, in particular, a 
sphere if b= c; so a circle, by rotation about ons of its diameters, 
generates a sphere. Again, the hyperbola —y?/b*+<z*/c? = 1 in the plane 
z = 0 generates, by revolution about the z-axis, the surface 

— (a? + y*)/b° +27/c? = 1, 
which is known as a hyperboloid of revolution of two sheets and consists 
of two different parts. The hyperbola y?/5?—2*/c? = 1 in the plane 
æ =0 generates in the same way the surfaco 

(x* + y7)/6? —2*/c* = 1, 


which is a hyperboloid of revolution of one sheet. Finally, the parabola 
y’ = 4pz in the plane z= 0, by revolution about the z-axis, generates 
the paraboloid of revolution x*+ y* = 4pz. 

A straight line rotated about an axis in the same plane with the line 
will generate a surface of the second degree. If the equation of the line 
is, for example, y= Az in the plane z= 0, the surface generated by 
revolution about the z-axis is the circular cone 2?+y? = A's, Similarly, 
the line y =b generates the circular cylinder 2°+y* = b*. 


Tie 


+. 2S 4 
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A surface may be generated by the motion of a line or a plane. In 
the formor case, we get a ruled surface, and in the latter an envelope. 
It is evident that cones and cylinders are ruled surfaces. Let us seo how 
a hyperboloid of one sheet can be generated by the motion of a line. 


Consider two equal and similarly placed ellipses on two parallel planes 
and let the line joining their centres be perpendicular to the planes. Let 
this perpendicular be taken as the axia of z, the middle point of the 
segment joining the centres as the origin and the axes of x and y be parallel 
to the axes of the ellipses. Let the equations of the ellipses be 

s'ja +y d = l, s=C 
and z*/a*?+a7/b* = 1, z=-¢, 
Take points Q and Q’ on the ellipses such that their eccentric angles 


(§ 24.2) are p- y and 6+ respectively and let the line QQ’ move in such 
a manner that the difference of these eccentric angles remains constant, so 
that % is constant. Then the coordinates of Q and Q’ are respectively 


[a cos (¢—y), bain (g—-¥), c] 


and [a cos (p +4), bsin(g+y¥), —c] 


Therefore 
QQ’ = (—2a sin ọ sin y, 2b cos ¢ sin y, — 20) 


If P = (z, y, z) is any point on the line QQ’, then 
x = a 00s (ġ—Y)+ pasin pain’ 
y = b sin (¢ v¥)—pb cos ¢ ein y 


z= c(l +p) 


Therefore tfa" + y*/b® = cos*y + (1+ p)* sin’y 
Hence. eliminating the parameters ẹ and p, we have the locus of P as 
t/a + y? /b? —2*/c* coseo*y = cos*y 


As ¥ is constant, the loous is a hyperboloid of one sheet. Thus the surface 
generated by a line which joins pairs of points having constant difference of 
soxsatric angles on two equal ant similarly placed ellipses in parallel p'anes 
is a hyperboloid of one sheet. If tho sign of y is changed, the equation 


* 


of the surface is unaltered ; hence the surface is covered by two reguli. 


ee ` 
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A hyperboloid of revolution of one sheet can be generated by a 
straight line which rotates about an axis such that the generating line and 
the axis are non-coplanar. This can be scen as follows : 


Let ON be the common perpendicular 6f the axis of rotation and 
the generating line in any position meeting them in O and N respeotively ; 
then | ON | =p, a constant. Take the 
axis of rotation as the z-axie, O as the 
origin and any two fixed perpendicular 
lines in the plane through O normal 
to the z-axis as the axes of æ and y. Let 
the angle between the axis of rotation 
and the generating line be Y; then y is 
constant. The coordinates of N can then 
be taken as 





(p coso, psing, 0) 
If P = (z, y, 2) is any point on the generating line and | NP | = p, then 
x = p 008 ġ—p sin y sino 
y = p sin $+ p sin ¥ cos ġ 
3 = pcoay 
where » and p are parameters. Eliminating these parameters, we get the 
loous of P as the surface 


r` +y?’ — tanm’ y = p’ 


As p and ¥ are constants, the surface is a hyperboloid of revolution of — 


one sheet., 


A hyperbolic paraboloid can be generated by the motion of a line in 
the following way : Let AB A'B’ be a regular tetrahedron, and Q and Q' 
be two variable pointa on two opposite edges AB and A'B’ moh that 


| AQ| = | A’Q"| 
Then the line YQ’ generates a hyperbolic paraboloid. This can be seen ns 
follows - 
Let the length of half the edges of the regular tetrahedron bo 
dy? and | AQ | = | A'Q' | =ry2. Sinoé the tetrahedron is regular, the 
intersect orthogonally in a point O, any, which is equidistant, k say, from 
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these middle points. Choose these three lines as the coordinate axes, 


O being the origin. Then the coordinates of Ọ and Q' can he taken 
respectively as 


Cd-r, k, d-r) and (d-r, —k, —d+r) 
Therefore, if P = (x, y, z) is any point of the line QQ", we got 
x= d-r, y=k(l+p), == (d-ri +p) 


Eliminating the parameters d, r, p, we get xy =kz. This equation 
represents a hyperbolic paraboloid ; for, by a suitable orthogonal trans- 
formation, the equation (19.20) can be transformed into this form. 
It can be seen that the equation of the surface remains unaltered if Q, Q’ 


satisfy | AQ | = | B'Q’ | ; this shows that the surface has two system of 
generators. 





CHAPTER XX 
LAW OF INERTIA FOR QUADRATIC FORMS 


82. Homogeneous quadratic form. The general homogeneous quad- 
ratio form in m variables z,,....,z, is 


> Wt aym aa (20.1) 


The condition that the matrix (aj) is symmetric is a matter of convenience 
involving no loss of generality. As we shall be concerned, with real 
quadratic forms, the coefficients aj are supposed to be real numbors and 
at least one of them is supposed to be different from zero. Let 


z’; = bij Tj. S= let (20.2) 
be a real linear transformation of the variables. The transformation is 
nonsingular if the rank of the matrix (¢,) is», fe., | ty | #0, otherwise 
it is singular. We first establish the following theorem which is a general- 
isation of the theorem given in § 61. 


Theorem 1. Any given real quadratic form (20.1) can be transformed by 
a nonsingular linear transformation into a normal form 


gtt pT ph | ere ran (20.3) 
Proof: If the matrix (ay) has a diagonal term a,, + 0, we apply 
the transformation defined by 
a. = Zgo ry = Z,, a = Zi. m =f lk 


This transformation transforms the form (20.1) into, say, 
agxa where a’,, = GrH O 


If all the diagonal terms of (ay) are zero, but there is a term as; + 0, 
~ & = I, we take the transformation T = T, T, given as a product of two 
others defined by 

Tis imr =ru Za = m# 1,2; tk, l; 
and m = ¢ only when m yb 1, 2h 
Ti t æn = 4 (th) z”, = §.(z’,—2’,). r”, = ~ — - x 





im 
; = 
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Then (20.1) is transf rmed into, say, 
H aE aE , where a” i = 2a, + 0 


It is thus seen that we can, without loss of generality, suppose that the 


leading coefficient a,, ot (20.1) is different from zero and therefore (20.1) 
can be written as 


a(S NETES ) where by = ay] a, , (20.4) 


jel 


The terms involving x, in X bya xz, are 


si aera Souq a (i Sisal eae 


j=] j=ł j= 


Now apply the transformation 


` 
=". = 2, + >by2 » Sys, J = 2.2.55 8 
jut 


Then (20.4) is transformed into the form 


If the residual part Zc,2';z, is not identically zero, it can be 
treated in a similar manner. Repeating this process, the quadratic form 
(20.1) will, after a finite number of steps, be transformed into (dropping 
the dashes) 


diæt... td’, where d; 0. i=l, n... piran (20.5) 
Ultimately, applying the transformation 
z= Vidis p= tol... ri jarten 


and pormuting, if necessary, the variables so that the positive terms 
come first, the form (20,5) is transformed into the required form (20.3). AN 
the transformations used above sre nonsingular linear transformations and 
so is their product. Hence the theorem. 

Secondly, we have the following theorem : 


Theorem 2. The number r of terma in the normal form (20.3) ia equa! to 
eae pce sell Senne fe ere (20.1). 
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Proof: It is sufficient to show that the rank of (ay) remains invariant 
by any nonsingular linear transformation. If (20.2) is nonsingular, its 
inverse exists which is also nonsingular. Let the inverse be 

r= Std Zj, S= i... A 
This transformation transforme (20.1) into, sav, 


Sa'y (x; where a'j = Deras ty 
é! 7 
It oan therefore be seen that 


(ag) = (t (ay) ty). 


where (ly) is the transposed of (t'ẹ). It now follows from theorem 23, 
Chapter 0, thatthe matrices (a,) and (a’;,) have the same rank. Henc#the 
theorem. 


83. Law of inertia. Finally, we give the following theorem which is 
known as Sylvester's law of inertia. 


Theorem 3. The number p of positive terms in the normal form 120.3) is 
an invariant of the form (20.1) under nonsingular linear tranaformations. 


Proof: Let the form (20.1) bo transformed into the forms 


i ee E d —— — oo... ats 
(20.6) 
and — ELETE a a T Ta -mga 
by the nonsingular linear transformations 
eg re (Sige vc oe 2a) 
‘= — n (20.7) 


and *. -a ar (Ziri. Ta) 


respectively, where the /’/s and 1;”'s are homogeneous linear functions in 
the variables x,,....,x,. Obviously, if we substitute I’, for x’, in the first 
of the forms (20.6), we get the form (20.1) by virtue (20.7); similarly the 
second of the forms (20.6) reduces to (20.1) by the substitution 1”; for x”;. 
Therefore we may regard both the forms (20.6) as identically equal to the 
form (20.1) and hence to eaeh other. So we may put 


wy +. +2 g® — 294.2 — ...— 2 g® (20.8) 

— +... + a — Sit ts yy -—=", . 
If possible, let p and g be unequal. ‘We shall show that thie leads to 
contradiction. Let us then suppose, without loss of generality, that 
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P>q. Consider the following system of n—(p--q) linear homogeneous 
equations in w,,..., 2, : 


AW | Si es | tnl®, o-oo A a Y 
K = (20.9) 
BY (i, + +2 Sn) — ee a Mares) ee 
As the number of equations is less than n, there exista a solution, say 
(Cis - +- » Cs), not all zero, of the system (20.9). Let 
Kili Oa O a ace, AAe A E Cys 
itali CUCF S == on hiaeseey Or AG. Sk A Ea) AT 
where the c”s and c”’s are obviously real numbers. As (¢,,....,¢,) isa 


solution of (20.9), the equation (20.8) now becomes 
Ce tise Og amar Or 
Farther as the expression on the left-hand side cannot be negative and 
that on the right cannot be positive, both the expressions must be zero. 
So O, Shi s. ae ane 
These together with the first line of (20.9) give 
ER C E Oy) me OY 0; y: b A Bjes 0s: y Oy eo 


This shows that (c,,...,0¢,) is a solution of the system of n linear 
homogeneous equations 

Pallase e o 5%) = O, ß N, 
As ¢,,...,¢, are not all zero, the determinant of the coefficients of this 


system must be zero. This implies that the first of the linear transforma- 
tions (20.7) is singular which ia contrary to hypothesis, Hence the theorem. 


We can thus associate with every real quadratic form (20.1) the two 


Integral invariants rand p and thorefore also the invariant r—p which is 


the number of negative terms in the normal form (20.3). It is however 
found more convenient to use the invariant s = 2p—r which is the 
difference of the number of positive and the negative terms and called the 
signature of the quadratic form (20.1). In particular, the quadratic form is 
said to be positive definite when s = r = n. 

84. Geometrical significance. As applications to geometry, it is seen, 
as in § 57, that a nonsingular linear transformation (20.2) representa 


a collineation of an (mn —1)-dimensional projective space when homogeneous 
‘eoordinates are used and represents an affinity, with the origin 


dne finedj of an SER — — 
37—2100B 





“Du y = fa 
fe ve , 
by le b 
y 9 
Ws 7 fy 
— 
TRAL UIBRAAY 


CEN 
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coordinates are used. In the projective space, a quadratic form (20.1) 
equated to zero represents a Ayperquadric, and the normal form (20.3) 
equated to zero furnishes the projective classification of hyperquadrics, 
as in § 61. It may be stated, without proof, that. using nonhomogencoux 
coordinates and orthogonal transformations, the classification of hyper- 
quadrics in an n-dimensional metric space is given by 


(ï) E + ee Fala +1 = 0, 
(it) OZ t oun Hy. Sn, +2, = O, (20.10) 
(sit) a,x,” tT wees + a@,x,7 = 0, 


where the a's are real numbers which are uniquely determined in (i), have 
an arbitrary factor +1 in (if) and are determined, except for an arbitrary 


factor, in (itt), 





EXAMPLES 


The numbers O, 1, II, II ete. refer to chapters. 


O 


1. Given m n-voctors. Show that if there exist among tham r < m dependent 
vectors, then the m vectors are depondent ; and if the m vootors are independent, 


then any r < m of them are also independent, 


2. Show that the vector space genorated by the 3-vectors (1, 5,—3), (2 1, D), 
( —1, 4 1) and that generated by (1,—4, 4), (2, 1, 1), (2, 10,—1) are the same. What 
is the rank of this veotor space ? 


3. Prove that the rank of the following matrix is either 0 or 3 : 
0 0 0 È e d 


-—¢ b 0 0 0 =ö 


4. Solve, if possible, the following equations : 


(4) Sx,—17x,+2, = 9 GA Sx,+42,—Sx, = 9 
Sat, -} Gary Bx, 7 22, + 32,+ bx, = 2 
fx, — Iry -H Fr, = 4 7z t 22, —4z, = | 


& If A Bi, Cc. are tespectively the cofactors of Gi buci f= 1,2,3, in 








a b& ĉi A, B, 0 
D=! a, ù; |, prove that | A, B, Cy) = m, Goneralise. 
| ay bp 4, A, By Oy 





6. (i) Examine whether the following permutations are oven or odd z 
bed a 6 e d a ò e d b o d 
eG olay A O AES 
PUSS 4 658.7 
— — J 
o i) If P= (1,3, 5,6, 2) and @= (1, 4, 6) are cyclic permutations of six 
objects, find 


show that P^ is the identity. 


Pg, QP, P'OP, q Po 
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l. If Ciea point of a straight line AB such that frAC = sB, where r and è are 
numbers, and O is any arbitrary point, ahow that rO4+s07 = (r+-2) OO. 

2. If @ is the centroid of the triangle ABC and O is any pointin the plane 
show that 30G= OA + OB + OO, 

3. Deduce the trigonometrical formula a = b cos C+ecoe A from the vector 
equation BO = BA + AC. 

4. BO ia perpendicular to AB in the positive direction, and OD is perpendicular 


to BO in the negative direction. If AB: BC: CD =-ris:t and A, B have the 
coordinates (0, 0), (zy yı), find the coordinates of D. 


5. Find the Hessian normal forms of the following equations of straight 
lines: (i) Se44y = 7, (ii) —2e47y—5= 0, (iii) 3r+8 = 0, (iv) 32—Ty = Ô. 
Find the areas of the triangles formed by the straight lines (i), (ii) and (iv) and 
the straight lines (i), (iii) and (iv). 

6. Find the coordinates of the orthocentre of the triangle formed by the lines 

y = m x-+-a/m,, í = 1,2,3 


7. Show that the two straight lines joining the pointe (1, 1), (2, 2) respectively 


to the point of intersection of the straight lines 


19z-4-3y7—29 = 0 and 1324+1ly—27 = 0 
are at right angles and find their internal and external bisectors. 
8. Show that, as A takes all values, the straight lines 
(14 2a)2—(1—3ajy4+2-—a = 0 
forma pencil. Find the parametric equations of the line of the pencil which is parallel 
to the vector (1, —1). 
Il 
1. Calculate the cross-ratio (AB, CD), when it is possible, where 
() A= (2,3) B= (4,9), C = (3,6), D = (10/3, 7); 
(i) A = (-3,7), B = (2, —5), O = (9/7, —23/7), D = (0, —1/8); 
(iii) A = (5,2), B= (-13, 8) © = (3,7), D = (4, —11). 
2. Calculate the cross-ratio (ab, ed), where the equations of the lines — 
are respectively given by 
(i) 22—3y=9, Set+y=0, 2=0, £+1lly = 0; 
(i) s+y-7 = 0, 3r-2y+4 = 0, = = 2, ir-y—-3 = 0), 
3. Given (ab, cd) = —3/7, and that the equations of 
(i) at aty= 0, b&b: 2e-Sy = 0, cry = 0, find the equation of d; 
(ii) a: 2+y=0, b: 22e-By = 0, d:y =.0, find the equation of o ; 
(iii) a: s+y =0, c: 2e—By = 0, ty = 0, find the equation of b ; 
(iv) bt zty = 0, c :2e—-ty= 0, diy = 0, find the equation of & ; 








EXAMPLES 293 


4. Given two colMnear segmenta AB and A'B’, determine another segment OD 
which shall divide each of them harmonically, 


5. Given threo collinear points A, B,C, find by geometrical construction a 
fourth point D such that (AB, CD) imequal to a given rational number r. Can the 
construction be simplified when r= 1 9 


6. If@ be the angle of intersection of the two circles’ described on the collinear 
wegments AB and OD oa diameters (it being supposed that A and B are reparated by 
C and D), show that (AB, OD) =—tan%e/2). 

7. If(AB, CD) = (AB’, D on two different lines AD, AD’, and if BB’, OC 
meet in O, prove that DD’ must pass through O. 


8. AA’, BB’, CC* are concurrent straight lines through the vertices of a triangle 
ABO meeting the opposite sides in A’, B’, OC’. If B'O’ meets BO in A”, O'A” merta 
OA in B“, A'B’ mecta AB in O”, prove that 

(BC, A'A") = (CA, BB") = (AB, O'O*)=—-1. 


9. Prove that (AB, CD)\(AB, DE) =(AB, CE), where A, B, Ô, D, E aro five 
distinct points of a atraight line. Hence deduce that 


(AB, CD\( AB, DE)(AB, EC) = |. 
10. If A, B C, D are four collinear points, show that 


1}. If(4B, CD) = —1/3 and B is the point of trisection of AD towards D, show 
that O is the other point of trisection of AD. 


12, Prove that the cross-ratio of the pencil joining the fixed points (at,*, 2at,), 
i = 1,2, 3,4, to the variable point (af, 2at) is independent oft, 


13. A, B.C, D_and A’, B’, O’, D’ are two tetrads of points on two straight lines 
and 0,0" are points on AA’. If the points of intersection of OB, OB’; OC, O'O' ; 
OD, OD’ are collinear, show that (AB, CD) = (A*B’, 0D’). 


Tit 

l. Find the equations of the rigid motion which introduces the point (1, 1) as 
the now origin and the straight line = 0 as the new z-axis. 

2, Tia the transformation l 

æ’ = (V/3/2)e—(1/2)y 
y = (1/2)a+( 3/2)y 
Find Ti and J* and give geometrical interpretations, 

3. Given two perpendicular straight lines through the point (cj, €y) of slopes 
1/2 and —2, Find the rigid motion transforming these lines as axes. 

4. If OP and OQ are any two lines and T is any translation, prove that there 
oxista a unique pir of translations J", T*, parallel to OP and OQ respectively 
such that 7°77" = T. 

5. Find suitable translations 7, 7” and rotations R, R’ about the origin such 
‘thet RT = T'R = M, where M is given by 
m = (3/5)2z—(4/5)y+5 
y” = (4/5)2+(3/5)y+1. 
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ax, tiye 
at b? 


ia an invariant of the point (z,,y,) and tho straight lino az+by-+-c = 0 with respect 
to any rigid motion. What is the geometrical significance } 


7. Show that 
= Vy 
aly | TE 
is an invariant of the pointa (2, vi), (2) Y) with respect to any rotation about the 
origin. 
8. Show that 
| I 
i xi vi 
as Yi 1 
a | Y3 I 


is an invariant of the three pointe (£i. 7). (£s ya). Es ya) with respect to any: rigid 
motion. What is the geometrical significance of this invariance } 

9 ABO and DAC are two triangles, B and D being on the opposite sides 
ef AO and | AB|=|AD|. Find a transformation by which the triangle ABC 
ia transformed into tho triangle DBC. Does there oxist a rigid motion giving tho 
samo result ? 


Iy 


1. Reduce the following equation to the normal form by applying rigid motions 
5z? —2ry + 5y*—B2—Sy—8 = 0; 


| and find the equations of the single rigid motion by which the given equation is reduced 
to the normal form by a single step. 

oo 2. Prove that any two lines drawn from a point outside a conic which aro 
T conjugate with respect to the conic are harmonically separated by tho tangents from 
—*5 the same point to the conic. Deduce that any two points which aro conjugate with 
iy respect to a conic and which lio on a line intersecting the conic in two points are harmo- 
nically separated by the pointe of intersection. 


—* 3. Prove that the tangents to a central conio'nt the extremities of n chord meet 
E i on the diameter bisecting tho chord. Ta the proposition truo for a parabola ? 







J am 
T, be ori wh j at 


— 
è 
* t 






- >. Tra — ae 
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3. Prove that a translation can be ox 
refioxions in parallel straight lines, 


4. Prove that a rotation about the origin through an angle @ is the reenltant 


of two orthogonal refloxions in lines through the origin so chosen that the angle from 
= the first to the second is o/2.° 


5. Describe the nature of the transformationa : 
(i) 2” =—y45 (ii) æ = Ge4+12—17 
and 


y =2x+TI y = 122—Sy42 


pressed as a product of two orthogonal 


VI 


l. Show that the equation of the cirelo cutting orthogonally the three circles 
Spyt .24-2f.y+e, = 0s fori = 1, 2,3, is 


ety? = yw L| =0, aud reduce this equation to the form 
J >25 jj 1 | | 2+7 Yt, NE+Sw+e | =0 
Cy -f3 —Ss 1 | | +9; Y+h, Ge+Sate | 
2 —9 =f l BAD Ytj Opt fete | 


Givo the geometric interpretation of the last result. 

2. Discuss the conditions that n circles may have a common orthogonal circle. 

3. A, B,C, D, E, F are the six vertices of a complete quadrilateral, AC, BD, 
EF aro the diagonals and GMN ia the diagonal triangle. If S, 8*, 8” are circles des- 
cribed on tho segments AC, BD, EF as diamoters, provo that the circumcirele of the 
trianglo LMN is orthogonal to S, 8, 8, 

4. If a circle C@ when inverted with respect to a circle O becomes a circle O”, 
prove that O, O’, O” are coaxal. 

5. PL, QM aro perpendiculara from the pointe P,Q to the polars of Q and P 
respectively with respect to a circle having O as the centro: Prove that 

OP. QM = 60. PLE 


6. Lot three circles which pass through a point intersect in pairs in three points 
forming n curvilinear triangle. Prove by inversion that sum of the angles of the our- 
vilinear is triangle is equal to two right anglos. 

7. Three circles =,(i = 1, 2, 3) cut a fourth cirelo = orthogonally and intersect 

| in pairs forming » curvilinear triangle within 2. Provo by inversion that the sum of 
z tho angles of tho ourvilinoar triangle is loss than two right angles. 


8. If 
S = x'+y'+2.24+2fyto, = 0 
abs 8 = 2 y+ 292+ 2fyte = O 
aro two circles of a conxal system, show that the limiting points of the system are 
—J—— given by oi 
S834. — 





of half the radius all 
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10, Show that the operations of inversion with respect to two oirolos in ruccession 
are commutative if the circles are orthogonal. 

11. Prove that the circles whose oquations are S- 0 and S&S’ = 0 are inverses 
with regard to either of the circles (1/5 (1r) = 5 0, where r and r” are the radii 
of the circles S, S* respoctively. e 

12. Generalise the following theorem by reciprocation: A tangent to a circle 
îs porpendicular to the radius through the point of contact. 

VII 
1. Find the oquations of the affinity transforming the pointe 
(iy) (0,0). (1. 1) (1. =) into the points (2, 3), (2, 5), (3, —7) 
(ii) (2.5), (4. 7), (3, 4) into the points (5, —1), (3, 8), (4, 7) respectively. 
Point out the reasons in caso an affinity which is supposed to transform a given triad 
of pointe into another does not exist. 

9. Show that an affine transformation transforms tho differential equation 
@yjdzt = 0 into dy'/dz7 = 0. 

3. Discuss how the following are transformed by an affine transformation t 
(i) a segment and its mid-point, (ii) an angle and its bisector, (ili) e regular hexagon, 
(iv) two circles : O of radins 2 osculated from inside by OC" of radius 1, (v) a triangle 
and its nine-point circle. (vi) @ square and ite area, 

4, Show that an affinity multiplies by the same constant factor k the lengths of 
all line segments with the same direction. Find the value of & corresponding to the 
direction @ when the circle x = cos f, y = sin @ is transformed by the affinity 

x = az+by+e 
y = aet+b'y+" 
Discu"s th? nature of tho transformation when dk /dé = 0. 

5. An affine transformation is supposed to transform a certain figure S into 
itself. What is known about the transformation if S ia (i)a triangle, (ii) a cirele, (iil) 
an ellipse, (iv) a parabola ? 

Flow aro the above rosulta to be modified if S i» not transformed into itself, but 
into a figure S° which is similar to S? 

6. Prove that the only affine transformations which preserve directed angle are 
the transformations of similarity. 

7. Using one of the following properties of a pair of conjugate diamotors aa 
definition, derive the othera : (i) a diameter bisects all chords parallel to ita conjugate, 
(ii) conjugate diameters are separated harmonically by the two asymptotes of the conic, 
(iii) the point at infinity on a given diameter is the pole of its conjugate. 

8, To every parallelogram inscribed in a given ellipse, there exists a second 
perallelog’am inscribod in tho same ellipse whose diagonals are parallel to tho sides 
of the first parallelogram, Show that the area of the second parallelogram is uniquely 
dotermined by the ellipse. 

9. Show that all parallelograms inscribed in « given ellipse whose diagonals are 
conjugate diamaters have the samo area. 

10. Determine the affine transfomations carrying 

(i) the parabola 2?—22y+ 9'+327+2y+2 = 0 into y'= 2x; 


I mags (ti) the ellipse 227-22y45y'—22—-8y44 = 0 into a?+y* = 1. 
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VEHI 


lI. Pind the equations of the involutions transforming the collinear points 

ti) 2 awl 7 into -3 god Ø respectively, (ii) 3 and 5 into l and 7 respectively. 
Which one of these is hyperbolic 7? Find its double points. 

2. A, B, O, D avo four distinct points of a line. Theo double pointe of the in- 
volution determined by the pairs A,B and O,D aw BN. and the double points of the 
involution determined by 4,0 aud B,D are BF’. Show that (AP, BF’) ie harmonic. 

4. Prove that the transformation 

y = Mta 
by atte by 


is an involution if a+b, = 0. How oan then the equation be reduced to the pormal 
rm «r= ct 


LX 


i. Find the homogeneous coordinates of 

(i) the origin, (ii) the point at infinity in the direction of the ne ar+by+o = 0, 
(iii) the point at infinity in the direction of the slope 5/6, (iv) the point of interssotion 
of the Hnes 22,—Sa-de, = 0 and 2,+a;-+2, = 0, (v) the line joining the points 
(4, P — 2) nnd (i, i, 0). 

2. (a) Test the linear dependence and independence of the following points - 

(i) (2, 5, 1), (2,7, 1), (3, 9, 1), (ii) (0, 0, 1), (L, 0, D, Che By 1) 

(b) Tost the lincar dependence and independence of the following lines » 

(i) ntent = 0. Jelena = 0, Torkin = 0 

(i) a- = O, m-a = 0, zZ -z4 = 0. 

3. Show that the coordinates (a), (0.), (e.). (¢.) of 4 givan points, no tires of 
which ars collinear, can be sò chosen that 

a4 6.+e.4d, = 0, é= 13,3, 3 
Deduce that the diagonal pointe of a complete quadrangic are never collinear. Duaher 
the above. 

4. Find the equation of the pair of tangents to the nan-degenesrate conin 

3a, m: = 0 
whieh through the tir.), Dualise your answer. 

Sra. oc. bs ba nonsimennh Bean and Qy Qs-.--@.-, be n=l timed 
points not situated on these lines. If P, is a variable point of a, and the lins P,Q, 
meets a, in Py, PQ, moots a, in Besser Q.. meets a, in P.. show that the 
correspondence P, to P, is a perspeotivity. 

Lot g sad a? be two nonparallel graduated lines marked reapectively in inches 
and centimetres. Show that tho lines joining — bexme =e same number 

i n the two scnles are either all parallel or touch a parabola of which g g are tengent« 
Find the pointe of contact of the parabola with the lines g and g’. 


ie x 

l. Find the fiasd points and the fixed linoa of the collineation 
git me dapin pt STR, eas = tert ee 
38—91 00B 
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2. In a collineation the vertions of a plane quadrangle ANOD corrospumd to 
themelves in the order HODA., Proce that one of the diagonal pointe ia m eelf-corres. 
ponding point and the opposite aide is a self-corresponding line. 

3. In a projective plane three straight linos g, g’, 9” are given which are (e) 
conourrent, (46) nonooncurrent, For both the oases, diseu®s the linear transformation 
Tof the plans for which g, g, 9° are invariant. Tho disoussion should rofer to the 
following questions > If P and 2’ are two different points of the plane not situated 
on any of the threo lines, but arbitrary otherwise, (i) is there any transformation 7 
transforming P into P’, and if so, is J uniquely determined)! (ii) is 7 uniquely 
determined by the additional vondition that P romains fixed ? (iii) ia T uniquely 
determined by the additional condition that P and P* romain fixed ? 

4. Show that the correlation 

ply = 22; — By Fy, pite = -m tyt 3r.. pit Te t aa 
when carried out twice results in the identity. 

5, Show that the triangle with vertices (0, 1, 1), (1,0, 1), (1. 1,0) is selt-poler 
with respect to the conic m?n + 92+ 2eye,+2e,— Gey, = 0. 

4, Determine a triengle which ia self- polar with respect to the canir 

Dey? — Fa? — Dest — Age, = O 
and has the line (1, 2, 1) a» one of ite sides. 

7%. If è callineation pomessos four fixed pointa, 2o three of which are 
collinear, show that the collincation is the identity. 


XI 


I. Two projective coordinate ayalem» have the same triangle of veferenee but 
different unit pointe. Determine the form of the transformation from one <ystem to 
the other. 

2. Find the equation of the most ganera) transformation of projective coor- 
dinates whioh introduces tho lincs 

22, — 32,42, = 0, ay rg ie = 4, Ry Ry tay = À 
aa the sides =) = 0, sy = Qay = 0 of the new triangle of reference. Thon dotermine 


the partioular transforrastion which also introduces (2,3, 2) as the new unit point. 


S. Let Py, Pp Pp Pe Py Pe bo six points in a projective plane, no triplet of 
them being collinear. Denote the point of interseotion of P, P; and P,P, by 
Qs; ra), where i,j. r. 4 run over l, 2, 3,4,5, 6, Prove that if Q(12; 45) Q3; 54) 
and Q(34 ; 61) are collinear, then Q(12 + 45), @(26 ; 43) and QOD ; 31) aro also collinear, 
Genoratice this statement. 

4. Show that if three fixed tangents to a parabola out an arbitrary fourth 


tangent in the points 4, B, O, then AB/BO ix constant. Generalise by collinsation. 

5. The polars of two points P,Q with reapoct to s conio & meet Sin the point 
pairs A, B nnd ©, D respoctiviy. Prove that the conic S° which touches QA ot A 
snd passes through B, O, D also touches QB, PO, PD at B, O, D respectively. 

6. Given that the lorus of a point euch that the tangente drawn from it to two 
kiven conics S and S" forin a harmonio penoll is a conie P which passos through the 
points of contact of S and S with their common tangents. Deduoe that the condition 
that S and S may have double contact is that the matrix af the coofGeionts of S, 3° 
aud F is of rank 2. 
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3o A and B aro two fizod pointe and AP end BP ara conjugate lines with reapent 
to A conlo S. Show that tho locus of Pisa opnio Sand fnd the points on Æ where it 
m out by S. 


H. If three ponios cireunseribe the same quadrangle, prove that the pointe of 


contact Of commen tangen® to any two is separated harmonically by ite pointe of inter- 
section with the third conie, 


9. Given five tangents to a conic, show how to determino (t) the point of contact 
op any ane of them, (ij) the other tangent to the conic from a point of aay one of the 
given tangonte. 

10, Show how to construct the tangent at one of five given pointe through which 
n Hon-degenorate conio is to pase. 

11. A triangle is inscribed in a conio and two of ite aides pass through two fixed 
points, Find the envelope of the third side and show that it is degenerate when the 
two fixed points are conjugate with reepect to the conie. 

12, Describe how to construct the conic with respect to whioh two given pers- 
peootive triangles aro reciprocal polar triangles, 

ia, Find the triangles of reference with respect to which the equations of conice 
ean be reduced to the following normal forme + 

2 ipoe—- etn O, atea «= O de = 0 
XI 


I. Ifa, 6, care the direction-cosines of a direoted line g. prove theat the orthogonal 
projections of a vector fa’, +’, o) on g is aa’+bb'+cc, 

2. Ifd is the length of a vector and dj, dyd, aro the lengths of ite orthogone! 
projections on the coordinate planes, prove that 24? = 454d2+d-. 

i. Prove that the lincs 

(x—a)/a’ = (y—b)/b' = (s-0) ¢ and (2-0')/a = ig—b)/b = (2-c'pre 

interscet, and find the coordinates of the point of intersection mnd the equation of the 
plane in which they tio. 

4. Find the length and the equation of the common perpendicular to the tines 

x = —(y—11)/2 = <-4 ond -8/7 ——(y+7)/6 = = 

5. Show that the shortest distance between two opposite edges q, d of a tetra- 
hedron is OV /ad sin f, where @ is the angle between the edges and V ie the vohima of 

fi. Find the spatial arrangement of the four planes whose equations are given by 


(i) w—-By+3e=— 7 iiih Se4By+ de = 1 
py- e= ő Se-+Sy+ lls => | 
t- y+ 2a 12 xp y- cs =a 8 
e+ty-Me =- e+ Sy+ Oo @ 3 


7 Leteand « be two planes intersecting ina" line s, awi lot the triangle EY- g 


“ins” bo the jection of the triangle ABG in « from a centre of projestion r. Rotate 
—— — iiaii continue to be the projection of ABO erect (Gi) the 


Inoue of V ix a nirole- tving in a plane perpendiontar to + 
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& A,B, OC, and Ay B, 0, are two straight linos and Æ, By ia tho shortest 
distance botween them. [f C,, Cy are any two pointe on the lines such that ©, A, i» 
perpendicular to A, B; O; aml OA, is perpendicular to A, A, Cy, prove that 


AB BO, = A,B, BO, | 
xin 


1, Two projective planes of points are said to be perspective if the lines jouing 
the corresponding points are concurrent. Show thet a necessary and sufficient con. 
dition that two projective planes of points be perapective is that each point common 
to the two planes be self-corresponding. 

State and prove the dual of the above. 

2, Two projective pencils of Lines ljo in two different planes but have a common 
bentre, Discuss the envelope of the planes passing through the corresponding lines of 
the two projective pencils. 

3. fe) Find the Pluccker courdinates af tho edges of the tetrahedron of reference. 

(6) Dorribo the lines whose Pliccker coordinates satisfy the equations : 
W) Pp= 0 (4) py = 0 = Pi (i) Po = 0 = Py 


XIV 


I. Wf A wen arbitrary affine transformation and T is an arbitrary tranelation, 
show thet 
AT A” ino translation. 

(On account of this property, the subgroup of translations which is thu» 
transformed into iteelfie called a normal subgroup of the affine group.) 

2. In the extended Cartesian espace of » dimensions, show that the affine 
transformations are the collineations which leave the hyperplane at infinity (#,,,<0) 
fized and the sireilaritios are the affine transformations which lteavo the ab-olutc 
me.. — = 0, F. = 0) fixed. Further, in the non-oxtended space, show 
thet the orthogonal transformations are the similarities for which the distance 
f /t(e,—y, P+... ..- +(2.~—y.-)) remains invariant. 

A. Classify the following relations on effine or metrio, giving reasons : 

(i) «© triengle and ite orthocentre, (ii) «a conic and ite eccentricity, 
(iii) a central conie and a pair of ite conjugate diameters, 
(iv) ratio of distances on the samo or on two parallel straight line. 
Are the following classes of curves affine and, in particular, similar : 
(i) al ellipses, (i) all parabolas, (iii) all hyperbolas, fiv) all ciroles > 


AV 


1. Show that the surface 2,'/a?—2J/i-—2eer, = 0, off +0, oan be trnns- 

formed by a collineation into z,%42,°—2,)—2/ = 0. 

y 2. Characterise the quadric whose equation ia 3+3- Nys) (e-w) = 0, where 

*% 9, %,w are homogeneous coordinates, Consider specially the oase when = = 0 fs the 

plane at infinity. 

+ ee Cetain thin ‘depantiees, ‘ol the E etenion: anemia the liner 
mh ~ 0. iai: aaa = 1. — ⸗ = 0 
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+ Show that gvieu four projeotivo rows [P], iV). LR), (8) om four arbitearily 


chowen lines, there aro, in general, four and only four planes which contain corresponding 
points P. Q, R, 8. 


` XVI 


l. Qand Q; ace two non-degenerate quadrics. Let + run over ali plane and 
lot Py, Py bo the polos of « with respect to Q), Q; respectively. Show that there oxiste 
a unique collineation which cerries every point P, into the corresponding point Py 
end snother carrying P and P}. 

Discuss the conditions under which the above two collineations become identical. 
and “how thot this is the caso when Q, and Qy are given by 

a tetett = 0 anil $-a = 0 
Show that the collineation has two lines of ized points and two pencils of fixed planes. 

2. Let Q bes non-degenerate quadric, and let T be a tetrahedron which is self- 
polar with respect to Q. The polar field of Q generates on each of the edges of T an 
imvolation of the points of the odgo as well as involution of the planes passing through 
the odge. Discuss the types (elliptic or hyperbolic) of those twelve involations according 
to the projective character of Q. 

T. Show that the lines of a pen: il of lines whose contre and plane do not belong 
to a qumiric are conjugate in pairs with reapect to the quadric, and that these pairs 
form an involution, 


XVII 


L Asii possiblo to transfor e sphere into itself by a collinration whieh & not 
an affinity ” 

2. Prove that there iè a unique diamotral plane of « central quadrie which i» 
conjugate to a given diameter, and that the Tine at infinity in the plane and the point 
at infinity of the diameter are poler and polo with respect to the conio at infinity un 
the quadric. Diseouss conjugete disnectral planes and conjuzeteo dismetors, 


XVIII 


1. Prove that the rigid motion 
z = & cos @—y win ë y = z sin @+y 008 ¢, a” = S+¢ 
is a ecrew motion about the c-axis, that ia, the produet of a rotation abont the sax 
aod a translation parallel to the c-axis. 
2. Show that evory affine transformation transforms 
(i) a ruled surfaos into a ruled surfaco. 
(ii) a paraboloid into a paraboloid, 
3. Let A be an affinity which keeps an ellipsoid Æ invariant. Prove that there 
oxista a diameter of Æ such that every point of the diameter is invariant for A. 
o é “Show that affinity 
= * 2 = ae, y” = by, z =g — 
rye spiradas diameters of the ellipsoid =Y/at+y?/bt+a/e = 3. 
of an allipsoid is constant. 
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L Apply a rigid motion to reduce the equation 
Pz? — y? — 2? — dyn — 4x-+ Oy Seq = 0 
to ite normal form. What surface does it represent > 

2, Verify that the surface given by 

= « atosi — e) coala). y = b con a am @/coult+9). == esm etos P >) 
is a hyperboloid of ane aheet, whose gonernting lipos are @ const, andl © = cone. 
Find the Cartesian equation of the wurfaoo. 

% Prove that the locus of intersections of perpendicular planes through two 
skew lines gq, and gy is a hyperboloid whose real cireular ecctions are given by planes 
perpendionlar to p, and 9» 

4. Tangents to a hyperboloid of ono shoot A passing through a point P form 
a cone which osoulates H along a conic OLP). Discuss the position of P when OIP) 
is known to be a hyperbola, s parabola, an ellipse, a circle. 

5. Prove that a cone possesses either no set of three mutually orthogonal 
generators, or an unlimited number. 

6. Show that the pencil of planes through a generator ofone system of hyper- 
boloid of one sheet cute the surface in the generatora of the other system, and that 
theses planes are tangent planes to the surface at thy points where thoy meet thors 
generators. 

7. Show that the oross-ratio of four points on a generator of a hyperbolold of 
one sheet ia equal to the eross-ratio of the four tangent planea at the four points, 

$, Show that the section of the surface 

myyt = 
by the plane Aw+puytre = p will bo a parabola if vap “ut v: = 0; and that of 
the surface 
Mpy 29 — Dye Rear — Day ~ 
will be a parabola if Autprtar = 0. 

9. Prove that the perpendicular distance from the centre to the tangent plane 
at an umbilie of the ellipsoid =*/at+- 2/624 at/o = 1 iw ac/b. 

lù. Prove that a straight line whioh always intersecte two given lines and i+ 
perpendicular to one of them generates a hyperbolic paraboloid. 

11. Two plane mirrors are inclined at a fixed anglo and a ray of light is reflected 
between them. Show that all the reflested rays will lie on a hyperboloid of 
a revoln td on a> ‘Ga . y ⸗ 

12, Let an eye be placed on the surface of a hyperboloid whose equ 
—— =i. Prove that the points, the generating lines through which appear 
pery dioutae, will Ho in a plano whose oquation ix — 7 

= NAfetbgy+ dhs) = (a b+e) — TY 5 

— (ha h) is the position of the eys. =- —— 
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13. Show that the oquations 
a f(a? —. at > BF, 
whore A is n parameter not taking the values a? or b7, ropresent three families of con- 
fooal parabolaids defined for a following value of the parameter 
>A; Boast, a >a? 

and show that they form a tink) exthicguall ORS 

4. Prove that every quadric which docs not touch the plano at infinity i» either 

a surfat of revolution or has two syatams of cirouler seotions. 


XX 


l. Transform the following homogeneous quadratic forms 
(i) dx,* +007 — 162, — Sze, Ai 
(ii) ~-a- ee — 

to their normal forms by nonsingular linear transiormations. 
2. Vorify that the numbers of terms in the normal forms obtained above ate 
equel to the ranks of the matricos of the coefficients of the given quadratic forme. 
What are the signatures of these forme } 
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last but two 


3 
15 
2 
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last but threo 





ERRATA 


paralle 
| E’P’ | EF | 
| A’,D’ | AD} 
through p 
(noncellinear) 


= 2 
aS) 
ra 
x, (2, 
x, |x, 
A 
be perspectivity 
Gi; = Gij 
o the 
(=) 
= 6 
(71.13) 
Sores 


(y. A) = (0, 0) 
-ti 


equation 
y = by 
of the form 
+ | /( 
parallel 
|e’ Fr’ /EF | 
| A’ DAD | 
through P 


(noncollinear) 
—— T 
A eg 
cz,” 


Ala 
x, /2, 


— 


A 
be a perspectivity 
Gis = Gji 
So the 
(*,’) 
r= 6 
(11.13%) 
Seay = 0 
(y» A) om (0, 0) 
* u. 





